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POISSON NOISE AND THE DYNAMICS OF INFINITE
PARTICLE SYSTEMS

LUDWIG STREIT
BiBoS, Univ. Bielefeld and CCM, Univ. da Madeira

We introduce Poisson analysis as a means to study processes of particle configura-
tions in the continuum and present the free Kawasaki dynamics as illustration..

1. Poisson versus Gaussian White Noise - Setting the stage

Gaussian white noise is most concisely characterized by the Fourier trans-
form of its (probability) measure. Given

o) =ew (3 [ £ @),

the Bochner-Minlos theorem, - see e.g. 6 - ensures the existence of a prob-
ability measure p on distribution space such that

c- [ e (i [ @)

for test functions f. The L2space w.r. to this measure
(1) = L2 (S" (R) ,dp)

is then the basis of Gaussian white noise analysis.
In the Poisson case we could proceed similarly, starting from the char-
acteristic function

Co(f) = exp (/R () 1) dw) _ /D*(R) dr () exp (i/w(a:)f(x) da;)

to obtain the Poisson measure m, again by the Bochner-Minlos theorem.
However, it is interesting to proceed differently.
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1.1. Configurations

We want to describe infinite systems of particles: configurations of indis-
tinguishable point particles in R? or in some subset X C R?.

The configuration space I' := I'’x is the set of all locally finite subsets
of X, i.e.,

I''={yCX:#(yNK) < oo for bounded K C X}.

For a given configuration v = {x1,x2,...} we denote

£=5 i) = Z/é(m — ) ()

rey ey

This is well defined if f is continuous and zero outside a finite volume: the
sum is then finite - no problem of convergence arises.

1.2. Poisson Measures
We begin by considering configurations in a finite volume:
IX|=V <0

For configurations of only one point z € R? the obvious choice will be a
probability proportional to the volume element dv. For n-point configura-
tions, elements of I‘g?) we shall use

!
ol

(dv)n

dm,,

the combinatorial 1/n! factor for the indistinguishability of the n particles.
- But we are interested in configurations of arbitrary many particles, i.e.
we want a probability measure on

oo

Iy =] |1

n=0
We first extend the measures m,, to a measure m on [y, simply by
setting

m|F(;) = M.
This is not a probability measure:

m(Lx) =m (J;LFE?’) =Y m (ng)) = Z% (/X dv)n — exp (V).

n n

We must normalize it to get a probability measure on I
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Tr=exp(—V)-m

with characteristic function

B expi(1,0))) = [ exoli (o Dr(2) = 3 [ exoli , )an()

—en(-NE ( [ ey s [ (dm) = (/ exptertenas)

k=1

— eV </X exp(if(x))dm) — exp (/X (e 1) dm) .

We have (re)discovered the characteristic function, i.e. the Fourier
transform, of the Poisson White Noise probability measure:

B (expli (1, /))) = exp ( [ (e 1) dx) = o) = [ Do)

Note: there is no need to restrict ourselves to a space of finite volume -

Cr(f) = exp ( /X () 1) dx)

is well defined even in the limit where X = R%, and we have a limiting
measure

7= lim 7|
X—Rd X

Likewise for more general densities, with
dv = z(x)dx

where z is a non-negative “intensity”:

Cr. (f) =exp </Rd (eif("”) - 1) z(x)dz)

Bochner-Minlos
Recall that the Bochner-Minlos theorem guarantees the existence of a
probability measure on the space of distributions such that

Cr.(f) = / e ldm, (w)
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In our explicit construction we have used the formula

0 f) =Y s =Y [ ol - o) p(a)a

rey ey

We see from this that the measure is concentrated on only those distri-
butions which are sums of Dirac J-functions

w:wA,:Zdw.

TEY

1.3. Recall Fock Space

Consider Fock space

F =B Sym L*(R",nld"t),

i.e.

F={0:0= (T, Ty,...,0,,...)}

with norm

[e.e]
2
1% = 0! (W0, Up) o gn) -

n=0

For n = 0 the zero-particle vectors ¥ are just constants: ¥y = ¢ with
2 2
[Woll™ = [e]”

Annihilation operators a (f) are given by

(a(f)\I/)n(xl,...,xn)z(n+1)/dxf(x)\1'n+1 (@71, 2n)

We consider in particular Fock space vectors ¥ (g) with ¥, (g) = %g‘@".

They are eigenvectors of the annihilation operators
a(f)¥(9) = (f,9)¥ (9)
and have the scalar product

(U (f), 0 (g))p = eF9),

(Suitably normalized, they become the “coherent states” of quantum op-
tics.)
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1.4. Three Isomorphisms

It is well known, and easy to verify, that in the White Noise Hilbert space
(L?) the vectors e(f), with

efw(m)f(z)dm
e(f,w)= E (eJ @)@z

have the same scalar product:

(e(f) 76(9))@2) = (\If (f) 7\IJ(g))F — ofi9)

Now, in the Poisson Hilbert space L? (dr.), consider the vectors

ex(frw) = oxp (0, (1 + ) = (), =, M)
with
1) = [ 1@
For w=w,=> .. 0z, find

ex(fowy) = exp (— () [T+ f(2)).

TEY

Their scalar product is again computed directly from the characteristic
function:

(eTF (f) s € (g))L2(dﬂ.z) = e(f’g)Lz(dv) .

As a consequence, we have three isomorphisms

:F'

7N
L*(dp) < L*(dm)

one of them the famous Gelfand-Ito-Segal isomorphism between the L2-

space with Gaussian measure p and symmetric or “boson” Fock space F.
For yet another naturally isomorphic L2-space, on finite configurations

(“Lebesgue-Poisson space”), see 4 ® ¥ 10, For an overview and much more

see e.g. the thesis of M. J. Oliveira 2.
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1.5. Operators
In Fock space there is a representation of the CCR:

(a(f). a(g)] = 0 = [a*(f), a*(g)]
[a(f). a* ()] = / dz f(z)g(z).

The image Dy of a(f) in Gaussian White Noise space is a directional deriva-
tive (“Hida derivative”)

pw+ef) — pw)
€

Dyp(w) = lim
and that of its adjoint a*(f) is

D} = —Df—i-/w(a:)f(x)da:.

In Poisson space the image of a(f) acts as a difference operator, adding
one more particle to the configuration ~:

(ax (f) F) (7) = /(F (yufz}) - F(v)) f (z)de
X

(straightforward to check for eigenvectors e, (g), which span L?(dr) ). For
the adjoint one finds

(@ (9) F) (1) = " F (™ {z}) g (2) - / F)=w)dy - F (7).

For later reference we finally introduce

en(f,wy) =exp (f)ep(fiwy) = [J(1+ f(2)).

TeEY

Their expectation w.r. suitable measures p on configuration space

Blen () = [ en(fuwdn(0) = 3 = (e £

n

are called Bogoliubov functionals and are the generators of the n*?order
correlation functions k# for the distribution .
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2. Dynamics of Infinite Particle Systems

For discrete configuration spaces there exists a vast literature on various
possible dynamical processes, see e.g . 20, used for modelling a large variety
of models of population dynamics in the wider sense - epidemiology, ecology,
opinion formation, spreading of information in large distributed systems,

Examples are independent random births and deaths of particles :
“Glauber dynamics”, or simultaneous death and birth at two lattice sites:
“Kawasaki dynamics”, where particles hop from one site to another and
particle number is conserved.

2.1. Continuous Configuration Space

For this type of dynamics in the continuum much less is known. Recent

results can be found for Glauber dynamics e.g. in ' '® 16, for Kawasaki in
18 14

2.2. Methods

In terms of Markov processes the complication is - for infinite configurations
(finite density, thermodynamic limit) - that infinitely many jumps occur
in any finite time interval, and even without interactions, free jumps can
produce infinite local densities in finite times (“explosion”).

Hilbert Space methods - Dirichlet forms , evolution operators - are suit-

able for (approach to) equilibrium 2 7.

2.3. Free Kawasaki Dynamics'3

As a simple model, we shall focus on “free” Kawasaki dynamics:
OF(y) =) /Rd dy g(z —y) (F(yY\zUy) — F(7))
TEY

Particles are hopping from x to y, with rate g(z —y), otherwise independent
of the configuration ~.
In terms of creation and annihilation operators, one finds

H= /dM(x)/dy (9(z —y) = 906(x — 9)) (az(z)ax(y) — ax(y)),

Clearly, in Fock space language this corresponds to a quadratic Hamilto-
nian, and time development can be calculated in closed form.
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Time evolution of Bogoliubov exponentials takes on a particularly sim-
ple form:

e'ep(f) =ep(e"f)

Af@) = [ dugle =) (1) - fa).
R
Evolution of the initial (Poisson) distribution
Ty — P‘n'z,t

under the dual of et is characterized by

[enttnPestan) = [entedfomtin =esp ([ e4pt@stois).

Starting with a Poisson distribution the distribution at time t, Py, ;(d7)
is again Poissonian, with intensity z; € L>(RY,dx), given by

xetA T)Z\T) = X T)z2e\T),
[ drets@e@) = [ def@) &)

for all f € L'(R? dx). Since et is positivity preserving in L'(RY, dz), it
follows that z; > 0.

Poisson distributions are invariant under free Kawasaki dynamics iff
their intensity is constant:

H*1 = 0 iff the linear annihilation term in H vanishes:

Javaw ([ @@ 6@ =9 - 9@ Lo

Using Fourier transforms one sees that this requires z = const.
For g even and constant z > 0, H gives rise to a symmetric Dirichlet
form on L*(T,7,),

1
(PHF) =5 [m@) Y [ dge-pIFO)P. @)
r Rd
rey

This allows to derive a Markov process on I' with cadlag paths and having
18 In this setting H is a negative essentially
self-adjoint operator on L?(T', 7.), and the generator of a contraction semi-
group on L2(T',7.).

T, as an invariant measure
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3. Asymptotics
3.1. Large Time Asymptotics t — oo

e Any Poisson state of constant intensity is invariant under the evo-
lution (equilibrium).

e “Local Equilibrium”: Poisson states with non-constant intensity
z = z(x). Recall that the state at ¢ > 0 is again Poissonian, with
intensity z; € L= (R?, dx), given by

dz e f(z)z(x) = dz f(x)z(x).

R4 Rd

1

L (R dz) has arithmetic mean whenever

One says that a function z € L

1

Rlir}rlw lB(R) /w|<R dz z(z) = mean(z) (4)

exists.
If 2 > 0 is a bounded measurable function whose Fourier transform z is
a signed measure, then mean(z) = z({0}),

/Rd dx f(x)z(x) = /Rd dx e f(2)z(x) — mean(z) /Rd dz f(z),

and the distribution 7, converges weakly to mycan(z) as t goes to infinity,
because of convergence of the characteristic functions®.

Not all measurable bounded non-negative functions z have an arithmetic
mean. Counterexamples are slowly oscillating functions such as

2(x) = ¢+ cos(In(1 + |z])), =z € R4,

where ¢ > 1. Then for large R
1

d .
m /B(R) z(z)dx ~ c+ \/ﬁ sm(ln(R) + arctan(d)),

3.2. The hydrodynamic limait
Shall use the so-called “empirical field” corresponding to a ¢ € D(RY),

(¢, Xy) = Z o().

zeX,

2To extend the result to all boundedz with arithmetic mean finer considerations are
necessary. If the jump rate a has finite second moment we can check the requirements
of 3. General jump rates will be considered in.'9



September 28, 2009 11:23 Proceedings Trim Size: 9in x 6in swp0000

10

The first correlation function p, () is given by

E (0. X)) = Er, ({p7)) = / (@) py () da

Consider space-time scale transformation given by (¢, ) — £%(p(e-),7),
t — &7t for suitable k > 0, z — z(e-).
1. If

g = | dzaig(z) £0,
]Rd

then for Kk =1
/ dz p(@)p() = [ drz(z +tgV)p(z),
R4 Rd

so that, if the intensity z is smooth enough

P .
5iPe@) = g - Vp,(x) = div(g™" - py(2))

with the initial condition p, = z.
2. If g =0, and

gg) ::/ drz;xjg(z)
R4

then for time rescaling with x = 2

t

1 ikex —t(g@kk) -
L den@ieto) = s [ deste) [ dketren s,

solution of the partial differential equation

0 1 s g &2

3. Consider weak asymmetries, decomposing g into a sum of an even
function p and an odd function ¢, and use the scaling

ge =P+ eq

and Kk = 2.
The limiting density p, is solution of the partial differential equation

0 1 s g &2
= = div(g™ Z (2
5y Pt(@) = div(gWp,(2)) + 5 E 9ij awiaxjpt(m)'

7,7=1
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3.3. Far from Equilibrium

The construction of the free Kawasaki process and its scaling limits are
not restricted to Poissonian initial distributions. Sufficient conditions for
admissible measures can be stated in terms of their correlation functions
and are in particular fulfilled for Gibbs measures at high temperatures. For

more details see 13.

3.4. Yet another Scaling Limit

For interacting Kawasaki processes, as the jump range becomes infinite,
Glauber dynamics appears as scaling limit 8. for the free Kawasaki dynam-
ics, in the limit g — 1, we obtain as generator the image of the Fock space
number operator N = [ dz a*(x) a(x).It is straghtforward to compute that
this is the generator of a birth-and-death process with unit death rate and
birth rate b = z:

O F(7) =/Rddyz (F(yUy) = F() + Y _ (F("\z) = F(v)),

ey

and from its isomorphism with N in Fock space we see immediately that
this generator, contrary to the original one in (3), now has a spectral gap.
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