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Abstract

On these notes we give an introduction into the geometry of configuration spaces.
The emphasis is given to the “lifting” procedure which turns out to coincide with
the direct approach introduced in [AKR98a]. Since in applications we also need
much more general spaces of configurations than the ones introduced in [AKR98a],
therefore we treat the marked configuration spaces also.
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1 Introduction and motivation

The aim of these notes is to give a detailed account on the geometry of configuration
spaces. On the one hand there is not a unique way to introduce the geometry on
the configuration spaces, on the other hand the structure of configuration spaces is
getting more rich such that at the first glance its seems that we have a lot of structure
concerning configuration spaces but they are not connected. Hence I plan to explore
these facts and try to see how can one relate the different kinds of structure that
appear.

In all my considerations I will be concern with the so-called Internal Geometry
on configuration spaces, that means the geometry inherited from the underlying
manifold. This is fundamental for the strategy how we handle geometry in configu-
ration spaces. Usually one starts by giving the definition of a measure on some nice
linear space of distributions, e.g. D′(Rd) or S ′(Rd) and by additional considerations
this measure has support on a subset of this linear space, the configuration space.
As an example the Poisson measure given by Minlos’ theorem on D′(Rd). Then one
consider the L2 space with respect to the introduced measure say L2(µ) and obtain
the Segal isomorphism to the Fock space. Thus one can introduce in L2(µ) the im-
ages under the isomorphism of the Fock space operators, e.g., creation annihilation
etc. The geometry arising in this way we call external one. Therefore it is natural to
ask wether or not these geometries are connected. This question will not be treated
on that talk and we refer to [Sil98] for more details.

2 Configuration Spaces

2.1 Underlying spaces

In this section we will give a detailed description of configuration spaces which
appear in applications. Before that we need to fix the underlying space on which
each configuration will sit. The most typical examples for the underlying space are

1. X = Rd, d ∈ N.

2. X = Rd × Rl, d, l ∈ N

3. X Riemannian manifold.

4. X = M × S, M Riemannian manifold, S -Complete separable metric space.

5. X = M × S, M Riemannian manifold and S = {1, . . . , q}.

6. X = M × S, M Riemannian manifold and S = Lθ(Rd) the Banach space of
all continuous functions s : [0, θ] → Rd with s(0) = s(θ).
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7. X = M × S, M = Rd and S = T one dimensional torus.

8. X = M × S, M, S Standard Borel Spaces.

Of course depends of the applications we have in mind we choose a more conve-
nient underlying space. The most general case when M,S are standard Borel spaces
is possible because we still can apply Kolmogorov’s theorem to the projective limit
of standard Borel spaces see e.g. [Par67]. However in applications we do not need
such general framework till now.

We will choose X as being a Riemannian manifold.
Denote by O (X) the family of all open subsets ofX and B (X) the corresponding

Borel σ-algebra on X. By Bc(X) we mean

Bc (X) = {Y ∈ B (X)|Y bounded ⇒ Y has compact closure}.

2.2 Finite configuration space

Let Y ∈ B (X) be given, then we define the space of n-point configuration Γ
(n)
0,Y ,

n ∈ N0 := N∪{0} by

Γ
(n)
0,Y := {η ⊂ Y ||η| = n} ,Γ(0)

0,Y := {∅} ,

where |A| denotes the cardinality of the set A. Let us now introduce the following
mappings which play a basic rule in the sequel. Let Λ ∈ Bc (X) be such that
Λ ⊂ Y ∈ B (X) , then we define NΛ by

NΛ : Γ
(n)
0,Y → N0, η 7→ |η ∩ Λ| = |ηΛ|.

Next we would like to introduce more structure in Γ
(n)
0,Y , more precisely, we would

like to prove that Γ
(n)
0,Y has a structure of a manifold. To this end consider the

symmetization mapping sym
(n)
Y given for any n ∈ N, Y ∈ B (X) by

sym
(n)
Y : Ỹ n → Γ

(n)
0,Y , (x1, . . . , xn) 7→ {x1, . . . , xn} ,

where
Ỹ n = {(x1, . . . , xn) ∈ Y n|xx 6= xj if i 6= j}.

Thus if we consider Sn as the permutation group of {1, . . . , n}, then we can

identify, using sym
(n)
Y the space of n-point configurations with Ỹ n/Sn . Therefore

Γ
(n)
0,Y inherits the structure of a n×dim(X)-dimensional manifold. A basis for the

topology in Γ
(n)
0,X denoted by O(Γ

(n)
0,X), is given by

U1×̂ · · · ×̂Un := {η ∈ Γ
(n)
0,X |NU1(η) = 1, ..., NUn (η) = 1},
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where Ui ∈ Oc (X) with Ui ∩ Uj = ∅ if i 6= j. A chart of Γ
(n)
0,X can be constructed

as follows: let (Ui, ϕ1), . . . , (Un,ϕn) be n charts in X such that Ui ∩ Uj = ∅ if i 6= j.
Then

ϕ1×̂ · · · ×̂ϕn : Ui×̂ · · · ×̂Un → ϕ1(Ui)×...×ϕn(Un), {x1, . . . , xn} 7→ (ϕ1(xi1), . . . , ϕn(xin)),

where xik ∈ Uk is a chart in Γ
(n)
0,X .

The Borel σ-algebra on Γ
(n)
0,X is denoted by B

(
Γ

(n)
0,X

)
and it coincides with the

σ-algebra generated by the mapping NΛ, i.e.,

B
(
Γ

(n)
0,X

)
= σ (NΛ,Λ ∈ Bc (X)) .

Finally, we define the space of finite configurations Γ0,X by

Γ0,X =
∞⊔
n=0

Γ
(n)
0,X

equipped with the topologyO (Γ0,X) of the disjoint union, i.e., the strongest topology
on Γ0,X such that all the embedding

in : Γ
(n)
0,X ↪→ Γ0,X

are continuous. B(Γ0,X) stands for the Borel σ-algebra on Γ0,X .

Hence de natural manifold structure of Γ
(n)
0,X gives us also the possibility to endow

Γ0,X with a geometrical structure. We will came back later to this geometry.
Bounded sets in Γ0,X ≡ Γ0 may be defined as follows: B ∈ B(Γ0) is called

bounded iff ∃N ∈ N,Λ ∈ Bc (X) such that B ⊂ tNn=0Γ
(n)
0,Λ. B is called compact iff

B ∩ Γ
(n)
0 = ∅ for n > N and B ∩ Γ

(n)
0 is compact for n ≤ N . B ∩ Γ

(n)
0 is compact iff

(symn
X)−1(B) is compact in X̃n.

2.3 Configuration space

The configuration space is defined as the set of all subsets of X which are locally
finite, i.e.,

ΓX = {γ ⊂ X||γ ∩ Λ| <∞, for all Λ ∈ Bc (X)}.

In ΓX ≡ Γ we introduce the vague topology O (Γ) , i.e., the weakest topology on Γ
such that all the mappings

Γ 3 γ 7→ 〈f, γ〉 =
∑
x∈γ

f (x) ∈ R
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are continuous for all f ∈ Cbs (X) (the set of all continuous functions on X with
bounded support). A basis for O (Γ) is given by the sets of the form

{γ ∈ Γ||γΛ| = n}, n ∈ N0,Λ ∈ Bc (X) .

If we denote the Borel σ-algebra on Γ by B (Γ), then

B (Γ) = σ (NΛ|Λ ∈ Bc (X)) .

We can describe Γ in a different way. Normally, for any Λ ∈ Oc (X) we define

ΓΛ := {γ ∈ Γ|γ ∩ (X/Λ) = ∅} .

In ΓΛ we introduce the topology O (ΓΛ) with a subbase of open sets

{γ ∈ Γ||γ ∩ Λ̃| = n, Λ̃ ⊂ Λ}.

For any Λ1,Λ2 ∈ Bc (X) with Λ1, ⊂ Λ2 we can consider the natural projections

pΛ2,Λ1 : ΓΛ2 → ΓΛ1 , γ 7→ γΛ1 .

Then the space of configuration ΓX is the projective limit of the measurable spaces
(ΓΛ,B(ΓΛ))Λ∈Bc(X) with respect to the above projections and the continuous map-
pings

pΛ : Γ → ΓΛ,γ 7→ pΛ (γ) = γΛ.

2.4 Marked configuration space

In applications the configuration space introduced above is not sufficient, therefore
we need more elaborated underlying spaces. Namely, if we are interested in studying
configurations with some additionally degree of freedom, then the underlying space
X should be modified and consequently the configuration space on it.

Thus we consider X as before and additionally we suppose given a complete
metric space S. The spaceX describes the positions of the particles and the elements
of S we call marks.

Local sets in X × S now is given by

= = {B ∈ B (X)× B (S) |∃Λ ∈ Bc (X) with B ⊂ Λ× S}

Then we obtain the following generalizations:

Ω
(n)
0,X (S) := {η̂ = {(x1,s1), . . . , (xn,sn)} ∈ Γ

(n)
0,X×S|xi 6= xj if i 6= j}, Ω

(0)
0,X(S) = {∅},
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which is the n-point marked configuration space. The space of finite marked config-
urations Ω0 is given by

Ω0 :=
∞⊔
n=0

Ω
(n)
0,X .

Finally the marked configuration space is defined by

ΩX (S) ≡ Ω := {ω := {(x, sx)|x ∈ γ} ∈ ΓX×S|γ ∈ ΓX, sx ∈ S for all x ∈ γ}.

Again we have that Ω coincides, with the projective limit of (ΩΛ,B(ΩΛ))Λ∈Bc(X),
where

ΩΛ(S) ≡ ΩΛ := {ω ∈ Ω|ω ⊂ Λ× S}

and the projective limit with respect to the projections

pΛ1,Λ2 : ΩΛ → ΩΛ2 , Λ1 ⊃ Λ2, pΛ : Ω → ΩΛ.

2.5 Configurations over fiber bundles

The marked configuration space Ω defined above and the related analysis which
we will derive later on still is not very satisfactory, namely its geometric aspect,
see e.g., [KSS98]. Therefore all the results given in this talk are valid independent
of the position space we choose but in the case of the marked space we need an
additional careful analysis in order to overcome some problems. This I hope will be
the contents of the second talk on this meeting.

3 Measures on configurations spaces

The introduction of measures on the configuration space mostly is connected with the
applications we have in mind. Therefore, since we are interested in the geometrical
aspects the measures introduced below are not the most general although they are
very important in applications.

3.1 Lebesgue-Poisson measure

Before the construction of any kind of measure on the configuration space we need
first of all to fix on intensity measure σ on the underlying space X. Thus we assume
given σ which is a non-atomic Radon measure on X, i.e.,

σ (Λ) <∞, ∀Λ ∈ Bc (X) , and σ ({x}) = 0, ∀x ∈ X.

The most interesting cases arises when σ (X) = ∞.
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Having an underlying measure σ on X we can consider σ⊗n as a measure on X̃.
We denote by σ(n) � Γ

(n)
0 := σ⊗n (symn

X)−1 the corresponding measure on Γ
(n)
0 and

σ(0) ({∅}) := 1.
The Lebesgue-Poisson measure λσ on B (Γ0) is defined such that it coincides on

each Γ
(n)
0 with the measure 1

n!
σn � Γ

(n)
0 , i.e.,

λσ :=
∞∑
n=0

1

n!
σn � Γ

(n)
0 .

Let us compute λσ (ΓΛ) ,Λ ∈ Bc (X) . Since ΓΛ is represented by

ΓΛ =
∞⊔
n=0

Γ
(n)
0,Λ,

then we have

λσ(ΓΛ) =
∞∑
n=0

1

n!
(σ(n) � Γ

(n)
0,Λ)

=
∞∑
n=0

1

n!
σ⊗n0 (symn

Λ)−1 (Γ
(n)
0,Λ)

=
∞∑
n=0

1

n!
σ⊗n(Λ̃)

= eσ(Λ)

because σ⊗n(Λn\Λ̃n) = 0.

3.2 Poisson measure

Having defined the Lebesgue-Poisson measure on Γ0 and taking into account that
λσ (ΓΛ) = eσ(Λ), we can define a probability measure on ΓΛ putting

πΛ
σ := e−σ(Λ)λσ

We observe that the family {πΛ
σΛ ∈ Bc (X)} is a consistent family of probabilities

measures, therefore by a version of Kolmogorov’s theorem for the projective limit
spaces such family determines uniquely a measure on B (Γ) such that πΛ

σ = πσ ◦p−1
Λ .

The measure πσ is called Poisson measure on (Γ,B(Γ)).
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It is possible to compute in close form the Laplace transform of πσ: let f ∈
Cbs (X) be such that supp f ⊂ Λ for some Λ ∈ Oc (X) . Then∫

Γ

e〈f,γ〉dπσ (γ) =

∫
ΓΛ

e〈f,γΛ〉dπΛ
σ (γΛ)

= e−σ(Λ)

∞∑
n=0

1

n!

∫
Λn

exp

(
n∑
n=0

f(xn)

)
dσ (x1) ...dσ(xn)

= e−σ(Λ)

∞∑
n=0

1

n!

(∫
Λ

ef(x)dσ (x)

)n
= e−σ(Λ) exp

(∫
Λ

ef(x)dσ (x)

)
= exp

(∫
Λ

(
ef(x) − 1

)
dσ (x)

)
.

Thus, for all f ∈ Cbs(X) we have∫
Γ

e〈f,γ〉dσ (x) = exp

(∫
X

(
ef(x) − 1

)
dσ (x)

)
. (1)

Formula (1) also can be used as an equivalent definition of the Poisson measure πσ
via Minlos’ theorem to produce a measure on a linear space of generalized functions
on X.

3.3 Marked Poisson measure

Let us now concentrate on the case when additional to the position space X we have
also the marked space S.

Suppose that S is furnished with a σ-finite measure τ on B (S) . We denote the
product measure on X ×S by σ̂ := σ × τ. In applications some times we need a bit
more general framework. Namely, instead of τ we consider a kernel

τ : X × B (S) → R, (x,B) 7→ τ (x,B)

such that ∀x ∈ X τ (x, .) is a finite measure on (S,B (S)) and for any A ∈ B (S)
τ (., A) is B (X)-measurable.

The condition ∫
Λ

τ (x, s) dσ (x) <∞, Λ ∈ Bc (X)

reflects the different roles of mark and position variables.
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Then one consider the measure on X ×S as

στ (dx, ds) := τ (x, ds)σ (dx) .

The marked Poisson measure is constructed in a similar way as the Poisson

measure. Hence we consider (στ )⊗n as a measure in
(
X̃ × S

)n
and denote the image

measure under symn : (X̃ × S) → Ωn
0 by (στ )(n) � Ωn

0 := (στ )⊗n ◦ (symn)−1and

(στ )(0) ({∅}) := 1. Then the so called marked Lebesgue-Poisson measure λστ on

B (Ω0) is defined such that it coincides on each Ωn
0 with the measure 1

n!
(στ )(n) � Ωn

0

as follows

λστ =
∞∑
n=0

1

n!
(στ )(n) � Ωn

0 .

We can compute the measure of Ω0,Λ as before to be

λστ (Ω0,Λ) = eστ(∆×S)

στ (Λ× S) =

∫
Λ

τ (x, S)σ (dx)

then we define a probability measure on ΩΛ by

πτ,Λσ := e−στ(∆×S)λστ

which has the following property

πτ,Λσ (Ω
(n)
Λ ) =

1

n!
(στ (Λ× S))n e−στ (Λ×S).

Since the family
{
πτ,Λσ ,Λ ∈ Bc (X)

}
is consistent, then by Kolmogorov’s theorem for

the projective limit space Ω, there exists a unique measure πτσ on B (Ω) such that
πτ,Λσ = πτσ ◦ pΛ. We call πτσ the marked Poisson measure. As in the case of Poisson
measure we can compute the Laplace transform of πτσ: let f : X × S → R be such
that supp f ⊂ Λ × S for some Λ ∈ Bc (X) . Then for any ω ∈ Ω, 〈f, ω〉 = 〈f, ωΛ〉 ,
therefore

∫
Ω

e〈f,ω〉dπτσ (ω) =

∫
ΩΛ

e〈f,ω〉dπτ,Λσ (ωΛ)

= eσ
τ (Λ×S)

∞∑
n=0

1

n!

∫
(Λ×S)n

exp

(
n∑
n=0

f (xn,sxn)

)
dστ (x, s)n1

= exp

(∫
X

∫
S

(ef(x,s) − 1)τ (x, ds)σ(dx)

)
.
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In the particular case when στ (dx, ds) = τ (ds)σ(dx), and f (x, s) = sϕ (x) , then we
find the most standard case of compound Poisson measure with Laplace transform
given by ∫

Ω

e〈f,ω〉dπτσ (ω) = exp

(∫
X

∫
S

(
esϕ(x) − 1

)
τ (ds)σ (dx)

)
.

The results derived below are valid for such measures except the case when the
measure τ is given be a kernel. More precisely, concerning the geometry on the
different kinds of configuration spaces it is known for the measures introduced above
with the expectation of στ when τ is a kernel. The results concerning the compound
Poisson measure turns out to be not sufficient for applications. Hence, in order to
overcome this problem we will need a modification of our framework. This subject
will be treated on the next talk, see Section 6.

4 Poisson and Lebesgue-Poisson spaces

4.1 Fock space isomorphism

Having defined configuration spaces as well as measures on them we are ready to
go further on into the analysis arising from the above measures. Hence we will
consider the L2 spaces originated by them, i.e., the Poisson space L2 (Γ, πσ) and
the Lebesgue-Poisson space L2 (Γλσ) . It is well known that the Poisson space is
isomorphic to the Fock space

Iπ : L2 (πσ) → ExpL2 (X, σ) ≡
∞⊕
n=0

L2
sym

(
Xn, n!σ⊗n

)
where the pre-image of the coherent states Exp(f) = (f⊗n/n!)∞n=0, f ∈ Bls (X) is
given by

I−1
π (Exp (f)) = eπ (f, γ) =

∏
x∈γ

(1 + f (x)) exp

(
−
∫
X

f (x) dσ (x)

)
.

If we additional assume that f > −1 then we can express eπ (f, γ) in a suitable form
for linear theory

eπ (f ; γ) = e〈log(1+f),γ〉−〈f〉σ ,

where 〈f〉σ is the short notation for
∫
X
f(x)dσ(x). The function eπ (f ; γ) is the

generating function of the Charier polynomials in L2 (πσ), i.e.,

eπ (f ; γ) =
∞∑
n=0

1

n!
< Cσ

n (f) , f⊗n >, Cσ
n (γ) ∈ D′ (X)⊗̂n
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and ∫
Γ

〈Cσ
n , f

(n)〉〈Cσ
m (γ) , g(m)〉dπσ (γ) = n!

(
f (n), g(n)

)
δnm.

In the case of the Lebesgue-Poisson space this isomorphism is natural:

Iλ : L2 (Γ0, λσ) → Exp(L2 (X, σ)), G 7→ (g(n))∞n=0,

where g(n) (x1, . . . , xn) = 1
n!
G ({x1, . . . , xn}) , and g0 = G (∅).

If G,F,∈ L2 (Γ0, λσ), then we have

(G,F )L2(Γ0,λσ) =

∫
Γ0

G(η)F (η)λσ (dη)

=
∞∑
n=0

1

n!

∫
xn

G ({x1, . . . , xn})F ({x1, . . . , xn}) dσ (x)n1

=
∞∑
n=0

(
g(n), f (n)

)
L2

sym(Xn,n!σ⊗n)

= ((gn)∞n=0, (f
n)∞n=0)Exp(L2(X,σ)).

This proves that Iλ is an unitary isomorphism.
Let us define the following function eλ (f, .) , f ∈ L0 (X) (the space of measurable

functions over X) on Γ0 by

eλ (f, .) : Γ0 → C, η 7→ eλ (f, η) :=
∏
x∈η

f (x) .

We have that
|eλ (f, .) |2L2(λσ) = exp(|f |2L2(X,σ)).

Indeed, applying the definition of λσ we obtain

|eλ (f, .) |2L2(λσ) =

∫
Γ0

|eλ (f, η) |2dλσ (η)

=
∞∑
n=0

1

n!

∫
Xn

|eλ (f, {x1, . . . , xn}) |2

=
∞∑
n=0

1

n!

∫
Xn

n∏
i=1

f 2 (xi) dσ (x)n1

= exp(|f |2L2(X,σ)).

This result is clear from the Lebesgue-Poisson-Fock isomorphism.
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The function eλ (f, .) is called the (Lebesgue-Poisson) coherent state correspond-
ing to the one particle function f. The name is justified because eλ (f, .) is the
pre-image of the usual coherent state on the Fock space under Iλ, i.e.,

I−1
λ

((
f⊗n/n!

)∞
n=0

)
= eλ (f, .) .

Hence we have the following diagram

4.2 The K-transform

There is a useful transform between functions on the Poisson space and the Lebesgue-
Poisson space, the so-called K-transform. It is defined by

K : L0
ls (Γ0) → FL0 (Γ) , G 7→ (KG) (γ) :=

∑
η⊂γ,|η|<∞

G (η)

which is well defined because the sum is finite. There is many properties and ap-
plications of this transform to statistical physics but we are interested on its use on
the geometry.

We only notice the following property: f ∈ Bbs (X) with supp f ⊂ Λ ∈ Bc (X) ,
then

(Keλ (f, .)) (γ) =
∏
x∈γΛ

(1 + f (x)) .

In fact by definition we have

(Keλ (f, .)) (γ) =
∑

η⊂γ,|η|<∞

eλ (f, η) =
∑

η⊂γ,|η|<∞

∏
x∈η

f (x) =
∏
x∈γΛ

(1 + f(x)).

5 Geometry on configuration spaces

In this section we describe in details how appear geometry on the configuration
space. Since the underlying space has a geometrical structure so we expect that
the configurations inherit similar objects, e.g., derivations, gradients, etc. We would
like to stress that one difficulty on configurations spaces is the absence of linear
structure, therefore most of the objects can not be defined directly as in a linear
space.

There is essentially two approaches to introduce geometry on the configuration
space. The first one we define the directional derivation of a function on a non flat
space. Then, using the directional derivation we could try to find out the tangent
space as well as the gradient. Further more, having the gradient and the tangent
space as a Hilbert space we define the divergence and so on.

12



5.1 Lifting of geometry

We start by introducing the natural geometry (or inherited or lifting) on the con-
figuration space. Let us recall that the finite configuration space has a natural
geometry. More explicitly, on Xn we have the product structure, hence for example
to each point (x1, . . . , xn) ∈ Xn is attach a tangent space,T(x1,...,xn)X

n ' ⊕n
n=1TxnX.

Therefore by analogy and from the definition of Γ
(n)
X , we have

TηΓ
(n)
X =

⊕
x∈η

TxX, η ∈ Γ
(n)
X

If (vx)x∈η , (ωx)x∈η are two element in TηΓ
(n)
X , then we have〈

(vx)x∈η , (ωx)x∈η

〉
TηΓ

(n)
X

=
∑
x∈η

〈vx, ωx〉TxX
= 〈〈v., ω.〉TX , η〉.

Therefore, we see that the scalar product is nothing but the lifting of the correspon-
dent scaler product of the underlying space.

Let v ∈ Vbs(X) be a smooth vector field on X with bounded support. Then
this vector field originate a one-parameter subgroup of diffeomorphism on X. More
explicitly: ψvt : X → X, t ∈ R such that{

d
dt
ψvt = v (ψvt (x))

ψv0 (x) = (x)
.

We have also that ψvt ◦ ψvs = ψvt+s.
We can extend the follow associated to v onto Γ as follows:

ψvt : Γ → Γ, γ 7→ ψvt (γ) = {ψvt (x), x ∈ γ} .

Then we consider a vector field on Γ0,Exp (v) which coincides on each Γ
(n)
X with

the vector field ⊕n
i=1v. Denote the corresponding flow by ψ

Exp(v)
t . This flows acts

naturally on functions G : Γ0 → R as

(ψ
Exp(v)
t )∗G (η) := G

(
ψ

Exp(v)
t (η)

)
.

Then the directional derivative along Exp (v) is defined by(
∇Γ0

Exp(v)G
)

(η) :=
d

dt
G
(
ψ

Exp(v)
t (η)

)
|t=0

for G ∈ BC1
bs (Γ0) . We have the following result.

13



Theorem 1 Theorem for any G ∈ B C1
bs (Γ0) the following result holds

K
(
∇Γ0

Exp(v)G
)

=: ∇Γ
vKG.

Proof. The proof is based on the following fact.

K
(
(ψ

Exp(v)
t ∗G

)
(γ) =

∑
η⊂γ,|η|<∞

G({ψvt (x)| x ∈ η})

=
∑

η⊂ψv
t (γ),|η|⊂∞

(KG) (ψvt (η))

= (ψvt )
∗KG) (γ) .

Then the result follows since the sum is finite.
The tangent space TγΓ, γ ∈ Γ is defined as the set of all (vx)x∈γwith vx ∈

TxX,∀x ∈ γ and
∑

x∈γ 〈vx,vx〉TxX
<∞ equipped with the scalar product〈(

v1
x

)
x∈γ,

(
v2
x

)
x∈γ

〉
TγΓ

=
∑
x∈γ

〈
v1
x, v

2
x

〉
TxX

.

Now we deduce an expression for the gradient in Γ in terms of the gradient in Γ0.
The above theorem gives us that〈

gradΓKG (γ) , (v(x))x∈γ
〉
TγΓ

=
(
K
〈
gradΓ0G,Exp (v)

〉)
(γ)

=
∑

η⊂γ,|η|<∞

〈
gradΓ0G (η) , (v, x)x∈η

〉
TηΓ0

=
∑

η⊂γ,|η|<∞

∑
x∈η

〈
gradΓ0G (η, x) , vx

〉
TxX

=
∑
x∈γ

∑
η⊂γ,|η|<∞

x∈η

〈
gradΓ0G (η, x) , vx

〉
TxX

=
∑
x∈γ

∑
η⊂γ,|η|<∞

x∈η

〈
gradΓ0G (η, x) , vx

〉
TxX

.

This implies that

gradΓKG (γ) =
∑

η⊂γ,|η|<∞
x∈η

gradΓ0G (η, x) .

There is much more objects which can be introduced in a similar form, i.e., diver-
gence, Laplace-Beltrami operator etc. Instead of reproducing here the full collection
of such objects we prefer to mention some applications of them. Before we do that
we would like to mention what is the situation concerning the other spaces.

14



Remark 2 Everything what was done to Γ can be “generalized” to the compound
Poisson space with a special subgroup of diffeomorphism. Concerning the marked
Poisson space the situation still is not clarified although in the next talk I will give
hints in order to clarify it.

5.2 Direct construction of geometry

There is a direct way to introduce geometry on the configuration space. The starting
point is to consider a vector field on X with bounded support, i.e., v ∈ Vectbs (X) .
Again we denote the flow generated by v as ψvt .

Definition 3 The directional derivative of a function F : Γ → R in the direction
of v is given by the Lie derivative of F with respect to v. Its given by(

∇Γ
vF
)
(γ) =

d

dt
F (ψvt (γ)) |t=0,

if the right hand side exists.

This definition applies in a special set of functions, the so-called cylinder func-
tions: F : Γ → R is cylinder iff admits the following representation

F (γ) = gF (〈ϕ1,γ〉 , .., 〈ϕnγ〉) , γ ∈ Γ.

ϕi ∈ C∞
b (Rn). In the case F (γ) = gF (〈ϕ, γ〉) , then we can compute the direc-

tional derivative as(
∇Γ
vF
)
(γ) = g′F (〈ϕ, γ〉) d

dt
〈ϕ, ψvt (γ)〉 |t=0

= g′F (〈ϕ, γ〉) d
dt
〈ϕ, ψvt (γ)〉 |t=0

= g′F (〈ϕ, γ〉) d
dt

∑
x∈γ

ϕ (ψvt (γ)) |t=0

= g′F (〈ϕ, γ〉)
∑
x∈γ

∇Xϕ (x)
d

dt
ψvt (x) |t=0

= g′F (〈ϕ, γ〉)
∑
x∈γ

〈
∇X
v ϕ (x) , v (x)

〉
TxX

=
∑
x∈γ

〈
g′F (〈ϕ, γ〉)∇Xϕ (x) , v (x)

〉
TxX

=

∫
X

〈
g′F (〈ϕ, γ〉)∇Xϕ (x) , v (x)

〉
TxX

γ(dx)

=
〈
∇ΓF (γ, .) , v (.)

〉
L2(X,TX;γ)

.
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This implies two things: first we see that the gradient is

∇ΓF (γ, x) = g′F (〈ϕ, γ〉)∇Xϕ (x) .

Second the tangent space at γ ∈ Γ is

L2 (X,TX, γ) = TγΓ.

Hence if v1, v2 ∈ TγΓ we have∫
X

〈
v1 (x) , v2 (x)

〉
TxX

dγ(x) =
∑
x∈γ

〈
v1 (x) , v2 (x)

〉
TxX.

and ∑
x∈γ

|vx|2TxX <∞.

This shows that the two approaches we introduced coincide.

5.3 Some applications

Before finish this section I would like to mention some applications of the above
introduced geometry.

Since the Poisson measure (as well as compound Poisson) is quasi-invariant with
respect to the group of diffeomorphism with bounded support, then it is possible to
define a unitary representation of Diff0(X) (diffeomorphism with compact support)
on the Poisson (respectively, compound Poisson) space L2 (πσ) by

(Vπσ (φ)F ) (γ) := F (φ (γ))

√
dπσ(φ (γ))

dπσ (γ)
.

Another very interesting applications of this geometry is the integration by parts
and its characterization. The gradient defined on functions over Γ, gradΓ gives us
the possibility to introduced also the Dirichlet form on L2 (πσ). It allows us to
identify the diffusion process corresponding to this form. This identification uses
a quite standard technique of Dirichlet forms see e.g., [MR92]. These results also
works for compound Poisson measures.

Finally, I would like to mention other applications of the geometry for interacting
particle systems (the case of Poisson measure corresponds to the free case). Basically
this corresponds to perturb the Poisson measure by a Gibbs factor (locally) and then
obtain in a certain sense the limiting measure. For this new measure, arising in this
way, all the questions shown for Poisson measure also can be answered positively
here. I would like to stop here concerning the details and address to the forthcoming
Ph.D. of Tobias Kuna (Bonn) for the details, other applications and historical marks.
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6 Generalization to fiber bundles

6.1 Introduction and motivation

Up to now we have shown the various aspects of configuration spaces and in partic-
ular the geometry on them. Even concerning geometry we have clarified in details
the geometry on the simple configuration space Γ and the space of marked configu-
rations with compound Poisson measure. For a general marked configuration space
till now is not clear (or at least not clarified) that we can produce all the machinery
introduced before.

The point is the following: in general the marked space is not independent of the
position space i.e., every mark s ∈ S is associated with a position on X, see e.g. the
examples presented in the first talk. In the compound Poisson case the marks and
the positions are taken to be independent. Another restriction we have used was
the fact that the group of diffeomorphisms as being the group of diffeomorphisms
only in the position space with the marks unchanged. This framework turns out to
be too restrictive in applications and therefore we need a suitable framework for the
marked case. Thus in this talk I plan to give the first steps on this direction which
allowed us to overcome this problem although we are far of a complete and clear
understanding of this situation. Therefore this talk (which is the results that I am
still working out) is intend to furnish an independent and general setup in order to
cover our marked space and having in mind also examples of applications.

6.2 Diffeomorphisms on marked spaces

If we considerX×S and Diff0 (X × S) , then the measure πσ×τ on ΓX×S is Diff0 (X × S)-
quasi-invariant, but the positions and marks are independent. On the other hand if
we use the group

Diff0 (X)×Diff0 (S) ,

then it follows that the support of its elements is not compact. To see this we
proceed as follows:

(ϕ, ψ) (x, s) = (x, s) ⇔ x ∈ (suppφ)c , s ∈ (suppψ)c

⇔ (x, s) ∈ (suppφ)c × S ∩X × (suppψ)c

⇒ (supp (φ, ψ))c = (suppφ)c × S ∩X × (suppψ)c

⇒ supp (φ, ψ) = suppφ× S ∪X × suppψ

which implies that (φ, ψ) has no local support. Hence we need another group of
diffeomorphism in order to handle this situation.

17



Let us consider the group (Diff0 (X) , ◦) and (Map (X,Diff0 (S) , ◦) and define
the semi-direct product of them as

G = {(φ, f) ∈ Diff0 (X)×Map (X,Diff0 (S)) | (φ, f) (ψ, g) = (φψ, f (ψ, g))} ,

where , f (ϕ, g) (x) (s) := f (ϕ(x), g (x, s)) . Then G has the following representation

G = NH,

where N is a normal subgroup of G (∀g ∈ G, gNg−1 = N) and H is a subgroup of
G. More precisely,

N = {(φ, idS) |φ ∈ Diff0 (X) , idS (x) (s) = s}
H = {(idX,f) | ∈Map (X,Diff0 (S))} .

It is not hard to check that G is a group with inverse element given by

(φ, f)−1 =
(
φ−1, f−1

(
φ−1, .

))
.

In fact we have

(φ, f)
(
φ−1, f−1

(
φ−1, .

))
=
(
φφ−1, f

(
φ−1, f−1

(
φ−1, .

)))
=
(
idX , f ◦ f−1

(
φ−1, .

))
=
(
idX , idS

(
φ−1, .

))
.

Notice that the composition in Map (X,Diff0 (S)) is given by

(f ◦ g) (x) (s) = f (x, g (x, s)) .

Given any element (φ, f) ∈ G we can decompose it as

(φ, f) = (φ,idS)(idX,f) ∈ NH

This shows that our choice of the semi-direct product has indeed the represen-
tation: G = NH. This gives us the possibility to obtain a morphism between
Diff0 (X × S) and G. Explicitly we have

I : G → Diff0 (X × S) , (φ, f) 7→ [(x, s) → (φ (x) , f (x, s))]

As a result we have to ask the following conditions for the group of diffeomor-
phism on the marked Poisson space: (φ, f) ∈ G such that

1. φ ∈ (Diff0 (X)) , f (x, .) ∈ Diff0 (S) , x ∈ X.

2. f (., s) , f−1 (., s) ∈ C∞ (X) , s ∈ S.

3. ∃Λ ⊂ X bounded such that f (x, .) = idS, ∀x /∈ Λ.
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6.3 Vector fields on the marked space

Having defined the group of diffeomorphism on X ×S we would like to know which
kind of vector fields produces these diffeomorphism. To this end suppose given a
flow in G, i.e.

φt (x, s) = (φt (x) , ft (x, s)) .

Let V be a vector field on X × S such that{
dΦt(x,s)

dt
= V (Φt (x, s))

Φ0 (x, s) = (x, s)
.

Since
dΦt (x, s)

dt
=

(
dφt(x)
dt

dft(x,s)
dt

)
=

(
V 1 (Φt (x, s))
V 2 (Φt (x, s))

)
it follows that

V (x, s) =

(
V 1 (x)
V 2 (x, s)

)
.

Therefore the class of vectors fields on X × S should be such that:

Vect (X × S) = {V = (V 1, V 2)| d
ds
V 1 = 0, suppV 1, suppS V

2 bounded}.

Conversely, given a vector field V (s, x) =
(
V 1(x)
V 2(x,s)

)
, then the follow associated to V

φt has the form
ΦV
t (x, s) = (φt (x) , ft (x, s)) .

Indeed we have
d

dt
ΦV
t (x, s) = V

(
ΦV
t (x, s)

)
⇔


dΦ1

t (x,s)

dt
= V 1(Φ1(x, s))

dΦ2
t (x,s)

dt
= V 2(Φ1(x, s),Φ2

t (x, s))
ΦV

0 (x, s) = (x, s)

which implies that

Φ1
t (x, s) = φt (x)

Φ2
t (x, s) = ft (x, s)

but this means that ΦV
t (x, s) belongs to G.
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6.4 Vector fields on fiber bundle and associated flows

Till now we have introduced diffeomorphism and vector fields on the Cartesian
product between the position and marked space. Nevertheless we would like to
introduce a generalization of it. This is the so-called fiber bundle. A fiber bundle is
an object which generalizes the well known notion of Cartesian product. More over
every fiber bundle locally is represented by a Cartesian product, see figure in the
next page.

Thus let us fix the notation for this framework. M is a fiber bundle, X the base
space, and S a typical fiber.

Denote by π : M → X,m→ π (m) the projection. For each m ∈M the tangent
space TmM ' TxX ⊕ TsS, where m = (x, s). Hence we will define the vectors fields
over M as

Vect (M) := {V |∀m ∈M dπm (V (m)) = V 1 (π (m))}.

Locally any vector field over M may be written as

V (m) =

(
V 1 (m)

V 2 (m)

)
.

For our class of vectors fields we have additionally information, namely:

dπm = (In×n 0n×N)

dπ (x, s)

(
V 1 (x, s)

V 2 (x, s)

)
= V 1 (x, s)

⇔ V 1 (π (x, s)) = V 1 (x) = V 1 (x, s) .

Therefore the vector fields over M locally are of the form

V (x, s) =

(
V 1 (x)

V 2 (x, s)

)
.

Let V ∈ Vect (M) be given and ψVt the corresponding flow. Then π(ψVt ) should be
a flow in X. To see that in reality this is well defined we proceed like this

d

dt
π
(
ψVt (m)

)
= dπ

(
ψVt (m)

) d
dt
ψVt (m)

= dπ
(
ψVt (m)

)
V
(
ψVt (m)

)
= V 1

(
π
(
ψVt (m)

))
.

This means
d

dt
π
(
ψVt (m)

)
= V 1

(
π
(
ψVt (m)

))
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and therefore
π
(
ψVt (m)

)
= φV

1

t (π (m)) .

Conversely, if ψVt is a flow in M such that

dπm (V (m)) = V 1 (π (m)) .

But this can be obtained making the following observation

d

dt
π
(
ψVt (m)

)
=

d

dt
φV

1

t (π (m))

⇔ dπ
(
ψVt (m)

) d
dt
ψVt (m) = V 1

(
φV

1

t (π (m))
)
.

The results follows when t = 0.
Now we would like to study the support of a vector field in our class. Hence let

V ∈ Vect (M) be given and suppose that

suppV ⊂ π−1 (Λ) ,Λ ∈ Bc (X) .

Then if m ∈ π−1 (Λ)c we have V (m) = 0. On the other hand π−1 (Λ)c = π−1(Λc)
which implies that π(m) ∈ Λc. Moreover, since dπ(m)(V (m)) = V 1(π(m)) = 0.
This gives us that suppV 1 ⊂ Λ.

Remark 4 Let us stress that our class of vectors fields over M , Vect(M) is really
necessary. In fact, we know that

TηΩ0 =
⊕
m∈η

TmM

and if Vη ∈ TηΩ0 is given by Vη =
(
V 1(m)
V 2(m)

)
m∈η

, then we define a vector field in

Vect(M) by

Ṽ (m) =

(
Ṽ 1(x)

Ṽ 2(x, s)

)
:=

(
V 1(x, s)

V 2(x, s)

)
.

That Ṽ is well defined is a consequence of the marked property, i.e., for any x ∈ X
there exists only one s ∈ S such that (x, s) ∈ η.

6.5 Volume element on fiber bundle

Before doing something else on the configuration space over the fiber bundle ΩM (or
Ω0,M) we need an intensity measure on M . To this end let us recall some standard
concepts from differential geometry.
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Let Altk(M) be the set if all alternating forms on M , i.e.,

Altk(M) := {w : M → Altk(TM),m 7→ w(m) ∈ Altk(TmM)},

where for each m ∈ M , w(m) : TmM × · · · × TmM → R is k-linear and anti-
symmetric form. If (∂i|m)ni=1 is a basis for TmM , then its dual basis is denoted by
(dmi)ni=1. Hence a basis for Altk(M) is given by

(dmi1 ∧ · · · ∧ dmik)1≤i1<...<ik≤n,

where

dmi1 ∧ · · · ∧ dmik :=
1

n!

∑
σ∈Sk

sgnσdmiσ1 ⊗ · · · ⊗ dmiσk .

For any w ∈ Altn(M) we can represent it locally by

w = dm1 ∧ · · · ∧ dmn.

Suppose that (dm̃i)ni=1 is another coordinate system at m. Then dmi may be ex-
pressed as

dmi =
n∑
j=1

∂mi

∂m̃j
dm̃j

and, therefore w has the following transformation rule

w =

(
n∑

j1=1

∂m1

∂m̃j1
dm̃j1

)
∧ · · · ∧

(
n∑

jn=1

∂mn

∂m̃jn
dm̃jn

)

=
n∑

j1,···jn=1

∂m1

∂m̃j1
· · · ∂m

n

∂m̃jn
dm̃j1 ∧ · · · ∧ dm̃jn

=

(∑
σ∈Sn

sgnσ
∂m1

∂m̃jσ1
· · · ∂m

n

∂m̃jσn

)
dm̃1 ∧ · · · ∧ dm̃n.

Det

((
∂mi

∂m̃j

)n
i,j=1

)
dm̃1 ∧ · · · ∧ dm̃n.

The above calculations shows that the properties of forms gives the right transfor-
mations rules for the volume element. Thus, as a volume element on M we will take
an orientation w0 which is differentiable n-form different from zero.

Definition 5 The intensity measure on M σ is defined as

σ = ρw0, ρ > 0.
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6.6 Quasi-invariant measures

Proposition 6 The intensity measure σ is absolutely continuous with respect to
Diff0(M) and

ρσφ(m) =
∞∑
k=1

11φ(Mk)(m)

∣∣∣∣ρhk
(φ−1(m))

ρhk◦φ−1((m))

∣∣∣∣ =
dσ(φ−1(m))

dσ(m)

is the Radon-Nikodym density of σ for any φ ∈Diff0(M).

Note that ρσφ is finite because φ has compact support and therefore we can take
supp ρhk

and inf ρhk◦φ−1 .
Proof. Here we only present a sketch of the proof. Take a covering (Mk)

∞
k=1

of measurable sets from M such that each Mk is inside of some domain of a chart.
Locally the intensity measure σ is written as

dσ(m) = ρhk
(m)dm1

k ∧ · · · ∧ dmn
k .

then the result follows by definition and the change of variable formula.

Lemma 7 Let φ ∈Diff0(M) be given and suppose that suppφ ⊂ Λ with Λ ∈ Bc(X).
Then ∫

M

(1− ρσφ)(m)dσ(m) = 0.

Proof. The proof is a straightforward calculations of the integral.∫
M

(1− ρσφ)(m)dσ(m) =

∫
Λ

(1− ρσφ)(m)dσ(m)

= σ(Λ)−
∫

Λ

ρσφ(m)dσ(m)

= σ(Λ)− σ(φ−1(Λ)).

The result follows taking into account that φ−1(Λ) = Λ.

Theorem 8 The Poisson measure πσ is quasi-invariant with respect to Diff0(M)
and for any φ ∈Diff0(M) we have

ρπσ
φ (ω) =

dπσ(φ
−1(m))

dπσ(m)
=
∏
m∈ω

ρσφ(m).
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Proof. ´The Poisson measure is given on Ω by its Laplace transform by∫
Ω

e〈ϕ,ω〉ρπσ
φ (ω)dπσ(ω) =

∫
Ω

e〈ϕ+log ρσ
φ,ω〉dπσ(ω)

= exp

(∫
M

(eϕ(m)+log ρσ
φ(m) − 1)dσ(m)

)
exp

(∫
M

(1− ρσφ)dσ

)
= exp

(∫
M

(eϕ(m) − 1)ρσφ(m)dσ(m)

)
=

∫
Ω

e〈ϕ,ω〉dπσ◦φ−1(ω).

Then the result follows from the fact that φ∗πσ = πφ∗σ.

7 Supplementary Bibliography

In this short note I tried to collect the most relevant aspects of the geometry of
configuration spaces. Of course that a better understanding of all this material
should be done with the reading of the original works on that. Hence I would like
to present here the essential references on geometry on configuration spaces.

• About Poisson measure on configuration spaces there is many papers but I
would like to stress the following: [AKR98a], [AKR98b], [KSS98], [Oba87],
and references therein.

• Marked Poisson measures are used in statistical physics and I refer to [KKS98],
[Kun99], and references therein.

• The geometry on configuration space as it is described in these notes was first
introduced in [AKR98a] and after a series of generalizations and applications
born on that basis. Here I mention few of them: [AKR98b], [KSS98], [Röc98],
[Sil98], [Kun99].

• Finally let me mention that most of this literature is on-line via WWW, below
I list some of them where everybody can find them and print at home:

– www.uma.pt/ccm/ccm.html

– www.physik.uni-bielefeld.de/bibos/start.html

– www.mathematik.uni-bielefeld.de/fakultaet/content.html

– xxx.lanl.gov

– www.ma.utexas.edu/mp arc/index.html

– www.emis.de

– www.sissa.it
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Sturm, editors, New Directions in Dirichlet Forms, volume 8 of Studies in
Advanced Mathematics, pages 157–232. American Mathematical Society,
International Press, 1998.

[Sil98] J. L. Silva. Studies in non-Gaussian Analysis. PhD thesis, Universidade
da Madeira, September 9, 1998.

25


