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Chapter 1

Introduction

Gaussian analysis and in particular white noise analysis have developed to a
useful tool in applied mathematics, Stochastics, and mathematical physics.
For a detailed exposition of the theory and for many examples of applications
we refer the reader to the monographs [BK95|, [HKPS93|, [Hid80], [Kon91],
[Kuo96], and |Oba94] and the introductory articles [Kuo92|, [Str94], and
[Wes93]. However, in applications there are many situations where non-
Gaussian analysis appear as well, see e.g., [AKR98al, [AKRI8D], [AKR97]
and references therein. The subject of this thesis is to study non-Gaussian
analysis and its applications. For an overview of the different topics treated
in this thesis we refer to the list of contents. We also refer to the introductions
of the corresponding chapters for a detailed overview of the results obtained
in this thesis. In addition, this thesis might serve as a guide for the reader to
the following papers on the subject: [KSS97], [KSSU9S]|, [KSSU9T], [KSS98b],
[KSS98a.

The first approach to study non-Gaussian analysis in infinite dimensions
was recently proposed in [AKS93] and developed in [ADKS96]. For smooth
probability measures on infinite dimensional linear spaces a biorthogonal de-
composition is a natural extension of the orthogonal one that is well known in
Gaussian analysis. This biorthogonal “Appell” system has been constructed
for smooth measures also by Yu. L. Daletskii [Dal91]. For a detailed descrip-
tion of its use in infinite dimensional analysis we refer to [ADKS96].

Later Kondratiev et al. [KSWY95] (see also [Wes95]) considered the case
of probability measures p on the dual of a nuclear space satisfying the fol-
lowing two conditions:



(A.1) the measure p has an characteristic functional which is analytic on
some open neighborhood of zero,

(A.2) p is non-degenerate, i.e., if ¢ is a polynomial with ¢ = 0 p-a.e., then
p=0.

No further conditions such as quasi-invariance of the measure or smooth-
ness of the logarithmic derivative was required. The main advantage of using
conditions (A.1) and (A.2) (instead of the conditions used in [ADKS96]) is
the possibility to cover a bigger class of measures which contains in particu-
lar the example of Poisson measures. Let us stress that in applications the
latter case is of special interest. For example, using Poisson measures we
can describe the free Bose gases of non-zero density, see e.g., [AKRI7], and
references therein.

This thesis consists of three main parts:

1. generalization of Gaussian analysis using generalized Appell systems,
2. further developments of Poisson and compound Poisson analysis,

3. introduction and study of a differentiable structure on compound con-
figurations spaces.

For a given measure p which satisfies conditions (A.1) and (A.2) we con-

struct an Appell biorthogonal system A* as a pair (P*, Q") of Appell poly-
nomials P* and a canonical system of generalized functions Q#, properly
associated to the measure u. This framework enables us to obtain spaces of
test and generalized functions as well as their characterizations. This will be
worked out in Chapter [3]
In Chapter 4 we consider a class of measures satisfying the conditions (A.1)
and (A.2). We introduce a transformation a on the nuclear space N¢ such
that « is an invertible holomorphic functions on a neighborhood of zero with
a(0) = 0. For any such measure p we construct an generalized Appell sys-
tem AP as a pair (P** Q**) of generalized Appell polynomials P*“ and a
system of generalized functions Q** associated to the measure p. It is worth
emphasizing that by varying the function a one produces different general-
ized Appell systems. Let us give some examples which will be considered
later on in this thesis.



e Define a by a(p) := log(1+ ¢) and the Poisson measure 7; it produces
the system of generalized Charlier polynomials which is orthogonal with
respect to m, see Chapter [f], Section [5.2] for more details.

e For a given by a(p) := ¢/(¢ — 1) and the Gamma measure pg we
obtain the system of generalized Laguerre polynomials and these are
orthogonal polynomials with respect to ug, cf. Chapter [6] Section [6.4]

Let us mention that these two examples are of special type. More pre-
cisely, in these cases the biorthogonal system reduces to an orthogonal one,
the P*“-system coincides with the Q*“-system. We would like to draw the
reader’s attention to the second choice of a given above. In fact, this special
case of generalized Appell system produces concrete analysis and geometry
on the Gamma space, see Section Up to now, we are able to produce a
Fock type decomposition of the L? space, but is still not clear how to obtain
a representation of the creation and annihilation operators on Gamma space.
Moreover, the differential geometry on the corresponding configuration space
seems to be very interesting. This considerations will be implemented in
forthcoming paper [KSU99).

The central results of Chapter [4] are:

e description and characterization of test function spaces and proof that
the test function spaces are independent of the transformation «, see

Theorem

e description and characterization theorems for generalized functions, in
particular, we prove that for fixed measure p and all transformations
a the space of generalized functions are the same, cf. Theorem [4.4.3]

e we extend the Wick product and the corresponding Wick calculus in
the present setting,

e we provide formulas for the change of the generalized Appell system
under a transformation of the measure.

Concerning applications for the above general theory to non-Gaussian
analysis we give special emphasis to Poisson and compound Poisson spaces.
In particular analysis and geometry on these spaces are developed in great
detail in Chapters [5] [6], and [7} Here we would like to remark that there are
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many papers on Poissonian analysis from different points of view, see e.g.,
[BLLOS], [CP90], [IK88], [NVI0], [INV95], [Pri95], [Us95], and many others.
In this thesis we will use the general methods developed in Chapter 4! to
produce, e.g., the Fock space isomorphism for Poisson space as well as natural
operations on Poisson space. Therefore, we refer to the cited references for
related considerations of analysis on Poisson spaces.

In Chapter |5 we start giving a detailed construction of the Poisson mea-
sures on the configuration space ['x over a Riemannian manifold X, cf. Sec-
tion [5.1] for details. Moreover, we also give a useful integral characterization
of the Poisson measure, the so-called Mecke’s identity (cf. [Mec67, Satz 3.1]
or see below) which is useful in computations in Poissonian analysis.

There are essentially two procedures to realize “geometry” over the con-
figuration space I'x equipped with Poisson measure. One is the so-called
external geometry, namely the geometry obtained by transportation via the
Fock space isomorphism, see Section |5.3l The other one is the internal geom-
etry corresponding to a lifting procedure of the differential geometry on the
underlying manifold X, see [AKR98a], [KSSU98]. We develop the details in
Section 5.4

These two (external and internal) geometries are connected in a non tri-
vial way, see [AKR98a, Theorem 5.2]. In Section we investigate this
connection for the case of interacting particle systems and show that even
for the interacting case there is a transparent relation between the intrinsic
and the extrinsic Dirichlet form, see Theorem [5.5.3|

As a consequence of the mentioned relation we prove the closability of
the pre-Dirichlet form (£, FCp°(D,T')) on L*(T'x, u), where p is a tem-
pered grand canonical Gibbs measure, see Section [5.5 The closability is
crucial (for physical reasons, see [AKR97]) for applying the general theory of
Dirichlet forms including the construction of a corresponding diffusion pro-
cess (cf. [MR92]). It models an infinite particle system with (possibly) very
singular interactions cf. [AKROS8b].

Another contribution of this thesis is to clarify the analysis and differ-
ential geometry on compound Poisson spaces. Since there is no Lebesgue
measure on infinite dimensional linear spaces one has the problem to define
the notion “volume element” on compound Poisson spaces in a reasonable
way. Following |[Cha84] the volume element on X can be defined (up to con-
stant multiples) as the unique positive Radon measure p on X such that the
gradient VX and the divergence div¥ become dual operators on L*(X, )
(with respect to (-, )7x)-



In Subsection we prove that the compound Poisson measure 7] on
the compound configuration space {2x is the right “volume element” corre-
sponding to the introduced differential geometry on (2x.

In fact, the results on analysis and geometry on compound Poisson spaces
are connected with the possibility to establish an unitary isomorphism be-
tween the compound Poisson space and the Poisson space, see Section for
the corresponding description. Hence, this unitary isomorphism is the bases
of our considerations in Chapter [6] as well as in Chapter [, We also give
the corresponding representation of the associated Lie algebra of compactly
supported vector fields and exhibit explicit formulas for the corresponding
generators, see Section [7.3]

In Section we identify the diffusion process corresponding to the
Dirichlet form on compound Poisson space. It comes out that this process is
nothing but the equilibrium process (or distorted Brownian motion on )
together with the corresponding marks.

Finally in Section [7.6 we prove in detail the existence of a marked Poisson
measure over the marked Poisson space QY where M is a complete separable
metric space with a probability measure. Hence all the results obtained in
Chapter [7| extend with obvious changes to marked Poisson spaces.

We would like to point out that most of the results presented in this
thesis have already been published, see e.g., [KSS97], [KSSU9S]|, [KSSU97],
[KSS98b], [KSS98a] as well as they have been announced in international con-
ferences in Marseille’95, 96, '97, Kiev’96, Madeira Math Encounters X, XI,
XII, XIII, XTIV, XV, Stochastic Analysis and its Applications Barcelona’97
and Paris’98, and Seminar on Stochastic Analysis Bonn’98. Here we present
a systematic exposition of this circle of ideas.

Finally, we would like to mention that there are other results concerning
further applications of non-Gaussian analysis, see [KKS98| and [KSSU99].
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Chapter 2

Preliminaries

In this chapter we shall collect the most important properties of nuclear
spaces, Fock spaces over Hilbert spaces, and some facts about holomorphic
functions over a locally convex topological vector space, see Sections 2.2
and below, respectively. We will not reproduce full details in the men-
tioned subjects but rather give the convenient descriptions for our purpose.
Hence, the results concerning nuclear triples and kernel theorem are best
summarized in [BK95)], [GV6S], [HKPS93]. About topologies in co-nuclear
spaces we refer to the books [Kot71], [RR73|, [Sch71], and [Tre67] for details,
proofs, and examples. In Section we define the Fock space over a Hilbert
space and define on it the creation, annihilation, and second quantization
operators which play an important role in the further chapters. Detailed
description of Fock spaces can be founded in [BK95, Chapter 2 Section 2],
[HKPS93, Appendix A.2], [Oba94], and [RS75a]. The standard references for
holomorphy in locally convex spaces are [Din&1], [Bar85], and [Col82].

2.1 Nuclear triples and kernel theorem

We start with a real separable Hilbert space H with inner product (-, -) and
norm | -|. For a given separable nuclear space N densely and continuously
embedded into H we can construct the nuclear triple

NCHCN. (2.1)
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The dual pairing (-,-) of N/ and N then is realized as an extension of the
inner product in ‘H

(f, &) =(1.8), feH, eN.

Instead of reproducing the abstract definition of nuclear spaces (see e.g.,
IGV6S], [RR73], [Sch71], and [Tre67]) we give a complete and convenient
characterization in terms of projective limits of decreasing chains of Hilbert
spaces H,, p € N.

Theorem 2.1.1 The nuclear Fréchet space N can be represented as

N =(\H,,

peN

where {H,, p € N} is a family of Hilbert spaces such that for all py,ps € N
there exists p € N such that the embeddings iy, : Hy — Hp,, tppy : Hp —
H,, are of Hilbert-Schmidt class. The space N is dense in each H, for any
p € N. The topology of N is given by the projective limit topology, i.e., the
coarsest topology on N such that for all p € N the canonical embeddings
N — H, are continuous.

The Hilbert norms on H,, are denoted by | - |,, Vp € N. These norms are
compatible, i.e., if a sequence converges to zero with respect to a norm | - |,
and is Cauchy with respect to a norm | - |,, then it also converges to zero
with respect to |- |,. A basis of open neighborhoods of zero in the projective
limit topology is given by the sets

U(p,e) ={£ e N|[¢], < e}, for any p € N and any £ > 0.

Without loss of generality we always suppose that the system of norms is
ordered, i.e., Vp € N, V€ € N : [£| < |{], and that the norms are increasing

<< .. <[, <l < EEN.

In this case the nuclearity of A/ means that for any p € N there exists ¢ € N
such that the embedding ¢y, : H, — H,, is nuclear, i.e., for any basis (ej)ren

of H, the sum
o0
Z g per|p < 00.
k=1

11



It is sufficient to require for any p € N the existence of ¢’ € N such that the
embedding ¢y, : Hy — H, is Hilbert-Schmidyt, i.e.,

o0
2
e pllers = Z ‘Lq’,pekﬁa < o9,
k=1

because the composition of two Hilbert-Schmidt operators is nuclear, see e.g.,
[GV68]. In the present situation N is a countably Hilbert space in the sense
of [GV6S].

By general duality theory the dual space N/ can be written as

N =",

peN

with inductive limit topology 7;,,q by using the dual family of spaces {H_,, :=
H,, p € N}. The inductive limit topology (with respect to this family) is
the finest topology on N such that for all p € N the embeddings H_, — N’
are continuous. It is convenient to denote the norm on H_, by | - |_,.

Remark 2.1.2 Let us mention that in our setting the inductive limit topol-
09y Tina coincides with the Mackey topology T(N',N) (i.e., the strongest
topology in N such that (N”, 7(N',N)) = N with the projective limit topol-
ogy) and the strong topology B(N', N') (i.e., a basis of open neighborhoods of
zero is given by

Us(0,A) = {z e N'| [{z,&)| <&, VE € A, A C N bounded}).

This fact is also known as the reflexivity of countable Hilbert spaces. We
refer to [BK95, Chapter 1 Section 1], [HKPS93, Appendiz 5] and also [Sch71,
Chapters 2, 4] for more details.

Further we want to introduce the notion of tensor powers of a nuclear
space, see e.g., [RST5D] or [Gui72]. The simplest way to do this is to start
from usual tensor powers Hf?", n € N of Hilbert spaces. More precisely, let
(e)jen be an orthonormal basis in H,,. Let us construct a formal product

o =60 D ... 0 e€q,, (2.2)

where a = (aq,...,a,) € N” in other words, we consider the ordered se-
quences (€q4,,- - -, €4, ) and span a Hilbert space by the formal vectors ([2.2)),

12



assuming that they form the orthogonal basis of this space. The separable
Hilbert space obtained as a result is called the n-th tensor product of the
space H, and is denoted by Hf?", n € N. Since there is no danger of confu-
sion we will preserve the notation (-, -),, (resp. |-|,) and (-,-)—_, (resp. |-|-,)
for the inner product (resp. norm) on H2" and H%). Vectors from HZ™ have

the form
F= fatar fa €R|F2 =D Il

aeN"? acNn

and

(fag)p = Z faGa, 9= Z JaCas Ga € R.

aeNn aeNn

Using the definition

N® =prlim H",

peN
one can prove (see e.g., [Sch71]) that N®™ is a nuclear space which is called
the n-th tensor power of N
The dual space of N®" can be written
N =ind lim H}.

peN

Thus we have introduced nuclear triples

prlim H)" = N®" € H®" € N'®" = indlim K%}, n € N. (2.3)

peN peN

Most important for the applications we have in mind in the abstract non
Gaussian analysis theory (cf. Chapter [3|and followings) is the following kernel
theorem, see e.g., [BK95, Chapter 1 Section 2| and [GV68, Chapter I]. Below
the kernel theorem is stated for the nuclear triples which is sufficient
later on, nevertheless this theorem holds also for Hilbert triples (or rigged
Hilbert spaces), H, C Ho C H_, where the embedding H, — H, is Hilbert-
Schmidt and the pairing (-,-) of H_ and H, is realized as an extension of
the inner product (-,-)o in Hp.

Theorem 2.1.3 Suppose that the nuclear triples are given. Let F,, be
an n-linear form

Nx...xN>3(&,...&)— F,(&,...,&) € R,

13



which is 'H,-continuous, i.e.,

|Fn(€17 agn)| S C|£1|P|€2|p ce |§Tb|p7

for some p € N and C > 0. Then for all p' > p such that the embedding
iy @ Hy — H, is Hilbert-Schmidt there exists a unique ®™ € HQE)Z, such
that

Fo(br, .. &) = (@M 6@ ®&), &,...&a EN,

and the following norm estimate holds
|¢)(n)|—p’ <C ||Z.p’,p||rflls
using the Hilbert-Schmidt norm of iy .

Corollary 2.1.4 Let N x ---x N > (&,...,&,) — F (&, ...,&,) be a n-linear
form which is H_,-continuous, i.e.,

[En (€1 &) [ < Clalpléalp - [€nlp

for some p € N and C > 0. Then for all p' < p such that the embedding
ipy @ Hp — Hy is Hilbert-Schmidt there exists a unique ®™ € H" such
that

Fy(€ryebn) = (@M. 6@ @ &), &, & €N

and the following norm estimate holds

‘q)(n)

P’ <C ||ip7p’||7;15 .

2.2 Fock spaces over Hilbert spaces

We now proceed to describe the Fock space. Let ‘H be a real separable Hilbert
space, and let H¢ be the complexified Hilbert space of H with inner product

(f1, f2) e = (f17f2) = (g1, 92) + (h1, ha) +i(h1, g2) —i(g1, ha),
for f1, fo € He, fi = g1 +ih1, fo = g2 +1ha, g1,92, 1, he € H.

First we introduce the concept of symmetric tensor powers of Hilbert
spaces. For any n € N we denote by &, the permutation group over

14



{1,...,n}. Then for any n € N and ¢ € &,, we define a unitary opera-
tor U, on H(Qém by the formula

Ua,n(f1®'-~®fn) = f01®-'~®f0n7

on a total set of elements of the form f1 ®...® f,, € HE". It is easy to verify
directly that, for the operator

1
Pn = E Z Ua,nu

0'6671

we have P2 = P,, P* = P, and, therefore, it is an orthogonal projector
in HE". The closed subspace of HE" onto which P, projects is denoted by
Exp, H, the n-th symmetric tensor power of the Hilbert space Hc.

If in Theorem [2.1.3] (resp. Corollary we start from a symmetric
n-linear form F,, on N®" ie., F,,(&yy, -, &,) = Fn (&1, ..., &,) for any per-
mutation o € &, then the corresponding kernel & can be localized in
Exp,H C H]‘?,?C. For fi,..., f. € Hc let ® also denote the symmetrization
of the tensor product

fi&--&f, :=Pn(f1®---®fn):% > [ ® 8 fo,

Ueen

All the above quoted theorems also hold for complex spaces, in particular the
complexified space Ng. By definition an element £ € N¢ decomposes into
E=(+10,¢(,0eN.

The Fock space (Boson or symmetric) ExpH over H is defined as a Hilbert
orthogonal sum

ExpH := @) Exp,H, ExpyH :=C,

n=0

and, hence, consists of the sequences F' = ()2, (f, € Exp,H) for which

n=0

The subspaces Exp,’H are often called n-particle subspaces, Exp,H is called
the vacuum subspace. There is a well known standard procedure to construct
a complete orthonormal system for ExpH, since later on we mostly will be

15



interested in L?-analysis, we skip this procedure and refer to [BK95)], [Hid80],
[HKPS93], and [Oba94] for the corresponding construction.

Let us now introduce a series of objects in the Fock space which are
relevant in what follows.

Denote by Exp;, H the subspace of finite vectors from ExpH, i.e., vectors
of the form F = (f©@, fM_ . ™ 0,0,...). Obviously, Exp;, H is dense in
ExpH.

For any f € Hc and n € Nlet f®" := f®...® f € Exp,H be given.
The vectors

1 1
— Xn
Expf.—(l,llf,...,n!f v,

are called coherent states (or exponential vectors) corresponding to the one-
particle state f. For any set £ C H¢ which is total in H¢ the set of coherent
states {Expf|f € L} C ExpH is also total in ExpH, see e.g. [Gui72,
Chapter 2] and [BK95]. According to the definition of ExpH, we have

(Expf1, Bxp fo)mepn = e1ne

and ,
2
HEprHEpo = e|f|HC7 flu f27 f € H(C-

Next we introduce creation and annihilation operators on the Fock space
ExpH, see e.g., [HKPS93, Appendix A.2] and [RS75a]. Consider f™ ¢
Exp, ’H of the form

Let h € H. Then the annihilation operator a=(h) of h acts on f as follows:

n

a~ (W) f™ = "(h f)AH® ... Ofi1&fi®...&f, € Exp, H. (25)

i=1

This definition is independent of the particular representation of f(™ in (2.4)),
hence a~(h) is well-defined. Then we extend by linearity to a dense
subspace of Exp,’H consisting of finite linear combinations of elements of
the form . One easily finds the following inequality for such elements
(cf. [RST5al)

ja”(h) f™] < v/nlh]| f™)], (2.6)
which shows that the extension of a~(h) to Exp,’H as a bounded operator
exists. The bound (2.6) allows us to extend a~(h), h € H, component-wise
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to Expy;,, H which, therefore, give us a densely defined operator on ExpH
denoted again by a~(h). So the adjoint operator of a~(h) exists, which we
denote by a®(h) and called creation operator. The action of the creation
operator on elements f™ € Exp, H is given by

at(h)f™ = h&f™ € Exp, , H.
For the creation operator we also have an estimate
ja* (R)f™] < Vn+1]Al f™)].

As before, this estimate give us the possibility to deduce that a™(h) is densely
defined on ExpH. Hence, a~(h) and a™(h) are closable and we use the same
notation for their closures. In Chapter 4] we will obtain explicit representa-
tions for these operators on L? with respect to the Poisson measure.

Finally we would like to introduce the second quantization operator on
ExpH. For any contraction B in H it is possible to define an operator ExpB
as a contraction in ExpH which in any n-particle subspace Exp,’H is given
by B®---® B (n times). Let A be a positive self-adjoint operator in ‘H with
domain of essential selfadjointness D. Furthermore, suppose that N' C D
and that A leaves N invariant. Then we have a contraction semigroup e *4,
t > 0 and it is possible to introduce the second quantization operator dExpA
as the generator of the semigroup Exp(e™'4), ¢t > 0, i.e.,

Exp(e™™) = exp(—tdExpA),
see e.g., [RS75al.

2.3 Holomorphy on locally convex spaces

We shall collect some facts from the theory of holomorphic functions in lo-
cally convex topological vector spaces £ (over the complex field C), see e.g.,
[Bar85], [Col82], and [Ding&1].

2.3.1 Holomorphic functions

Let L(E™) be the space of n-linear mappings from £" into C and L4(E™) the
subspace of symmetric n-linear forms. Also let P"(€) denote the set of all
n-homogeneous polynomials on £. There is a linear bijection

L(E") 3> A— A e PYE).

17



Definition 2.3.1 Let U C £ be open and F' : U — C a function. Then F
is said to be G-holomorphic (or Gateauz-holomorphic) if and only if for all
0o € U and for all 0 € € the mapping

CoA— F(by+ N9) € C,
s holomorphic in some neighborhood of 0 € C.

If F' is G-holomorphic, then there exists for every n € U a sequence of
homogeneous polynomials ian(n) such that

oo

F(0+n) =Y —d"F(n)®),

n=0

—

for all # from some open neighborhood V of zero. Of course, d"F(n)(0) is
the n-th partial derivative of F' at 7 in direction 6.

Definition 2.3.2 Let F': U4 — C be a G-holomorphic function. Then

1. F is said to be holomorphic, if and only if for all n € U there exists an
open neighborhood V of zero such that

o0 1 I
EY2EDY moan(n)(e),
n=0

converges uniformly on V to a continuous function.

2. F is holomorphic at 6y if and only if there is an open set U containing
Oy such that F' is holomorphic on U.

3. F is called entire if and only if F' is holomorphic on &.

Useful in applications is the following proposition which follows from the
above considerations, see [Din81, Chapter 2, Lemma 2.8].

Proposition 2.3.3 F' is holomorphic if and only if it is G-holomorphic and
locally bounded.
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Let us consider the special case & = N¢. In order to have uniqueness in
the characterization of distributions spaces we must not discern between dif-
ferent restrictions of one function. Hence we consider germs of holomorphic

functions at zero, i.e., we identify F and F if there exists an open neigh-
borhood of zero U C N¢ such that F(§) = F(§) for all £ € U. Thus we
define

Definition 2.3.4 Holy(Ng) as the algebra of germs of complex-valued func-
tions F on N which are holomorphic at zero equipped with the inductive
topology given by the following family of norms

Ny 100(F) = sup l|F(9)|, p,leN.
<2—

Olp<

A direct consequence of Proposition is the following corollary.

Corollary 2.3.5 Let F': N¢ — C be given. Then F € Holg(Nc) if and only
if there exists p € N, € > 0, and C > 0 such that

1. for all & € Ng with [&l, < e and for all € € N¢ the function of one
complex variable C 5\ — F(& + X,) € C is holomorphic at zero, and

2. for all & € N¢ with |€|, < e we have |F ()] < C.

Later on we need also the space Holy(N¢, N¢) of vector-valued holomor-
phic functions from N¢ to Ng.

Definition 2.3.6 A mapping F' : Nc — N¢ belongs to Holg(Ng, N¢) if and
only if it is G-holomorphic and for each n in N¢ there exists p € N such that
the function

o0 1 e
0— > —d"F(n)(0),
n=0

converges and defines a continuous function on some | - |,-neighbourhood of
zero.

If F': Nc — Ng is holomorphic at 0 € Ng, then for every n € N¢ there
exists a sequence of homogeneous polynomials %d"F (n) such that

o 1 S
Vo) —d"F(n) (6), (2.7)
n=0
converges and define a continuous function on some neighborhood V of zero.
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2.3.2 Spaces of entire functions

In this subsection we introduce some spaces of entire functions which will be
useful later on. Let EX. (NZ) be the set of all entire functions on N of a
minimal type whose order of growth is at most & € [1,2]. This means that,
as a set, EF. (ML) consists of the functions entire on each H_, ¢, p € N and
such that for all ¢ € X, (ML), p € N, and every € > 0 there exists C' > 0
such that

lp(2)] < Cexp(elz|*,), forall 2 € H_,c,

i.e., these are the functions of a minimal type on each H_, ¢ with the order
of growth at most k. The space EX, (M%) is endowed with the projective

limit topology with respect to the countable system of norms

mopik(p) = sup {lp(z)]exp(=1/1z|%,)}, p,l € N, (2.8)

ZG'H,p’C

which is a ordered system. Since the first axiom of countability holds for
EF. (NZL) with this topology, it suffices to describe convergent sequences of

functions from this space in order to define the topology under consideration.
It follows from (2.8)) that ¢, € £, (NL) converges to zero in X, (NL) if and

only if the following two conditions holds:

1. for any p € N and € > 0 there exists C' > 0 such that

|Q0n(2)| < OeXp(g‘ZVip)a KAS H—p,(C) n e N7

2. as n — 0, ¢, converges to 0 uniformly on every ball
{zeH_,cllz|l-p < R}, R>0,
in each H_,c, p € N.

Let us introduce one more space of entire functions. Denote by £¥_ (N¢)
the set of functions on Mg with the following properties:

1. each function is entire on some H, ¢, p € N,

2. as an entire function on H, ¢, it has finite type for the order of growth
equal k.
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In other words, for ® € ¥ (N¢), Ip > 0 and constants C, K > 0 such that

the following estimate should holds
|B(n)| < Cexp(K|nly), n € Ne.

The space £F__(N¢) is topologize by the inductive limit topology with respect
to the family of norms

My 1x(®) = sup {|@(n)| exp(—I[nl,)}, p.l € N.

neNc

Hence a sequence (®,)2, C EX  (Ng) converges to zero if and only if they
are entire functions on the common Hilbert space ‘H,, ¢, there exists a uniform

bound
@,,(n)| < Cexp(K|n|k), n € Hyc, n €N,

and that ®,, converges uniformly to 0 as n — oo on every ball in H,¢.

Remark 2.3.7 Let us mention that the space EX, (NE) (resp. EF, . (Nc)) ad-
mits the following representation in terms of projective limit (resp. inductive
limit) of the family of normed spaces €y ,(H_pc), p,l € Z (resp. Ex(Hpe),
p,l € Z). More precisely, the set of all entire functions on each H_,c
(resp. on some H,c) of growth k € [1,2] and type 27" (resp. 2') with norm
given by

() 1= sup o(2)|exp(=27"[2,), v € €51 (H_p0),
z 7P,C

(resp. npui(p) = sup |p(2)exp(—=2'|z]}), ¢ € Ex(Hpe))-

2€H, ¢

The space of entire functions on N{ (resp. N¢) of growth k and minimal type
(resp. mazimal type) is naturally introduced by

mm (N, ) =pr lim 85*1 (pr,(c),

p,leEN

(vesp. X (N¢) —md hm EX(H,c)).

We now give an equivalent description of €, (ML) and X (Nc). The

max

Cauchy inequality and Corollary [2.1.4] allow to write the Taylor coefficients
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in a convenient form. Let ¢ € EF, (M) and z € N, then there exist kernels
o™ € NZ™ such that

(257, 6) = ~ A R(0)(),
p(z) = (22", 0M). (2.9)

Let E]f’q denote the space of all functions of the form 1) such that the
following Hilbert norm

o0

Il g == D _(n))' 722, p.q €N, (2.10)

n=0

is finite for all 3 € [0,1]. (By |¢(®], we simply mean the complex modulus
for all p). The space E:g_’q with the norm |¢||-p—4—s is defined analo-
gously. The following two theorems gives a description of the above intro-

duced spaces of entire functions E¥; (NZ), and EX, (N¢). For the proof we
refer to [KSWY95], [Oue9l], and [Wes95].

Theorem 2.3.8 The following topological identity holds:

priim B, = £117 (V).

The proof is based on the following two lemmata which show that the two
systems of norms are in fact equivalent.

_2
Lemma 2.3.9 Let ¢ €EJ  be given, then ¢ € £, (H_pc) for | = 5
Moreover
nptk(#) < Wl b= 125 (211)

Lemma 2.3.10 For any p/,q € N there exist p,l € N such that
_2
£ (Hope) CEY
i.€., there exists a constant C' > 0 such that

lollyap < Crpan(e), ¢ € E51(Hope), k= 5.
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The above results also imply the following theorem, see also [Oue91
Proposition 8.6] for related results.

Theorem 2.3.11 If 3 € [0,1) then the following topological identity holds:

ind lim EZ0
p,geN '

.= Els P (Ne).
If 3 =1 we have

. . -1

1111)(315\?1 EZ, , = Holy(Ne).
This theorem and its proof will appear in the context of Section |[3.4, The
characterization of distributions in infinite dimensional analysis is strongly
related to this theorem. Therefore we postpone the proof of the second part
of this theorem to Section [3.4] Theorem [3.4.3] The first part is proved in
[KSWY95, Theorem 37].
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Chapter 3

Generalized functions in
infinite dimensional analysis

Non-Gaussian analysis was already introduced in [AKS93| for smooth proba-
bility measures on infinite dimensional linear spaces. The method used was
biorthogonal decomposition which is a natural extension of the chaos decom-
position that is well known in Gaussian analysis. This biorthogonal “Appell”
system has been constructed for smooth measures by Yu. L. Daletski [Dal91].
For a detailed description of its use in infinite dimensional analysis and for the
proof of the results which were announced in [AKS93| we refer to [ADKS96].
These results are based on quasi-invariance of the measures and smoothness
of the logarithmic derivatives. Here we would like to mention that this ap-
proach does not cover the important case of Poisson measures, see Chapter
for more details of Poisson measures.

Kondratiev et al. [KSWY95] considered the case of non-degenerate mea-
sures on the dual of a nuclear space with analytic characteristic functionals for
which no further condition such as quasi-invariance of the measure or smooth-
ness of the logarithmic derivative was required. In this case the important
example of Poisson measures is now accessible. Again for a given measure u
with analytic Laplace transform they construct an Appell biorthogonal sys-
tem A* as a pair (P*, Q") of Appell polynomials P# and a canonical system
of generalized functions Q*, properly associated to the measure . Hence
within this framework they obtained:

e explicit description of the test function space introduced in [ADKS96];

e the test functions space is identical for all measures that they consider;
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e characterization theorems for generalized as well as test functions were
obtained analogously as in Gaussian analysis, see [KLPT96] for more
references;

e extension of the Wick product and the corresponding Wick calculus
(see [KLS96] for this notion) as well as a full description of positive
distributions (as measures).

In this chapter we will recall this construction under the same assumptions
on the measure p (cf. Assumptions [3.1.3 and [3.1.6| below) as well as the
aforementioned results. In the next chapter we are going to generalize them
along the lines presented here.

3.1 Measures on linear topological spaces

Given the triple we would like to introduce probability measures on
the vector space N’. In N’ we consider the o-algebra C,(N’) generated by
the cylinder sets on A’. Let us describe this more precisely. Consider the
following collection of finite dimensional subsets from N:

={LILC N, dimL < co}.

For any L € L and every A € B(L) (i.e., the Borel o-algebra on L) we
introduce the set

C(L, A) == {z € N'|P(z) € A}, (3.1)

which is called the cylinder set from N’ with coordinate L. Here Py is an
orthogonal projector onto L defined in H which extends to N’ by continuity.
Then we define the o-algebra C(L, N') with a fixed coordinate L using the
cylinder sets C'(L, A) by

C(L,N") := {C(L, A)|A € B(L)}.

Finally the o-algebra of cylinder sets C,(N”) is defined by

Co(N') =0 (U C(L,N’)) .
LeL
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Remark 3.1.1 [t is sometimes convenient to introduce cylinder sets by
employing the “coordinate” method. To this end we choose an orthonormal
basis (ex)i_; in L which is also orthonormal in N'. Then for any x € N we

have
n

Pr(z) = Z<$,€k>€k,

k=1
which implies the following representation for C(L, A), A € B(R™):

C(L,A) ={z e N'|({z,e1),...,{x,e,)) € A}.

Moreover, if we replace the vectors e;, by arbitrary vectors &, € N, then the
set obtained as a result

{z e N'|({2,&), ..., (z,&)) € B}, B € B(R").
will be cylinder too.

Let us consider one more topology on N’, the so-called weak topology
B,(N"). Tt is given by the following system of base neighborhoods of zero

U0 {&,....&}) ={z e N|[{(x,§)| <1, neN, j=1,...n},

for any &1,...,&, € N and € N'. The weak topology B, (N’) is consistent
with the duality of the triple in the following sense: a set of linear
functionals over N coincides with N in this topology, i.e., an arbitrary func-
tional = of this kind admits a representation z(§) = (z,§), for some £ € N,
and an arbitrary vector £ € N generates (according to this formula) a linear
B, (N")-continuous functional on N”.

Remark 3.1.2 In the case of a countable Hilbert space N (which is in fact
the case we handle), we have that the o-algebras B,(N") and Bz(N') gener-
ated by the weak and strong topology on N, respectively and the o-algebra
generated by the cylinder sets Co(N”) coincide, i.e.,

Co(N') = Bo(N) = Bs(N).

Thus we will consider this o-algebra as the natural o-algebra on N'. We
refer to e.q., [BK93] and [HKPS93, Appendix 5] and references therein for
more details and historical remarks.
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We will restrict our investigations to a special class of probability mea-
sures p on C,(N”) which satisfy two additional assumptions, see Assump-

tions (3.1.3) and (3.1.6)) below. The first one concerns some analyticity of
the Laplace transform

1(0) = //exp(x,0>d,u(:c) — B, (exp(-, 8)), 6 € N

Here we also have introduced the convenient notion of expectation E, of a
p-integrable function.

Assumption 3.1.3 The measure p has an analytic Laplace transform in a
neighborhood of zero. That means, there exists an open neighborhood U C N¢
of zero, such that 1, is holomorphic on U, i.e., I, € Holy(N¢). This class of
analytic measures is denoted by My(N7).

An equivalent description of analytic measures is given by the following
lemma.

Lemma 3.1.4 The following statements are equivalent.

1. p € Mo(N'),

2 3p, €N, 3C>0: '/ (e, 0)"du(z)| <l O], 0 € My e,

8 3p, €N, Jg, >0 /N exp(epu| 2|y, )du(z) < oco.

The proof can be found in [KSW95].
For p € My(N”) the estimate in statement 2] of the above lemma allows
to define the moment kernels M* € N'®™ of u. This is done by extending the

above estimate by a simple polarization argument and applying the kernel
theorem (cf. Theorem [2.1.3)). The kernels are determined by

(e o]

1 n
W(0) = Y — (M 6°7), (32)
n=0
or equivalently
. . "
<M#, 91® ce ®0n> = %—&lu(tlel + ...+ tnen)‘h:m:tn:o. (33)
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Moreover, if p > p,, is such that the embedding ¢,,, : H, — H,, is Hilbert-
Schmidt, then there exists C' > 0 such that

| M} |—p < (nC HLP»I’MHHS)n < n!(eC ||vapuHHS)n' (3.4)

Definition 3.1.5 A function ¢ : N' — C of the form

N
o(x) = Z<x®",cp(")), reN', NeN,

n=0

is called a smooth continuous polynomial (for short p € P(N")) if and only
if oW € NE", Vn € Ny := NU{0}. For any n € N, (- ™) is called
smooth continuous monomial.

Now we are ready to formulate the second assumption on pu.

Assumption 3.1.6 For all p € P(N') with ¢ = 0 p-a.e. we have ¢ = 0.
In the following a measure with this property will be called non-degenerate.

Remark 3.1.7 1. Assumption |3.1.60 can be formulated as follows. For
any continuous polynomial ¢ € P(N") with

/ o(x)du(z) =0, for all A € C,(N'),
A

we have p = 0.

2. A sufficient condition can be obtained by regarding admissible shifts of
the measure . If (- +&) is absolutely continuous with respect to p for
all £ € N, i.e., there exists the Radon-Nikodym derivative

_ du(z +§)
dp(x)

then we say that u is N -quasi-invariant (in other words, the set of ad-
missible shifts contains a linear manifold dense in N ), see e.g., [GVGE],
[Sko7j] for more details. This is sufficient to ensure Assumption|3.1.6,
see e.g., [KT91], [BK9S].

pu(&, ) € LN ), v €N,
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Example 3.1.8 (Gaussian measures) In Gaussian Analysis (especially
white noise analysis) the Gaussian measure vy corresponding to the Hilbert
space H is considered. Its Laplace transform is given by

L,,(0) = e’ 0 e N,

hence vy € My(N). 1t is well known that vy is N -quasi-invariant (more-
over H-quasi-invariant) see e.g., |[Sko7j|]. Due to the previous remark -y

satisfies also Assumption[3.1.0

Example 3.1.9 (Poisson measures) Let us consider the classical (real)

Schwartz triple
S(R) c L*(R) C S'(R).

The Poisson white noise measure w is defined as a probability measure on
C,(S'(R)) with Laplace transform

L.(6) = exp [ /R (e?0) — 1)dt] 0 S(R),

see e.g., |[GV6S]. It is not hard to see that I, is a holomorphic function on
S(R), so Assumption 1s satisfied. But to check Assumption we
need additional considerations. We will prove this fact in the next chapter in
the context of the construction of generalized Appell systems.

Remark 3.1.10 In Chapter ) we will return to Poisson measures and give
detailed analysis as well as its applications, for instances intrinsic and ex-
trinsic geometry on Poisson spaces.

3.2 Concept of generalized functions in infi-
nite dimensional non-Gaussian analysis

In this section we will introduce a preliminary distribution theory in infinite
dimensional non-Gaussian analysis. We want to point out in advance that
the distribution space constructed here is in some sense too big for prac-
tical purposes. Therefore this section may be viewed as a stepping stone
to introduce the more useful structures in Section [3.3] Subsection and
3.3.2
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We will choose P(N”) as our minimal test function space (see, for instance,
[KMPG65] for a discussion in which sense this space is minimal). First we
have to ensure that P(N”) is densely embedded in L?*(p). This is fulfilled
because of our Assumption (see [Sko74l Section 10 Theorem 1]). The
space P(N’) may be equipped with various different topologies, but there
exists a natural one such that P(N”) becomes a nuclear space, see [BK95].
The topology on P(N”) is chosen such that is becomes isomorphic to the
topological direct sum of tensor powers ./\/'gm see e.g., [Sch71l Chapter 11-6.1,
Chapter I11-7.4]

o0

PN') ~ PN,
n=0
via -
p(z) = 3 (@, o) — 7 = (p™)2,.
n=0

Note that only a finite number of ¢ are non-zero. The notion of con-
vergence of sequences in this topology on P(N”) is the following: for any
¢ € P(N’) such that

N(p)

pla) =Y (2%, ™),

n=0
let A
Pn: P(N/) - gnv
denote the mapping p, defined by p,(p) = ™. A sequence (¢j)52, of

smooth continuous polynomials converge to ¢ € P(N’) if and only if the
N(p;) are bounded and

PnPj — Ppip In N(?" for all n € N.
j—oo

Now we can introduce the dual space P, (N') of P(N’) with respect to
L*(p). As a result we have constructed the triple

PWN') C L*(n) C P, (N).

The (bilinear) dual pairing ((-,-)), between P/ (N’) and P(N’) is connected
to the (sesquilinear) inner product on L?(u) by

(0,90 = (@, VD124, 9 € L2 (1), ¥ € PWY).
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Since the constant function 1 € P(N’) we may extend the concept of
expectation from random variables to generalized functions: for any ® €
PN

E,(®) = (@, 1),.
The main goal of this section is to provide a description for P/ (N”), see
Theorem below (here we mention that in the next chapter we are
going to present a generalization of the approach exhibited in this section
where this is a special case). The simplest approach to this problem seems
to be the use of so called Appell polynomials.

3.2.1 Appell polynomials associated to the measure u

Because of the holomorphy of the Laplace transform [, and the fact that
1,(0) = 1, there exists a neighborhood of zero in N¢

Uy = {0 € Nc|2%10],, < 1},

where po, g0 € N, po > pi,, 277 < ¢, (p),, €, from Lemma — such that
1,(0) # 0 for any 0 € Uy. Thus the normalized exponential

. exp(z,0)
eu(l; z) = .0

is well defined. We use the holomorphy of 6 — ¢,(6;2) to expand it in a
power series in # similar to the case corresponding to the construction of one

dimensional Appell polynomials, see e.g., [Bou76]. We have in analogy to
[AKS93], [ADKS96]

, for any 0 € Uy, z € N, (3.5)

oo 1 o
6 (6:2) = > —dre, (0:2) (0).
n=0

where dnmz) is a n-homogeneous continuous polynomial. Since e, (6; z)
is not only G-holomorphic but also holomorphic we know that 6 — e, (6; 2) is
also locally bounded. Thus Cauchy’s inequality for Taylor series (cf. [Din81],
Chapter 2] may be applied. Hence we choose p < 27% p > py and estimate
the n-th coefficient in Taylor’s series by

1, —— 1 !
arl@eu(0:2) (O)] < -5 sup fe (65 2)[16]; < -5 sup

exp(plz|-p)10]5,
10lp=p P 16,=p lu(e) PP

(3.6)
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for any z € H_, ¢. This inequality extends by polarization [Din81l, Chapter 1
Theorem 1.5] to an estimate sufficient for the kernel theorem. Thus we have
a representation

—

dre, (0 2)(0) = (Pl(2),6°"),

n

where )
. / QRN
P,f; ‘N(C —>N(C .

The kernel theorem really gives a little more: PH(z) € H?;,7C for any p’
(> p > po) such that the embedding operator

by Hyc— Hye,
is Hilbert-Schmidt. Thus we have
=1
eu(tiz) = )  —(Pi(2),0"), for any 0 € Uy, = € Ng. (3.7)

n
n:
n=0

We will also use the notation

PEe™)() = (P(), o™), o™ € NE™ n €N,

n

which is called Appell polynomial. Thus for any measure satisfying Assump-
tion [3.1.3] we have defined the PH-system

P = {(PE(-), ™)™ € NE", n € No}.

The following proposition summarize some useful properties of the Appell
polynomials P* (-).

Proposition 3.2.1 The system of Appell polynomials has the following pro-
perties.

(P1) For any z € N{ andn € N
Ph(z) = (Z) RGP (0). (3.8)
k=0
(P2) For every z € N{. and M} as defined in we have

28 = i (Z) P (z)&M" . (3.9)



(P3) For all z,w € N{ and M} as above

n! N R
Pl(z+w) = > mﬂi‘(z)@ﬂ”(w)@w
k+l+m=n ’

n

> (Z) P (z)@w® R, (3.10)

k=0
(P4) Further we observe
E,((PA(), ™)) =0, form #0, o™ € NE™ (3.11)

(P5) For all p > py such that the embedding vy, : Hy — Hp, is Hilbert-
Schmidt and for all e > 0 small enough (e < (29 |ippo |l ;y5) ") there
exists a constant C(p,e) > 0 with

|PH(2)|—p < C(p,e)nle™ exp(e|z|_p), 2 € Hope. (3.12)

Remark 3.2.2 Notice that formula @ together with

d 1
§ ﬁ 0),0%™), 8 € N, 10|, <6 >0, ¢ €N,
,u n=0

can also be used as an alternative definition of the polynomials P*(-).

The proof of the above proposition will be given in a more general frame-
work in Chapter [4] (cf. Proposition [4.1.1]), therefore we postpone its proof to
Chapter [4

The following lemma describes the set of polynomials P(N”).

Lemma 3.2.3 For any ¢ € P(N”) there exists a unique representation

N

p(x) =Y (Pi(x), ™), o™ e NE™, (3.13)

n=0

and vice versa, any functional of the form 1s a smooth continuous
polynomial.

Proof. The representation from Deﬁnition and equation (3.13]) can be
transformed into one another using and . [
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3.2.2 The dual Appell system and description of P, ()

To give an internal description of the type for P/ (N') we have to
construct an appropriate system of generalized functions, the Q-system.
We propose to construct the QH-system using differential operators (this
approach has the advantage to cover the important example of Poisson mea-
sures, cf. Example . In [ADKS96] they constructed such Q*-system but
for smooth logarithmic derivative of the measure u, therefore the Poisson
measure 7 is not covered, see Example 3.1.9)).

Definition 3.2.4 Let ®™ ¢ ./\/é®” be given. We define a differential opera-
tor D(®™) (of order n and constant coefficients ™)

D(®™) : P(N") — P(N7),

which acts on smooth continuous monomials (-*™, ™), ™ ¢ Ngm, m €

M smen) g m)
— >
(D(<I>(”))(-®m, go(m)>)(3:) — (m — n)! (SC RO p ) for m>n ’
0 for m <n
(3.14)

x € Nand extend by linearity from smooth continuous monomials to P(N”).

Lemma 3.2.5 The operator D(®™) is a continuous linear operator from

PN") to P(NY).

Remark 3.2.6 For ®Y ¢ N” we have the usual Gateauzr derivative as e.g.,
in white noise analysis [HKPS95):

(D@D)g)(z) = (Daw)(2) 1= iz + 18)]1cg, 0 € PN,

Moreover we have D((®M)®") = (Dgu))", thus D((®M)®") is a differential
operator of order n.

Proof of Lemma By definition P(N”) is isomorphic to the topolo-
gical direct sum of tensor powers N&", i.e.,

PN) ~ é/\/}?”.

n=0
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Via this isomorphism D(®™) transforms each component Ngm, m > n by

n!

(p(m) = (@(n)) Qp(m))Htéma

(m —mn)!
where the contraction (&™), QO(m))H®n € Ng) (m=m) is defined by
(z®m=) (™) go(m))H®n> = (@M @M Hm)y (3.15)
for all z € N’. It is easy to verify that
‘(é(n)>¢(m))ﬁ®n|q < ‘(I)(n)‘*qkp(m”q’ q €N,

which guarantees that (@™, o), .. € NE (m=n) and shows at the same

time that D(®™) is continuous on each component. This is sufficient to

ensure the stated continuity of D(®™) on P(N). |
In view of Lemma [3.2.5] it is possible to define the adjoint operator

D(@™)" : PLN) — PLN), &) € N

Further we introduce the constant function 1 € L*(u) C P} (N’) such that
1(z)=1for all z € N, so

(Leh= [ eladuta) =Enlo). 0 € POV").

Definition 3.2.7 For any ®™ ¢ ./\/(é®" we define a generalized function
Qn(@™) € PL(N7) by

QL(®™) ;= D(®M™)*1.

We want to introduce an additional formal notation which stresses the
linearity of ®™ — QL(®™) € P/ (N):

(@ @™) = Qr(d™).

Example 3.2.8 The simplest non trivial case can be studied using finite
dimensional real analysis. We consider the nuclear "triple”

R CRCR,
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where the dual pairing between a “test function” and a "generalized function”
degenerates to multiplication. On R we consider a measure du (x) := p (x) dz
where p is a positive C°-function on R such that Assumptions|3.1.5 and|3.1.0
are fulfilled. In this setting the adjoint of the differentiation operator is given
by

d\" d .

(%) flo)=- (@W(ﬂf))f(w), feC™(R),

where 3 is the logarithmic derivative of the measure p given by
- VEp(z)  pl(x)
By = LED = £,

This enables us to calculate the generalized functions Q. One has

aw=((£)) 1= (E+om) 1=t

where the last equality can be seen by simple induction (for p not C*®-function
this construction produces generalized functions Q¥ even in this one dimen-
sional case).

If p(x) = #exp(—%:ﬂ) is the Gaussian density, then Q! is related to
the n-th Hermite polynomial:

Qh(z) = o2, (2_1/2x) )
Now we are ready to define the Q-system.

Definition 3.2.9 We define the Q"-system in P,,(N”) by
Q" = {Qu(@M)[®™ e A", n € No},

and the pair A* = (P*, Q") will be called the Appell system generated by the
measure fi.

The Appell system A* has the following central property.

Theorem 3.2.10 The system of Appell polynomials P* and the dual Appell
system Q" are biorthogonal with respect to p and

(Qu(@™), Pr(@"™ ) = manl( @, o), (3.16)

for any ™ e N and all o™ e NE™.
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Now we are going to characterize the space P, (N”).

Theorem 3.2.11 For any ® € P, (N') there erists a unique sequence
(@(”))Z"zo, where ®™ € NE™, n € Ny such that

2= Qua™) = 3@k 80) (317)
n=0 n=0

and vice versa, every series of the form generates a generalized func-
tion in P, (N").

We will prove this property is more general form in the next chapter
(cf. Theorem |4.2.7)), see also [KSWY95, Theorem 19].

3.3 Spaces of test and generalized functions

3.3.1 Test functions on a linear space with measure

In this subsection we will construct the test function space (N)! and study
its properties. On the space of continuous polynomials P(N’) we can define
a system of norms using the Appell decomposition from Lemma Let

p() =D (PL(), ™) € PW),

n=0

be given, then ¢ ¢ Hg% for each p > 0, n € Ny. Thus we may define for
any p,q € N a Hilbert norm on P(N”) by

[e.e]

2 n n
15 4 = Y ()22 P2,

n=0

The completion of P(N”) with respect to ||-[|,,, , is denoted by (H,),, , i-e.,

ap
avaua
()} o= P e
Definition 3.3.1 We define the test function space as

(W), :==prlim (H,),

qp°
p,qEN
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This space has the following properties, see [KSWY95|, Section 3.3] for
proofs and Chapter 4| for its generalizations.

Theorem 3.3.2 The space of test functions (N)i is a nuclear space. The
topology (./\f)i is uniquely defined by the topology on N. It does not depend
on the choice of the family of norms {| - |,, p € N}.

Theorem 3.3.3 There exists p',q' > 0 such that for all p > p', ¢ > ¢ the
topological embedding (H,); ,, C L*(p) holds.

Corollary 3.3.4 The space (N)L 15 continuously and densely embedded in
L*().

Theorem 3.3.5 Any test function  in (./\f)i has a uniquely defined exten-
sion to Ni. as an element of EL; (NL).

In this construction one surprising moment was the following.

Theorem 3.3.6 For all measures p € My (N") we have the topological iden-
tity
(V)L = ELu V).
Since this last theorem states that the space of test functions (N );11 s iso-
morphic to EL; (A7) for all measures p € M,(N”), we will drop the subscript
. The test function space (N)! is the same for all measures p € M, (N”).

3.3.2 Generalized functions

In this subsection we will introduce and study the space of generalized func-
tions (N);!, i.e., the dual space of the space of test functions (N)'. The

1 )
space (N) ! of generalized functions can be viewed as a subspace of P/, (N’),
since P(N”) C (N)! topologically, i.e.,
(N),,' C PLN).

Let us introduce the Hilbert subspace (H_p,)7;, of P} (N’) for which the
norm

2 o —qn n)|2
H(I)H—p,—q,u T 22 ! |(I)( )|—p’
n=0
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is finite. Here we used the canonical representation
O = Q(e™) € PN,
n=0

from Theorem [3.2.11} The space (H_,)~, , is the dual space of (H,)} , with
respect to L?(u) (because of the biorthogonality of P#- and Q*-systems). By
the general duality theory

M), = U o)
p,qeN

is the dual space of (AV)! with respect to L?(u). So, we have the topological
nuclear triple

N)' C L (u) € (V)"

m
The action of a generalized function
¢ =3 QM) e W),
n=0

on a test function

n=0
is given by
(@, 0 =D (@™, ™)
n=0

For a more detailed characterization of the singularity of the generalized
functions in (N );1 we will introduce some subspaces in this space. For

B € 10,1] we define

(Hop)h = {PL(/\/’) 50 =Y QL™ (n) 27|07 < oo} ,
n=0 n=0

and also

W)= (o)

p,q€N
It is clear that the singularity increases with increasing . Thus

(M) N)™ C (V) C(N)7Y for any G < fs.
We will also consider (N )ﬁ equipped with the natural topology.
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Example 3.3.7 (Generalized Radon-Nikodym derivative) We want
to define a generalized function p,(z,-) € (N),', 2 € NG with the following
property

(o)l = [ ol = 2)dula), € W)

That means, we have to establish the continuity of p, (z,-). Let z € H_,¢,
p € N. If p’ > p is sufficiently large and € > 0 is small enough, there exists
q € N and C > 0 such that

’/ plz = z)du(z)

< Cllelly g | explele =21t
< Clelly gpexp(elelr) | espelel)di(o)

If € is chosen sufficiently small the last integral exists because of Lemmal3.1.4-
@. Thus we have in fact p,(z,-) € (N),'. It is clear that whenever the

m
Radon-Nikodym derivative % exists (e.g., £ € N in case pu is N -quasi-

invariant) it coincides with p,(z,-) defined above. We will show that in (N) ;!
we have the canonical expansion

Z n! Q“ =), 2 € N

n=0

Since both sides of the above equality are in (/\/’);1 it is sufficient to compare
their action on a total set from (N)'. For o™ € NEZ™ we have

(02 (PR = [ (PR =26 )dta)

= (—1)"(z"", )

- <<Z;,< DFQE(="), (P ,so<”>>>>,

where we have used , and the biorthogonality of Appell system

A* . In other words, we have proven that p,(—z,-) is the generating function
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of the Q*-system

Pu<_za ) = Z EQZ(’Z(@%)

n=0

3.4 Characterization theorems

Gaussian Analysis has shown that for applications it is very useful to char-
acterize test and generalized functions by integral transforms. In the non-
Gaussian setting these results have been obtained by [AKS93] and [ADKS96].
Thus, first we will present the necessary integral transforms for the mentioned
characterizations.

3.4.1 Normalized Laplace transform - S,

We first introduce the Laplace transform of a function ¢ € L?(u). The global
assumption p € M, (N”) guarantees the existence of pi, € N, ¢, > 0 such that

| ool dnto) < o

by Lemma [3.1.4. Thus exp(-,0) € L*(p) if 2/0],, < €., 0 € Hyy, c. Then by
Cauchy-Schwarz inequality the Laplace transform

(Lo2)(6) = / () explr, B)du(z),

Nl
is well defined for p € L*(u), 6 € H,y, c. Now we are interested to extend this
integral transform from L?(u) to the space of generalized functions (N);!.
Since the construction of test and generalized functions spaces is closely
related to P#- and QF-systems, it is useful to introduce the so called S,,-
transform, in other words the normalized Laplace transform

LMSO(Q)
1.(6)

The normalized exponential e,(6;-) is not a test function in (N)!, see
[KSWY95, Example 6], so the definition of the S,-transform of a generalized

functions ® € (N)," must be more careful. Every such ® is of finite order,

i.e., p,q € N such that ® € (H_,)";, and e,(6;-) is in the corresponding

(Sup)(0) :=

— [ elalen(tia)duta).
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dual space (H,); , if 0 € H, ¢ is such that 29 |0|]23 < 1. Then we can define a
consistent extension of the S,-transform by

(5. ®)(0) := (@, €0, ) )

if # is chosen in the above way. The biorthogonality of P#- and Q*-systems

implies
(0]

(S,@)(0) = (&M, 65, (3.18)
n=0
moreover S, € Holy(Ng), see [KSWY95, Theorem 35] and proof of Theo-
rem [3.4.3 below.

3.4.2 Convolution - (),

The third integral transform we are going to introduce is more appropriate
for the test function space (N)'. We define the convolution of a function
© € (NM)! with the measure p by

Corl) = [ ela+ (o), y e N
For any ¢ € (N)!, 2 € NV, the convolution has the representation

(Cup)(z) = (pu(=2,) P)u-
If » € (M)! has the canonical P*-decomposition

p=> (P ™),
n=0

then

[e.e]
(Cup)(2) = Y (", ™).
n=0

In Gaussian analysis C),- and S,-transform coincide. It is a typical non-
Gaussian effect that these two transformations differ from each other.

Now we will characterize the spaces of test and generalized functions by
the integral transforms introduced before. Since these characterizations are
fundamental in applications, we will give a proof borrowed from [KSWY95,
Theorem 33 and 35|, see also [BK95].

We will start to characterize the space (A)! in terms of the convolution

C,..
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Theorem 3.4.1 The convolution C,, is a topological isomorphism from (N)!

on 811’1in (N(/:) .

Remark 3.4.2 Since we have identified the test function space (N)' and
EL(N") by Theorem the above assertion can be restated as follows.

We have
C/L : 5r1nin<N,) - grlnm(N([,:)?

as a topological isomorphism.

Proof of Theorem [3.4.1L The proof has been well prepared by Theo-
rem [2.3.8} because the nuclear topology on &}, (M) is the most natural one
from the point of view of the above theorem. Let ¢ € (N)! with decompo-

sition .
o= (Bt e™).
n=0

From the above considerations it follows

(e 9]

(Cup)(2) = Y (=", ™).

n=0
It is obvious from ([2.10)) that

I1Cuellpgr = 112llp.q

for all p,q € Ny, which proves the continuity of
C: (N)l - 5&@(-/\/(/:)‘

Conversely let F' € £, (NV¢) be given. Then Theorem ensures the
existence of a sequence of generalized kernels {p™ € N&"|n € Ny} such that

F(z) = Z(z®”, 0™y, 2 € NE.
n=0
Moreover, for all p,q € Ny
IFN3 00 =D (n1)*27 ™7,
n=0
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is finite. Choosing
p=> (Pl ™),
n=0
we have
11l q0 = I1E7lp.q.1-
Thus ¢ € (N)!. Since C,p = F we have shown the existence and continuity
of the inverse of C,. |

Next Theorem characterizes generalized functions from (N),* in terms
of S,-transform.

-1

Theorem 3.4.3 The S,,-transform is a topological isomorphism from (N)u

on Holy(Ng).

Proof. Let ® € (N),;". Then there exists p, ¢ € N such that

2 —n n
o), .= Zz 192 < oo

n=0
It follows from (3.18) that
(S, ®)(0) =) (B™,6°m). (3.19)
n=0

For 6 € N such that 27]0|2 < 1 we have by definition (cf. (2.10)))
|||SN¢|||_I71_Q7_1 = ||¢||—p,—q7u .

By Cauchy—-Schwarz inequality

15, 2(0)] < > [0, 0]
n=0

. 12 ;o 1/2
< (Sreeor,) (Sew)
n=0 n=0

= o] (1= 2710[5)~"7.

D= QK
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Thus the series (3.19) converges uniformly on any closed ball {6 € H,¢||6]> <
r, r < 27%}. Hence S,® € Holy(N¢) and

My 1,00 (Su®) < (|2 | 90-2)-1/2,

D= QK (

if 21 > ¢. This proves that S, is a continuous mapping from (N);' to
Holy(Ng). In the language of Section this reads

indlim E— 1 . C Holy(Nc),

p,qeN

topologically.
Conversely, let F' € Holg(N¢) be given, i.e., there exist p,l € N such that
Npioo(F) < 00. The first step is to show that there exists p’, ¢ € N such that

IEN-pr g1 < Crp e (F),
for sufficiently large C' > 0. This implies immediately

Holy(Ng) C indlim E~}

p,gEN P

topologically, which is the missing part in the proof of the second statement
in Theorem 2.3.111

By assumption the Taylor expansion
) =3 F0
k
k=0
converges uniformly on any closed ball {6 € H,¢||f|2 <r, r <27'} and

[E(O)] < 110 (F).

An application of Cauchy’s inequality gives

k.|d’“F( )(0)] < 2/ IHV’"Q'SgIQ) FO)] < npaoo(F)2"[615.

Then by polarization identity we obtain
1
E|d'“F(O)(91, 3 00| S Moo (F) 2504|1021, - - - |0k -
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Then by kernel theorem (cf. Theorem [2.1.3)) there exist kernels ®*) € H®k, C
for p' > p with [|iy || ;¢ < 00 such that

[e.9]

Z k) 9®k

k=0
Moreover we have the following norm estimate
|<I>(k)|—p’ < np,l,w(F)(Qle ||ip’,p||Hg)k-

Thus

1212, = ZT’“’@(”&

_ . 2
< p,l,oo Z 22l 1e? ||Zp’,pHHs>k
k=0

= n;IQJ,l,oo(F)(l —2%74e? Hzp’,pHHs> 17

if ¢ € N is such that p := 2%9¢? ||ip’7p||ils < 1. So we have in fact

IF 0 =1 < paoe(F)(1 = p) 712

Now the rest is simple. Define ® € (V)" by
b3 Quen),
n=0

then S,® = F' and

1Pl g = IFN-pr—g,—1
This proves the existence of a continuous inverse of the S,-transform. Unique-
ness of ® follows from the fact that normalized exponentials are total in any

(Hp)g- u

q
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Chapter 4

Generalized Appell Systems

In this chapter we are going to extend the results from the last chapter. Let
us explain this more precisely. As in Chapter [3| we consider the case of non-
degenerate measures p on the dual of a nuclear space with analytic Laplace
transform, i.e., p satisfies Assumption and Assumption [3.1.6] Note that
under these assumptions the Poisson measure is covered. The generalization
step is related to the generating function for the Appell polynomials. Namely,
instead of the normalized exponential e,(-;-) we use a generalization of it,
called generalized normalized exponential efj(-; -), where « is an invertible
holomorphic function from Ng to AN in a neighborhood of zero (i.e., a €
Holy(Ng, Nc)) and «(0) = 0. The special case o = 1 produces the normalized
exponential e,(-;-). Hence using efj(-, -) we construct a generalized Appell
system AP as a pair (P** Q") of generalized Appell polynomials P
and a system of generalized functions Q" associated in a proper way with
the measure y. This framework allowed us to generalize entirely the results
obtained in the last chapter. Namely,

1. we obtain an explicit description of the test function space introduced
in [ADKS96], see Subsection [4.3.2] Proposition [£.3.6}

2. the spaces of test functions turns out to be the same for all a €
Holy(Ng, N¢) and for all measures that we consider, see Section ,
Theorem [4.3.9;

3. characterization theorems for generalized as well as test functions are
obtained analogously as in the Gaussian case, cf. Section [4.4}
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4. the spaces of distributions for a fixed measure p are again identical for
all function « satistying the above conditions, see Theorem [.4.3}

5. the well known Wick product and the corresponding Wick calculus
[KLS96] extend rather directly, cf. Section [4.5}

6. in the important case of Poisson white noise a special choice of a pro-
duces the orthogonal system of generalized Charlier polynomials, see

Example [3.1.9;

7. finally we provide formulas for the re-decomposition of the generalized
Appell system A** under the change of the measure p, see Section [4.0]

Finally, let us mention that for different functions v we produce different
generalized Appell systems and there are exactly 5 choices for a which pro-
duces not only biorthogonal but orthogonal systems. For the one dimensional
case see [Mei34].

4.1 Generalized Appell polynomials

4.1.1 Definitions

Recall from the last chapter that the normalized exponential is the generating
function of the Pt-system, i.e., if € Uy C N¢ and z € N{, then

en0.2) =TT = D PR O, BEG) € N

In view to generalize the Appell system A* we consider a holomorphic
function a € Holy(Ng, N¢) such that « is invertible and «/(0) = 0. Moreover
we have the following decomposition (cf. (2.7]))

- 1
Z —fa 0),60°™), 0 e U, C Ng, (4.1)

where a(™(0) € ./\/'é®” ® Nc since « is vector valued. Analogously for the
inverse function g, := o=, we have

> 1
=> —{987(0),6°"), 0 € Vo C NG, (4.2)
n=1
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where ¢ (0) € ./\/'(ég" ®@Nc. Now we introduce a new normalized exponential

using the function «;, i.e.,

exp(z, a(0))

e¥(0;z) =e, (a(l);z) = ————F=
p,( ) M( ( ) ) lu(a(Q))

Using the same procedure as in Subsection 1| there exist P¥“(z) € /\/Z;®n

called generalized Appell polynomial (or a- polynomzal for short) such that

,0el, CU,, z € N

o0

« 1 (6% n / i
en(l2) =D —(Pio(2).0°"), 0 €Uy, 2 € N, (4.3)
n=0

which for fixed z € N} converges uniformly on some neighborhood of zero
on Nc. Hence we have constructed the P#“-system

P = [P (), 9l € N, n € N).

In this case the related moments kernels of the measure p are determined by

12(0) = u(a(0)) = 3 %(M;j’a, 6°), 0 € N, MP™ € N (4.4)

n=0

4.1.2 Properties and description of polynomials
Let us collect some properties of the polynomials P/%(-).

Proposition 4.1.1 For the generalized Appell polynomials the following pro-
perties hold.

(Pal) For any z € N we have

Pz = 30— (PA(E), AT, (4.5

m=1

where AT are related to the kernels of o and are given in the proof, see

below.

(Po2) For every z € N and M} defined in

ZZ ( ) (2), BYY QM) (4.6)

k=0 m=0

where B} are related with the kernels of g, and are given in the proof,

see below.
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(Po3) For all z,w € N and M/ defined in

o n! PPN e
Pz tw) = Y I PE(ER)RMES. (47)
k+l+m=n

(Pad) Given z,w € N, then

P (z4+w) = (Z) PM(2)@ P (w). (4.8)
k=0
(Pob) Further, we observe
B, ((PL2(-), o)) = 0, for m # 0, o™ € NE™. (4.9)

(Po6) For all p' > p such that the embedding H,y — H, is of Hilbert-Schmidt
class and for all € > 0 there exist 0. > 0 such that

|PHY(2)| -y <2nlo.™ exp(e|z|-p), 2 € H_p o, n € N, (4.10)

where o, is chosen in such a way that |a(0)| < e and |l,(a(0))] > 1/2
for 0], =0o

Proof. (P,1) Analogously with (3.7)) we have

o exp(z,a(f)) <~ 1 m

enll;2) = — o = D —(Ph(2),a(0)"). (4.11)
m=0

Using the representation from (4.1]) we compute «(6)*™

a(f)®m = i%(dl)(o 0% ® f:

= Z ﬁ(a(h)(o) R ® a(lm)(0)7 9®(l1+...+lm)>

(l) 0®l

Nl)_‘

= > l(Ag, o=, (4.12)
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n!
(1) (Im)
E a0 ®---Qa 0) forn>m
o hbly! © © . (4.13)

0 forn <m

Now we introduce (4.12)) in (4.11) to obtain

ea(0;2) = z%@mz%w e®“>>
_ Z%<Z%<PT¢L(2),AZ‘>,0®”>.

By definition
=1
ex(;2) = 5 —(PE(2), 6°),

then a comparison of coefficients gives

n

PEE) = 3 LrtPhC), A7)

(P42) Since 0 = (g, (6)) we have

—_

; —{PL(2), 9a(6)°").

Having in mind (4.2)) we first compute g,(0)®"

1 =1
ga(0)7" = ) 7{a(0),6%) @ Zl— 0),6%')

1
= E : 1 |<g((xl1)(0) & - ®g(ln)(0) g+ +ln)>
ll 7777 lnzl 1-°°
N 1 n gdm
= 2 — (B, 6°7),
m=1

o1



m = Lt lp=m

eult2) :Ej%<wwa§;%waw%>

On the other hand

so we conclude that
"1
Ph(z) = —(Pr(2), B). (4.15)

The result follows using property (P2) of the polynomials P*(-).
(P,3) Let us start from the equation of the generating functions

en(t; 2 +w) = e (0; 2)e, (0;w)l5(0).
This implies
> 1 n a 5 e} 5 « m
> = (P (ztw), 0°) Z W (PES (RSP (w)@Mp®, g5,

n'
n=0 k,l,m=0

from this (P,3) follows immediately.
(Po4) We note that

e (0; 2 +w) = €5(0; z) exp(w, (), 0 € Uy C Ne.

Now, since ls,(f) = 1, we have the following decomposition

o0

1
exp(w, o g —' (P2 (), 6™, (4.16)
n!
n=0
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where for a = id, P20%(w) = w®". The result follows as done in (P,3).
(P,5) To see this we use, § € N,

— 1 ®@n\\ __ arp. _Ey(exp<~,a(6)>)_
;ﬁ ’ ):0%7) = E,(e(6:) = = tp= = 1

Then the polarization identity and a comparison of coefficients give the result.
(P,6) Using the definition of P** and Cauchy’s inequality for Taylor series
(see e.g., [Din&1]) we have

(P2(2),05™) = nlldwes(0;2)(0)],

< Tl'i sup exp(|a( )|P|Z|—P)|0|n

T 0= | lu((0))]

< 2nlo_"exp(elz]-,)[0],.

The result follows by polarization and kernel theorem. [
Let us return to Example which furnishes good arguments to use
the P**-system.

Example 9| (continuation) Let 7 be a measure on S’(R) with charac-
teristic functlonal given by

1.(0) = exp [/R(e@(ﬂ — l)dt] , 0€ S(R).

We would like to prove that 7 satisfies the Assumption [3.1.6] First of
all we notice that for any £ € S(R), £ # 0 the measures 7 and 7(- + &)
are orthogonal (see [GGVTH| for a detailed analysis). It means that 7 is not
S(R)-quasi-invariant and the Remark — is not applicable now.

Let ¢ € P(S’(R)), ¢ = 0 m-a.s. be given. We need to show that then ¢ =
0. To this end we construct the system of generalized Appell polynomials (so-

called generalized Charlier polynomials which are orthogonal) in the space
L?(S'(R), ). We define the mapping a by

S(R) 30(-) — a(0)(-) ==log(1 +0()) € S(R), —1 < € S(R),

which is holomorphic on a neighborhood ¢ C S(R) containing zero. Then

e (0;7) == % = expl(z,a(0)) — (0,1)], 0 €U, x € S'(R),

™
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is a holomorphic function on U for any = € S’(R). The Taylor decomposition
and the kernel theorem give

o0

2 (0:0) = 30 (O ), 077,

n=0

where O : §'(R) — S'(R)®" are polynomial mappings. For (™ € S(R)®",
n € Ny, we define the generalized Charlier polynomials by

S'(R) > 2+ C(¢™) () == (C7° (), 0™) = (Cu (2) , ™) €R.

Due to [[to88] and [TK88] we have the following orthogonality property:
S'(R)

for any o™ € S(R)®" and any (™ e S(R)®™. Now the rest is simple. Any
continuous polynomial ¢ has a uniquely defined decomposition

N

p(a) =) (Cul2),¢!), z € S'(R),

n=0

where o™ e S(R)®". If ¢ = 0 7-a.e., then

N
||90||i2(7r) = Z”!(4P(n)790(n)) =0.
n=0

Hence o™ =0, n=0,...,N, ie., o =0. So Assumption is satisfied.
The following lemma describes the set of polynomials P(N”) in terms of
the generalized Appell polynomials P*.

Lemma 4.1.2 For any ¢ € P(N”) there exists a unique representation

N
p(r) =D (Pro(x), ), o € NE™, (4.17)
n=0

and vice versa, any functional of the form s a smooth continuous
polynomial.

Proof. The representation from Definition and equation (4.17)) can be
transformed into one another using (4.5)) and (4.6]). [
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4.2 The dual generalized Appell system

Below we give two characterizations of the dual generalized Appell system
Q" which allow a representation of the generalized functions from P/ (N”),
see Theorem [4.2.8

4.2.1 Definitions and properties

Let us recall that « is an invertible holomorphic function with inverse given
by go and a () € V, C Ng, for any 6 from a neighborhood of zero U,,
(cf. Subsection |4.1.1]).

Definition 4.2.1 Let N'®" be given. We define a generalized func-
tion QM (P ((X)) via the S,-transform

(SuQu(@E))(0) = (2L, ga(0)°"), 0 € V. (4.18)

The generalized functions Q#(dg o ) allow a representation in terms of a
differential operator (of infinite order) see Theorem [4.2.4] below. We proceed
giving a detailed description of this procedure.

Remember from that the kernels of the inverse mapping of « are

g (0) € NI*™ @ N

Definition 4.2.2 We define a differential operator (of infinite order) as a
mapping Go : P(N") — P(N") @ N¢ by

=D —{9(0),v*"),
n=0
which for any ¢ € P(N") and & € N is given as
1
n!

Mg

(GEp) (@) = (€, (Gap)()) = (€, (987(0), V¥ p(x))), x € N

Il
o

We have G5, : P(N') — P(N), and formally G, := g (V).

Let we state the following useful lemma.
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Lemma 4.2.3 For all £ € N, v € N’ and 6 € N¢ the following equality
holds

(€, 90(V)) (exp(z,0)) = (£, ga(0)) exp(z, 0).

Proof. Using the representation given in (4.2)) we obtain

- ]- n 1N
(6.9a(V)) = Y~ — {002 (0). V7). g 72(0) = (9" (0).€) € NE™.

n=0

For simplicity we put ¥ = géng(O) At first we compute the operator
(U™ ¥®) on a continuous monomial. For given § € N, m > n we have

<\Ij(n)7 v®n> <$7 ‘9>m - <\Il(n)v V®n> <x®m7 9®m>
= mm—-1)---(m—n+1) <\Il(”)®x®(m_”), ge™)
= m(m—1)--(m—n+1)z,0m (M o)

where we used ((3.14)) in the second equality. Now expand the given function,
exp (x,#), in the Taylor series and applying the above result we get

(n) gon L gt geny S (80"
(@0, v expla,f) = (8,V) 30 0
—mm =1 (m—nt 1) s smen) pom
-y " (WM @g® 0°m)
(w™ g )mz;(m_n),(a:ﬁ)

Therefore



Theorem 4.2.4 The generalized functions Q»*(£%™) are given by

Qe (€7")() = ({§, 9a(V))™"1) (). (4.19)
Proof. Applying the S,-transform to the right hand side of (4.19)) we have

Su((€, 9a(V))"1)(0) = (({, 9a(V))" 1) (), €05 ) )
= ((10), {6 9a(V))"eu(0;))u

1
— g [ €0V expe. 6)duta)
u(0) Jar
(€, 9a(6))" /
= o [ exp(z, O)du(x)
1,(0) :
= (£ 94(0))". (4.20)
On the other hand the S,-transform of the left hand side of (4.19)), by (4.18)),
is the same as (4.20|) which prove the theorem. |

Example 4.2.5 As an illustration of G, we use again the Poisson measure

T (see Ezample[3.1.9) and a(0)(-) =log(1 +6(-)), 6 € S(R). Thus, we have

TL

4a(6)(-) = expb(-) 2

On the other hand, from we know that

00) = 3 60,070

This implies
g (0)(t) = 6(- = )& --- &(- — ).

Let f € P(S'(R)) and h € S(R) be given. Denote by V,f = (Vf,h) the
directional derivative of f in direction of h (here the tangent space is L*(R)).
Then 1t is not hard to see that

(exp(Va)f)() = f(- +h), feP(S'(R), heSR).

Hence

(9a(Vs))(f () = (exp(Vs,) = 1)f () = f(- +0:) = f (),
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and if £ € S(R) we have
(0a(V5). ) /() = / G+ 8) — FONEWL

Therefore the operator G, has the form
Ga: f() — f(-+6) = [(), f € P(S(R)).

This mapping can be considered as a “gradient” operator on the Poisson
space (S'(R), B(S'(R)),m). In Chapter [§] we will return to the gradient G,
from another point of view and derive some properties of it. Here we only
would like to stress that G, produces (via integration by parts formula) the
system of generalized Charlier polynomials.

Definition 4.2.6 We define the Q“*-system in P;,(N”) by

QU = {Q(BL)|BY € NE™", n € No},
and the pair AP = (P QM) will be called the generalized Appell system
generated by the measure p for a given mapping o € Holg(Nc, Nc).

Now we are going to discuss the central property of the generalized Appell
system A<,

Theorem 4.2.7 The generalized Appell polynomials P** and the dual sys-
tem QM are biorthogonal with respect to yu and

(Que (o), P“’a( S = Sl (@5Y, 011, (4.21)
for any o e N’®" and any goa ) e N®m
Proof. By definition of Q! C“( ) we have

(SuQu (@5 (0) = (R (L), € (05 )
if we substitute # = a(n), then we obtain
(SuQn (@) (am) = (@ (@L)(), eula(n);-)h,
= 3T Q@O (P 1)

m)!
m=0

Substituting 6 by «(n) in (4.18)) give us

(S, @i (@5 () = (@5, 7™").
Then a comparison of coefficients and the polarization identity give the de-
sired result. [ |

58



4.2.2 Description of generalized functions

Now we describe the space of generalized functions P/ (N”).

Theorem 4.2.8 For all generalized function ® € P, (N') there exists a

unique sequence ((ID( )) o) e /\/'é@m such that

n=0-
O =) Que(alr) =) (e, o), (4.22)
n=0 n=0

and vice versa, every series of the form generates a generalized func-
tion in P, (N).

Proof. For ® € P} (N’) we can uniquely define o) e NIE™ by

1

— (@, (P, i, 0l € NET,

(n) )y .—
<(I)a 7()0a > T n|

which 1s Well defined since (P!, o > € P(N’). The continuity of o

n

(@5, o) follows from the continuity of ¢ — (@, 0N, ¢ € P(N'). This

implies that
o — Zn' &, e,

is continuous on P(N’). This defines a generalized function in P/,(N”), which

we denote by

> Que (@),

n=0
In view of Theorem [4.2.7] it is easy to see that

o= Que ().
n=0

To see the Converse consider a series of the form and ¢ € P(N').
Then there exists cp ) e J\/’g”, n € N and N € N such that

o= (Pt

n=0
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So we have

(o) S

because of Theorem [4.2.7] The continuity of

P <<Z QZ’“(¢&”))>¢>> ,

follows because 8" — (B, ) is continuous for all n € N. |

4.3 Construction and characterization of test
function spaces

4.3.1 Test function spaces

We will construct the test function space (M) 1o using PA%-gystem and study
some properties. On the space P(N’) we can define a system of norms using
the representation from (4.17))

N
o= (P,

with gp&n) € Hf}?(’é for each p > 0, n € N. Thus we may define for any p,q € N
a Hilbert norm on P(N”) by

N
2
HQOHp,q”u,,a ' Z n' znq’goa ‘2 < 0.
n=0

Then we define (H,)! , ., as the completion of P(N”) with respect to ||-||

a1, Dyq 10"

Definition 4.3.1 We define the test function space by
(NM)L  ==prlim (H,)}

Hy0 gm0
p,gEN

Theorem 4.3.2 The test function space (N);lm is nuclear. The topology in

(N)L . is uniquely defined by the topology on N. It does not depend on the

e

choice of the family of norms {| - |,,p € N}.
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Proof. Nuclearity of (N )}m follows essentially from that of A/. For fixed
p, q choose p’ such that the embedding

by Hy = Hp
is Hilbert-Schmidt and consider the embedding
Iy g pae (Hp/>é’,u,a - (Hp);,u,a'

Then Iy ¢ pq.o is induced by

oo

]pﬁq’,p,q’a(@) = Z(Pn 7a7 p pgp(an) for ¥ = Z 7S0a (Hp');’,,u,a'
n=0
Its Hilbert-Schmidt norm, for a given orthonormal basis of (M)}, ., can

be estimate by
2
1y ¢ paallps = ZQn(q ) iy PHHS’

which is finite for a suitably chosen ¢'.

To prove the independence of the family of norms, let us assume that we
are given two different systems of Hilbert norms |- |, and |- |, such that they
induce the same topology on N. For fixed k and [ we have to estimate |- H;’l%a
by [||l,, 4 .. for some p, ¢ (and vice versa which is completely analogous). But
for all f € N we have |f[;, < C|f|, for some constant C' and some p, since
| - |, has to be continuous with respect to the projective limit topology on N.
That means that the injection ¢ from H,, into the completion Ky of N with
respect to | - |} is a mapping bounded by C. We denote by i also its linear
extension from H, ¢ into Krc. It follows that i®" is bounded by C™ from
H®<c into IC . Now we choose ¢ such that 20¢=9/2 > C'. Then

o0

Mg = D022 7
=0
noo

< Z(n!)22n102n| . |]2)

n=0
< g

which is exactly what we need. |
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Lemma 4.3.3 There exist p,C, K > 0 such that for all n € Ny
/ PR dpi (2) < A()2C7EK. (4.23)

Proof. We can use the estimate (4.10) and Lemma to conclude the
result. |

Theorem 4.3.4 There exists p',q' > 0 such that for all p > p', ¢ > ¢ the
topological embedding (H,)L ,,, C L*(p) holds.

@0

Proof. Elements of the space (N )La are defined as convergent series in the
given topology. Now we need the convergence of the series in L?(u). Choose
¢’ such that C' > 29 (C from estimate (4.23)). Let us take an arbitrary

element ¢ € P(N’)
o = Z e, o).

For p > p' (p' from the Lemma[4.3.3)) and ¢ > ¢ the following estimates hold

||90(Z)||L2(u) S Z||<P#7a(z)790£vn)>”[/2(u)

< Z 515 1P (2) =l 2
< KIS | (C2 0y
n:(; 1/2 /o 1/2
< 2K (Z(CT‘I)”) (Z(m)?znqwm;)
n=0 n=0
= 2K2(1 =027 2 ol g
Taking the closure the inequality extends to the whole space (H,); ,,. W

Corollary 4.3.5 The space (N),,, is continuously and densely embedded in
L*().
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4.3.2 Description of test functions

Proposition 4.3.6 Any test function p € (N, , has a uniquely defined
extension to N{. as an element of EL. (NL).

Proof. Any element ¢ in (N), , is defined as a series of the following type
= Z Puoz (n) n) e Ng)n’

such that .
[ Z (n!)?2"] |2 < oo,
=0

for each p,q € N. So we need to show the convergence of the series

Z(Pﬁt (2),00"), 2 € Hope,
n=0

to an entire function in z. Let € > 0 and 0. > 0 (0. from Proposition [4.1.1]-
(P,6)). We use (4.10) and estimate as follows

D P (2), 07)]

n=0
< Z’Pf:a( ) p|90a)|p
n=0
< 2Zn!]gpfl")]pa;"exp(e‘z‘,p/)
n=0
00 1/2 / 1/2
< 2exp(elelp) (zw i |2> (z z)
n=0 n=0

< 2)lly g (1= 27%02%) 72 exp(elz|-p),

if 27 > % and p' is such that H, — H,, is Hilbert-Schmidt. That means,
the series

D (Pr(2), 0),
n=0
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converges uniformly and absolutely in any neighborhood of zero of any space
H_,.c. Since each term (P (z), gp&")) is entire in z the uniform convergence
implies that

Z— Z(P#’a(z), o™y,
n=0

is entire on each H_, ¢ and hence on N{. This complete the proof. n
The following corollary gives an explicit estimate on the growth of test
functions and is a consequence of the above proposition.

Corollary 4.3.7 For all p > p' such that the embedding H, — H, is of
the Hilbert-Schmidt class and for all € > 0 there exists o. (0. from Proposi-
tion[4.1.1- (P,6)), we can choose ¢ € N such that 2¢ > =2 and obtain the
following bound

0(2)] < Cllell, e PEZ ), ¢ € (N)pas 2 € Hope,

where
C=2(1-2"9%%""2
Remark 4.3.8 Proposition states
(M) e S EminN),

o

as sets, where
grlnin(Nl) = {S0|/\/7 2BS grlrlln(N(/:)}

Now we are going to show that the converse also holds.

Theorem 4.3.9 For all functions o € Holg(Ng, Nc), as in Subsection
and for all measures p € My(N"), we have the topological identity

(N);l;,a = grlnin<NI>'
Proof. Let ¢ € EL. (N”) be given such that

min

p(z) = (7", 9),
n=0
with .
lell? o0 = (nh)?2" ]2 < oo,
n=0
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for each p,q € N. So we have

[y < ()27 gl 0,
On the other hand, we can use (4.6) to evaluate ¢(z) as

p(z) = Y (=9t

(
=YYy (1) %wx:a (&) B2 (M o)
(

n+m\ 1 N . .
k’+m)_'<P#f (), (B ms (M1 "™ )360-10))

- S 3 () B O )

. i (n+m\ 1 ntm
90& : _ZZ (k+m>%<Bk+m7(M'u k7¢ i ))H®<” b))

Now for p € N we need an estimate of |g0gn)|p by || - llp.q1 since the nuclear
topology given by the norms || - [|,.4.1, is equivalent to the projective topology

induced by the norms n,; ;. Now we estimate gogn) as follows

m n+m
o], < zz(km) Byl e M 0 sy

n=0 k=0

o0 n
< S () B s g L,
n=0 k=0 k+m = ®H
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Let us, at first, estimate the norm

|Bk+m | —p,p |Bk+m |H®(k+m)®H®m
To this end we choose p > p, such that HLp’pu H o 1s finite and define
. €
D,.:= sup |g.(0)], and ¢&:=-—""—.
|olp=¢ e||tpull s

With this we obtain

|BZ@|—p,p < Z Wm ll)( )|—p,p' ) '|gén)(0)|—p7p

l1,ecln=m
< Z m'l1 . l Dn ~—m
- Il

U1, lp=m

< mlDr 2me ™,

that means
‘Bk+m| —pp = (k + m)'Dm gftme=((ktm),

Now let ¢ € N be such that 292 > K, (K, := eC HLP»PuHHs as in ) and

such that 2/(£K,) < 1, then we estimate |g0&m)|p by

n+ m) gktm 2" (kma)2
ZZ m -+ k) DY S (n = R EG) [l
€ Zk+m |
n=0 k= o(k—i_m (n+m)!
9—m q/2 - 0 2 . n 9 k
S i xye (_>
ek,
n=0 k=0
92— mq/22m K
< —Dm 1 — 92792 P
< Nelpan A )
2—mq/22m

D,q,,€ m!é“m

For ¢’ < ¢ such that 225*22(‘1'*‘1)D0676 < 1 this gives the following estimate

o0
[ e N ) B A Rl
m=0

(o.9]
< lellpqn pqaez (2272279 D, )" < o0,

m=
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This completes the proof. |

Since we now have proved that the space of test functions (N )L is iso-

morphic to L. (N), for all measures p € M,(N") and for all holomorphic
invertible function o € Holo(Ng¢, N¢) (in the conditions of Subsection [4.1.1]),
will now drop the subscripts j, . The test function space (N)! is the same

for all measures p and all functions « in the above conditions.
Corollary 4.3.10 (N)! is an algebra under pointwise multiplication.

Corollary 4.3.11 (N)! admits ‘scaling’, i.e., for X € C the scaling operator
ox 1 (M) — (N)! defined by ox(pz) == o(Az), ¢ € (N)L, x € N is well-
defined.

Corollary 4.3.12 For all z € N{. the space (N')! is invariant under the shift
operator T, : ¢ — @(- + z).

4.4 Characterization of generalized functions

In this section we will introduce and study the space (N);!

o of generalized
functions corresponding to the space of test functions (M)" (= (V) ,). The
goal is to prove that, for a fixed measure p and for all function « the space

(N)pe = (V)1 see Theorem below.

0

Since P(N") C (N)! the space (N);la can be viewed as a subspace of
P(N'), ie
(N);h CPLN).
Let us now introduce the Hilbert subspace (H_p) 7 , o of P/,(N”) for which
the norm

“(I)H—p —q,H0 ’_ZQ qn@(n -

n=0

is finite. Here we used the canonical representation

o= ZQ“O‘ (®) € PLN),
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from Theorem 4.2.8, The space (H_,); ,  is the dual space of (H,); , , With

—q,l,x q,1,
respect to L?(p) (because of the biorthogonality of P*#“- and Q**-systems).

By general duality theory

is the dual space of (N)! with respect to L?*(u). As noted in Chapter
there exists a natural topology on co-nuclear spaces which coincides with

the inductive limit topology. We will consider (N )/ﬁY as a topological vector

space with this topology. So we have the nuclear triple

(M) C L (1) € (N),e

|2

The action of a distribution
=) QL (d) € (M), 4,
n=0

on a test function

o= (P o) e (V)

n=0

is given by
(@ =D i@, o).
n=0
The following example generalizes the Example [3.3.7]

Example 4.4.1 We want to define a generalized function pf(z,-) € (N), 1,
z € N¢ with the following property

(5 (2 b = [ ola = Ddu(o), 0 € )

That means we have to establish the continuity of pfj(z, ). Let z € H_pc. If
p > is sufficiently large and € > 0 small enough, Corollary [{.5.7 applies,
i.e., 3¢ € N and C > 0 such that

‘/ plz = z)du(z)

< Ol [, explele =)o)
< Ol ex0(elzly) [ explelel-)inta).
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If € is chosen sufficiently small the last integral exists (cf. Lemma[3.1.4)-[3).

Thus we have in fact po(2,-) € (N),L. It is clear that whenever the Radon-
Nikodym derivative % L(:)é) exists (e.g., & € N in case p is N -quasi-invariant)

it coincides with p};(§,-) defined above. We will show that in (/\/');L we have
the canonical expansion

1
n!

(1)@ (), P (=2)),

NE

p;oj(z? )=

Il
o

n

where P%%(—2) is defined in (u It is easy to see that the right hand side
defines an element in (N'), 1. Since both sides are in (/\/')* it 1s sufficient

to compare their action on a total set from (N')'. For cpa € N®” we have

<<10;O;(Za' 7<Pua( ) 90&”)»)

[0}

= <P7(307a(_z)7 ngl)%

where we have used the biorthogonality property of the P**- and QH*-sys-
tems. On the other hand

(o2, ) (PEC) el = //(P#’“(w—Z)AP&"))dM(x)

_ Z;(Z)//Uﬁ”t@®Ff%Y—2%w$U¢Mx)

= Y (J)BrO8ER ). )

k=0
= (P2*(=z), M),

where we made use of the relation (@) This had to be shown. In other
words, we have proven that pf, (z,-) is the generating function of the Q"*-
system.

— 1
70 =D {Que (), PR ).
n=0



Example 4.4.2 (Delta function) For z € N{ we define a generalized dis-
tribution by the following Q**-decomposition.:

=1
07 = Qe (Pie(2)).
n=0

If p € N is large enough and € > 0 sufficiently small there ezists o. > 0

according to such that

[ee]

a2 —206—n «
10212, e = D _()T227MPE(2) 2,

n=0

< 4dexp(2e)z]|-p) 2052”2_’”’, z € H_pc,
n=0
which is finite for sufficiently large ¢ € N. Thus 62 € (/\/');}l The action of
0 on a test function

= (Pre o) e (N),
n=0

15 given by

{9z, (,O»M = Z<P#7a(z)7so(n)> = ¢(2),

n=0

because of the biorthogonality property (cf. Theorem . This means that
0% (in particular for z real) plays the role of a “0-function” (evaluation map)
in the calculus we discuss.

Theorem 4.4.3 For a fixed measure j and for all function o, as in Subsec-

tion [{. 1, we have
(A = V),

JTReY oo
i.e., the space of distributions is the same for all functions « in the above
conditions.

Proof. Let ® € (N );1& be given, then by Theorem m there exists gener-
alized kernels &% € /\/'é®” such that ® has the following representation

&= (Qun, 8.
n=0
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Now we use the definition of @/ given in (4.18]) to obtain

(SO = DB a0l0
5,6(0n(0). 0. N, (1.24)

where
o

= (Qn o) e (V).

n=0
Hence by characterization theorem (cf. Theorem|3.4.3) Su(i) € Holy(N¢). But
from (4.24) we see that
S,® = (S,®) o g € Holp(Ne),

since this is the composition of two holomorphic functions (see [Din&1]),
again by the characterization theorem we conclude that ® € (N );1 Hence

(M) S (M)

m
Conversely, let ¥ € (V)" be given, i.c.,

U= 3(QE U, wt e N
n=0

We want to prove that ¥ € (A), 1. Due to (4.18) and the definition of (V)"
it is sufficient to show that

[e.9]

(S 9)(0) = D> (T, ga(0)°"), 6 € N,

n=0
where ¥ satisfy
> 2B, < copg €N

On the other hand, for a given 6 € N¢

o0

(S,0)(8) = Y (¥, 69") =G (6),

n=0

hence G € Holy(Ng). But we can write
G(0) = G(a0 ga(0)) = G(9a(0)).
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where G = G o a, with G o o € Hol, (Nc). Therefore

[e.°]

G(ga(e)) = Z(G((Xn)7ga(6)®n>7
n=0
where the coefficients G verify

D 2O, < 0.

n=0

The result follows with U{" = G, ie., U € (V)]

(e

4.5 The Wick product

Here we give the natural generalization of the Wick multiplication in the

present setting.

Definition 4.5.1 Let @, ¥ € (N),'. Then we define the Wick product ® oW

by
S, (o) =5,0-5,0.

This is well defined because Holy(N¢) is an algebra and thus by the
characterization theorem there exists an element ® ¢ ¥ € (N)

SH(CD o) = S,®-8,V.
From this it follows

~1 such that

QUE(2L) 0 Qi (TIV) = Que, (2 SUM),

n+m

o € ./\fé®" and U™ € N(é®m. So in terms of Q*“-decomposition

¢ =7 Qu(@)and ¥ = Qre(wim),
n=0 m=0

the Wick product is given by

oW =) QuEM),

n=0
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where

k=

[e=]

This allows for a concrete norm estimate.

Proposition 4.5.2 The Wick product is continuous on (N');;*. In particular

the following estimate holds for ® € (H_p,) g o> ¥ € (Hopy) gy and
p=max(p1,p2), ¢ = ¢ + g2 +1

|® oW

-, ¢, S H®H7p177Q1uu7a H\IjH*va*unuﬂa :

Proof. We can estimate as follows

[ee]
| o \p\|2_p7_qw — Z 27EM)2,
n=0

[ee] n 2
_ Sgm (z |<I>g<>uwgnk>\p)
n=0 k=0
S+ 1) [ e,
n=0 k=0
Z Z 9—na ‘(I)((xk) ‘2_p2—nq2 ’\I,((ln—k) |2_p
n=0 k=0

(Z 9141 |q)gl) 2_p> (Z 942 |\I;gl)|2_p>
n=0 n=0

2 2
H(I)H*plﬁfh,#,a qu”*pm*lp,#:a ’

IA

IA

IN

|
Similar to the Gaussian case the special properties of the space (N );1
allow the definition of Wick analytic functions under very general assump-
tions. This has proven to be of some relevance to solve equations e.g., of the
type ®o X = ¥ for X € (N);'. See [KLS96] for the Gaussian case and

o
[HOUZ96| for more details.

Proposition 4.5.3 For any n € N and any « as in Subsection [{.1] we have
Que = (@),
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Proof. Let ®1) € M. be given. Then, if # € N, we obtain
SL@ (@) (0) = (@1, ga(0))"

Theorem 4.5.4 Let F' : C — C be analytic in a neighborhood of the point
20 = E(®), ® € (N),'. Then F°(®) defined by S,(F°(®)) = F(S,®) exists
in (N), 1

I

Proof. By Theorems and we have S,® € Holy(N¢). Then
F(S,®) € Holy(N¢) since the composition of two analytic functions is also
analytic. Again by the above mentioned theorems we find that F°(®) exists

in (W), *. |

I

Remark 4.5.5 If F (2) have the following representation

= Z an(z — 20)",
n=0
then the Wick series

3]
E an _ZO ’

n=0

1

(where U = W o - - - o W n-times) converges in (N'),;* and

0

E an _ZO 7

holds.

Example 4.5.6 The above mentioned equation ® o X = U can be solved if
E.(®) = S,®(0) # 0. That implies (S,®)~' € Holo(Nc). Thus

BN = S1((S,8)7Y) € (M)

M

Then X = ®* (Yo s the solution in (/\/);1 For more instructive examples
we refer the reader to [KLS90, Section 5].
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4.6 Change of measure

Suppose we are given two measures (i, fi € M. (N7) both satisfying Assump-
tion 3.1.6* Let a distribution ® € (N );1 be given. Since the test function
space l'is invariant under changes of measure in view of Theorem m,

the continuous mapping

2 <<(i)790>>ﬂ7 RS (N)17

—1 . o .
. - So we have the implicit

can also be represented as a distribution ® € (N)
relation

deN)te— de(N)!

defined by )
(@, 0)a = (@, 0D

This section provide formulas which make this relation more explicit in terms
of re-decomposition of the Q**-system. First we need an explicit relation of
the corresponding P**-system.

Lemma 4.6.1 Let pu, i € Ma(/\f’) be given, then
a Q 5 [0
Pro(z) = > sz, (2)Q PR (0) @M. (4.25)
k+m+l=n
Proof. Expanding each factor in the formula

en (052) = ef (0:2) [ (0) 15 (0)

e
€ i

we obtain

< S <>®Pz’a<o>®Mﬂ“,e®”>.

k+m+l=n

A comparison of coefficients gives the above result. [ ]
An immediate consequence is the next reordering lemma.
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Lemma 4.6.2 Let ¢ € (N)' be given. Then ¢ has the representation in
P _system as well as PP%-system.:

o= Z (P o) Z(p#a Gy,
n=0 n=0
where (p&n)’ Sa(an) S Né@” for all n € Ny and the following formula holds
) = (n+m+)! o e
902“) Z nlmll (PR (0)®Mﬂ 90( * +l))H®(m+z)- (4.26)
o I'm!i!

Proof. We use the relation (4.25)) to obtain
p o= ) (P el

=0
-3 ¥ e wen 0oL
0

n= k+m+l=n
~ (k+m+D!, . oy A x pfic .

=y DY pe ), (PO M, ) 0e0)
k,m,l=0
/i N (kAmA+D .

= Z<P£ (0), Y S (P O@M, o) )
k=0 m, =0

Then a comparison of coefficients give the result. [ ]

Now we may prove the announced theorem.

Theorem 4.6.3 Let ® be a generalized function with representation

n=0
Then .
o = < Za7 q)&n)>7
n=0
defined by



is in (N');' and the following relation holds

1 -, - a i
(n) _ (k) o o
o = N PP (0)EM .
k+m+l=n

Proof. We can insert formula (4.26) in the formula

> (@, o)
n=0
= Y e, o)
k=0
> . L (ktm D .
= YR S S (PR M, o)
k=0 m,l=0
= (k D s
=y B aw s pme @M, o)
k,m,l=0 me
[o¢] 1 5 ) ) _
- Su( ¥ dienrosu )
n=0 k+m-+l=n o

and compare coefficients again.

77



Chapter 5

Poisson Analysis

The Analysis on pure Poisson spaces was developed in [BLL95], [CP90],
[TKS88], [NV95], [Pri95], [Us95] and many others from different points of view.
In Chapter 4] we have developed methods for non-Gaussian analysis based
on generalized Appell systems. In the case of Poisson measures, the Appell
system coincides with the system of generalized Charlier polynomials, how-
ever the desirable extensions to compound Poisson and for example Gamma
processes are straightforward, see Chapter [6] for details.

On the one hand in the works [AKR96a], [AKR96D], [AKRI8a], and
[AKR98b] analysis and geometry on configuration spaces I'x over a Rieman-
nian manifold X was developed, see Section (and also its generalizations
in Chapter , Section for compound configuration spaces €2). One of the
consequences of the discussed approach was a description of the well-known
equilibrium process on configuration spaces. This process is nothing but the
Brownian motion associated with a Dirichlet form of the Poisson measure
7, with intensity measure o on B(X). This form is canonically associated
with the introduced geometry on configuration spaces and is called intrinsic
Dirichlet form of the measure 7.

On the other hand there is a well-known realization (canonical isomor-
phism) of the Hilbert space L*(T'x, m,) and the corresponding Fock space

ExpL’(X,0) := @) Exp,L*(X,0),

n=0

where Exp,, L?(X, o) denotes the n-fold symmetric tensor product of L*(X, o)
and Exp,L?(X, o) := C, see Section This isomorphism produces natural
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operations in L*(T'y, 7,) as images of the standard Fock space operators, see
Section[5.3|below. In particular, we can consider the image of the annihilation
operator from the Fock space as a natural version of a “gradient” operator in
L*(Tx,7,). The differentiable structure in L?(I"x, 7, ) which appears in this
way we consider as external because it is produced via transportation from
the Fock space. Here we only would like to mention that the most important
feature of this “gradient” (so-called Poissonian gradient) is that it produces
(via a corresponding integration by parts formula) the orthogonal system of
generalized Charlier polynomials on L?(T'x,7,), see Remark — .
In addition, we mention that in this setting as tangent space to each point
v € T'x we choose the same Hilbert space L?(X, o).

As was shown in [AKRO8a, Section 5] the intrinsic Dirichlet form of the
measure 7, can be represented also in terms of the external Dirichlet form
8757 HX with coefficient operator HX (the Dirichlet operator associated with
o on X ) which uses the external differentiable structure. This is a non triv-
ial relation because the intrinsic Dirichlet form is a local form, however the
extrinsic one is not. If we change the Poisson measure 7, to a Gibbs measure
1 on the configuration space I'x, which describes the equilibrium of an inter-
acting particle systems, the corresponding intrinsic Dirichlet form can still be
used for constructing the corresponding stochastic dynamics (cf. [AKRIS8D,
Section 5]) or for constructing a quantum infinite particle Hamiltonian in
models of quantum field theory, see [AKRI7].

The aim of Section [5.5]is to show that even for the interacting case there is
a transparent relation between the intrinsic Dirichlet form and the extrinsic
one, see Theorem [5.5.3] The proof is based on the Nguyen-Zessin characteri-
zation of Gibbs measures (cf. [NZ79, Theorem 2] or Proposition below)
which is a consequence of the Mecke identity (cf. [Mec67, Satz 3.1] or
below), see Remark below for more details.

As a consequence of the mentioned relation we prove the closability of
the pre-Dirichlet form (£}, FCp°(D,T)) on L*(I'x, ), where 1 is a tempered
grand canonical Gibbs measure, see Section for this notion.

Another motivation for deriving Theorem [5.5.3]in Section [5.5]is to use this
result for studying spectral properties of Hamiltonians of intrinsic Dirichlet
forms associated with Gibbs measures.
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5.1 Measures on configuration spaces

In this section we describe some facts about probability measures on confi-
guration spaces which are necessary later on.

Let X be a connected, oriented C*° (non-compact) Riemannian manifold.
For each point x € X, the tangent space to X at x will be denoted by T, X;
and the tangent bundle endowed with its natural differentiable structure will
be denoted by TX = U,cx7T,X. The Riemannian metric on X associates
to each point # € X an inner product on 7,X which we denote by (-, ), x-
The associated norm will be denoted by | - |7, x. Let m denote the volume
element.

O(X) is defined as the family of all open subsets of X and B(X) denotes
the corresponding Borel o-algebra. O.(X) and B.(X) denote the systems of
all elements in O(X), B(X) respectively, which have compact closures.

5.1.1 The configuration space over a manifold

The simple configuration space I' := I'"x over the manifold X is defined as
the set of all locally finite subsets (simple configurations) in X:

I'x:={y C X||yNK]| < oo for any compact K C X}. (5.1)

Here (and below) |A| denotes the cardinality of a set A. For any Y C X we
define
Iy :={yellyn(X\Y)] =0}
We sometimes use the shorthand vy for yNY, Y C X.
We can identify any v € I'x with the corresponding sum of Dirac measures
(i.e., non-negative integer-valued Radon measure), namely

Tx 37— Y e € My(X) C M(X), (5.2)
TeEy
where ), €, := zero measure and M(X) (resp. M, (X)) denotes the set
of all non-negative (resp. non-negative integer-valued) Radon measures on
B (X). The space I'x can be endowed with the relative topology as a subset
of the space M(X) with the vague topology, i.e., the weakest topology on
['x such that all maps

Tx29m 00 f)i= [ St =Y ),

rey
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are continuous. Here f € Cy(X) (the set of all real-valued continuous func-
tions on X with compact support). Let B(I'x) denote the corresponding
Borel o-algebra.

For any B € B(X) we define, as usual,

I's vy~ Np(y):=|vs| € NU{+o0}.
Then B(I') = o({Na|A € O.(X)}). For any A € B(X) we also define
BA(T) := o({Np|A € B.(X),A C A}).

For later use we recall the “localized” description of I'y. For any n € Ny
and any Y € B(X) we define the n-point configuration space Fgf ) as a subset
of FY by

I\ = {y € Tylly| = n}, T = {0},

and denote the corresponding o-algebra by B(Fgf )).
There is a bijection

V"6, - T\ neN,Y e B(X), (5.3)
where B
Y" .= {(:L’l,. .. ,xn)\x, € Y, Z; 7£ Zj, for i 7&]}7

and S,, denotes the permutation group over {1,...,n}. Since this bijection is
measurable in both directions the natural o-algebra on Y"/&,, is isomorphic

to B(Fgf )).
One can reconstruct I' from the sets FE\") using the following scheme. First
notice that we can write for any A € B.(X)

o0

Th=| T

n=0

This space is equipped the o-algebra B(I"y) of disjoint union of the o-algebras
B(F(n))

A .

For any A1, Ay € B.(X) with A; C Ay there are natural maps

Pag,Ay ¢ Pa, — Tays pa, i I — Ty,

defined by pa,a, () == ya,, 7 € a, (resp. pa,(v) = 74, v € ). It can
be shown (cf. [Shi94]) that (I, B(I')) coincides with the projective limit of
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the measurable spaces (I'y, B(I'p)), A € B.(X), i.e., B(I') is the smallest
o-algebra on I' such that all restriction mappings

ISy paly) =74 €Ty, A € B.(I),

are B(I")/B(I'y)-measurable.
B(T') is generated by the sets

Can={y€lx[lyNA|=n}, (5.4)

where A € B.(X), n € Ny := NU {0}, see e.g., [GGVTH] and [Shi94]. Note
that for any A € B(X) and all n € Ny the set C} , is, indeed, a Borel subset
of I'x. Sets of the form are called cylinder sets. That means B(I') is
generated by the family of mappings { Ny, A € B.(X)}.

5.1.2 Poisson measures

For the construction of a Poisson measure on I'y first we need to fix an
intensity measure o on the underlying manifold X. We take a density p > 0
m-a.s. such that p'/2 € H?(X) and put do(x) = p(x)dm(z). Here H.*(X)
denotes the local Sobolev space of order 1 in L? (X, m). Then o is a non-
atomic Radon measure on X, in particular, o(A) < oo for all A € B.(X).
Below we denote by D := C§°(X) the set of all C*°-functions on X with
compact support and by D’ the dual space of D.

For any n € N we introduce the product measure o™ on (X", B(X™)).
Of course 0®"(X™\X") = 0. Let A € B.(X) be fixed. Then the measure o®"

can be considered as a finite measure on A". Let

OAn = U®n o (Sme)_la

be the corresponding measure on I‘an), where

symj : A" — FEC),

given by

Then we consider the so-called Lebesgue-Poisson measure v on B(T'y),

)

which coincides on each Fs\n with the measure oy, as follows

[e.9]

1
; Z
v = —0
o TL' Ans

n=0
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and o o(0) := 1. Considered as a measure on B(T4) it is finite and v2(T'y) =

e Therefore, we can define a probability measure 72 on Ty putting

= e oWy (5.5)

[

In order to obtain the existence of a unique probability measure m, on
(I, B(I")) such that

™ =nm,0pyt, A€ B(X), (5.6)
we notice that the family {72|A € B.(X)} is consistent, i.e.,

7TC1:2 OpX;Al = 7Té\1, Al,AQ € BC<X),A1 C Ag,

and thus, by a version of Kolmogorov’s theorem for the projective limit space
[' (cf. [Par67, Chap. V Theorem 5.1]) any such family determines uniquely
a measure 7, on B(T) such that 7 = 7, o p,'. The measure m, is called
Poisson measure with intensity measure o.

Let us compute the Laplace transform of the measure 7,. For a given
f € Cy(X) we have suppf C A for some A € B.(X). Then

(v, f)=(m. f), veT,

/6<7’f>d7ra(’y) :/ eh’f)dm/,\(’y).
r Ca

Next we use the infinite divisibility of the measure 72 (cf. (5.5))) to write the
right hand side of above equality as

and

=) g % / P () o fla)do () - do(en)
o) i% ( / n ef(x>d0(x))n

— exp ( /X (ef@) — 1)da(x)) .

Thus, for all f € Cy(X) the following formula holds
le, (f) := /e<7’f>d7rc,(’y) = exp (/ (ef@ — 1)d0(a:)) . (5.7)
r X
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Remark 5.1.1 1. Let us mention that defines, via Minlos’ theorem,
the measure m, on a linear space F(X) of generalized functions on
X, see e.g., [GV6S]. An additional analysis shows that the support of
the measure m, consists of generalized functions of the form Zmew o
v € I'x, see e.g., [Oba87] and [Shi9])], and then m, can be considered
as a measure on I'x.

2. By the same argument holds for any B(X)-measurable function f
with compact support such that e/ is o-integrable on suppf. A simple
limit-argument then implies that holds for all f such that el —1 €
L'(o).

The Poisson measure 7, may be characterized using an integral equation
which is known as Mecke identity, see e.g., [Mec67, Satz 3.1]

[ ([ roar@)ano) = [ [+ enatimiota). 58)

where h is any non-negative, B(I') x B(X )-measurable function. This equality
will be used later in this chapter, see Section below.

5.2 The Fock space isomorphism of Poisson
space

In this section we prove the existence of an unitary isomorphism between
the Fock space and the space of square integrable functions with respect to
Poisson measure m,. We will produce this isomorphism using our general
approach proposed in Chapter [4] see also [IK88], [[to88], [KSSI7], [KSSU9S],
and [NV95| for related results.

We already introduced in Example m (see page a system of or-
thogonal polynomials on L*(S’(R), 7). Here, for practical reasons we use the
triple

D cC L*o) C D, L*o):=L*X,o0).

As in Example we consider the following transformation on D, o : D —
D defined by

alp)(x) :=log(l1+¢(z)), -1<peD, zeX.
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The transformation « satisfies the conditions from Subsection [L.1.1] i.e.,
a(0) = 0 and « is invertible holomorphic in some neighborhood U, of zero.
Using this transformation we introduce the normalized exponential ef (-;-)
which is holomorphic on a neighborhood of zero U, C U,, C D:

e (pin) i= %ﬁ:ﬁ;ﬁ” — exp((rlog(1+9) — (D)), (5.9)

for any p € U, v € T, where (@), = [ga p(z)do(z).

We use the holomorphy of ef (-;y) on a neighborhood of zero to expand
it in power series which, with Cauchy’s inequality, polarization identity and
kernel theorem, give us the following result

[e.e]

1

E — (P (7), %), p €Uy, CUa, v €T, (5.10)
n!

n=0

where PT : ' — D'®"  [Proo(.) = 09(.)|n € Ny} is called the system
of generalized Charlier kernels on Poisson space (I', B(I'), 7). From (5.10) it
follows immediately that for any ¢™ € D" n e Ny the function

L350 (Ch(), ™),
is a polynomial of the order n on I". The system of functions
{C5(e™) () = (CZ(7), ™), Y™ € D", n € Ny},

is called the system of generalized Charlier polynomials for the Poisson mea-
sure T, .

Proposition 5.2.1 For any o™ € DE and Y™ € DE™ we have

/F (CZ (1), ™) (C (1), ™) g (1) = S (6™, ) 2 g0m.

Proof. Let ™ (™ be given as in the proposition and such that ™) = %

(M) = @™ Then for 21, 2z, € C, and taking into account ((5.7)) and (5.9 . we
have

/Feﬁa(zlgo;7)6?0(221#;7)65%(7)
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= oxp(—(z19 + 229),) /Fexp[(% log((1 + z19) (1 + 22¢) )] dmo (7)

— exp(— (e + ) [ (expllog((1+20)(1 -+ 220))] - 1o

— exp(zlzZ(‘Pa w)LQ(U))

[e.9]

1 n. n n n
- A (%™, %) p2(pm). (5.11)
n=0 "

On the other hand

/F eq (z1957)eq. (zot0;y)dmo ()

Y % F<CZ(7),90®"><C%(7),w®m>dm(fy). (5.12)

Then a comparison of coefficients between ((5.11]) and (5.12)), with polarization
identity and linearity, gives the result. [

Remark 5.2.2 This proposition gives us the possibility to extend - in the
L*(m,) := L*(T',m,) sense - the class of (C7(7), p®™)-functions to include
kernels from the so-called n-particle Fock space over L* (o).

The Fock space (cf. Section has the form
ExpL?(o @ Exp, L*(o)

where Exp, L*(c) := L*(0)2" and by definition Exp,L2(c) := C.
For any F' € L*(m,) there exists a sequence (f™)> € ExpL?(s) such
that

[e.9]

F(y) =) (Co(), 1™, (5.13)
n=0
and moreover .
||F||i2(m,) = Z"'|f |22 (08m), (5.14)
n=0

where the right hand side of (5.14]) coincides with the square of the norm
in ExpL?(c). And vice versa, any series of the form (5.13)) with coefficients
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(f)ee € ExpL?(o) gives a function from L?(7,). As a result we have the
well-known isomorphism I, between L?(7,) and ExpL?(0).

Let us mention that e (1;-) is nothing as the coherent state in the Fock
space picture. For any ¢ € D, 1) > —1, we have

[e.°]

L*(m5) 3 €5, (¥3-) =

n=0

| —

H{C9(). 45" > Expib € ExpL? (o).

3

5.3 Extrinsic geometry on Poisson space

In this section we recall the extrinsic geometry on L?(m,) based on the iso-
morphism with the Fock space, see Section[5.2] Our approach is based on the
general scheme from Chapter [4 but we should also mention [BLLI5], [IK8§],
[KSSU9S|, [NV95], [Pri95] and references therein for related considerations.

5.3.1 Annihilation operator on Poisson space

Let us introduce a set of smooth cylinder functions FCp°(D,I") which is
dense in L?*(m,).

Definition 5.3.1 We define FC°(D,T') as the set of all functions F : T' —
R of the form

F(7>:fF(<77901>7"'7<77§0N>)7 ’}/EF, (515>

where @1, ...,on € D and fr is from C(RN) (C®-functions on RN with
bounded derivatives). We will call a function F: T' — R cylindrical if F is
Ba(T')-measurable for some A € B.(X). These functions only depends on the
value YN A, vy € I'. Any F' € FC*(D,T) is a cylindrical function in this
sense. Elements from FCp°(D,T") are called smooth cylinder functions on T".

Let us define a “gradient” on functions F' : I' — R which has specific
properties on Poissonian spaces.

Definition 5.3.2 We define the Poissonian gradient V¥ as a mapping
VP FOR(D,T) — L*(7,) ® L*(0),
given by
(VPF)(y,7) = F(y+¢e,) —F(v), y€T, € X. (5.16)
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Remark 5.3.3 1. Let us mention that the operation ' > v+ y+¢, € T
s well-defined because of the property

m{yeTl|r ey} =0, Vo e X.

The fact that FC*(D,T) 2 F — VPF € L*(n,) ® L? (o) arises from
the use of the Hilbert space L? (o) as a tangent space at any point vy € T.
In Section we will give another approach to construct geometry in ',
there the tangent space to the configuration space I' at the point v € T’
will strongly depend on the point v in contrast with what we suppose

here, cf. Definition below (see also Chapter@ Section for the

corresponding results on compound Poisson space).

2. The Poissonian gradient appears from different points of view in many
papers on Poissonian analysis, see e.qg., [[K88], [NVIS], [NVIO], and
references therein. In statistical physics of continuous systems it ap-
pears under algebraic approach, see e.q., [MMI1l, Chapter 2/, [Rue69],
and [Rue6)]. Here our motivation relates to the gradient G, (cf. Defi-
mtion which was computed for the case of Poisson measure m in

Ezample [{.2.5,

3. The most important feature of the Poissonian gradient is that it pro-

duces (via a corresponding integration by parts) the orthogonal sys-
tem of generalized Charlier polynomials, see Theorem and Re-
mark [5.3.11-[2

4. In Section we will define another type of gradient on I' (so-called
intrinsic gradient) and in Section we will give a relation between
these two gradients through the associated Dirichlet forms (cf. The-

orem for the Poisson measure m, and Theorem for the

generalization to Gibbs measures). Form this point of view the relation
between the Poissonian gradient and intrinsic gradient (see and
) may be used to rewrite formulae making use of one gradient in
therms of the other gradient.

Next we give an explicit expression for the adjoint of the Poissonian gra-
dient VF*.
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Proposition 5.3.4 For any function F € L'(n,) ® L*(0) we have F €
D(VF*) and the following equality holds

(V7P = [

X

F(y — ez, x)dy(z) — / F(y,x)do(x), vy €T, (5.17)

X

Proof. For X = R? this proposition was proved in [KSSU98]. Let G €
FCp°(D,T') be given. Then an application of (5.16) gives

(V76 Fligyore) = [ [ Gt edFa)in()iot)
- [ [ewra.ain s, (513)

Now we use the Mecke identity ([5.8)) on the right hand side of ([5.18)) to obtain

[eon|[ o -conar - [ Po.ao] ari,

which proves the proposition. [ |
Now we are going to give an internal description of the annihilation op-
erator on L*(7,).
The directional derivative is then defined as

(VENG) = (VD)0 9o
= [0+ = F)pla)do(a), (5.19)
for any o € D. Of course the operator
vl FCr(D,T) — L*(7,),
is closable in L? (,).

Proposition 5.3.5 The closure of Vf; coincides with the image under I,
of the annihilation operator a™(p) in ExpL? (o), i.e., In,a”(p)I;} = V.

Proof. To prove this proposition it is enough to show this equality of oper-
ators in a total set in the core of the annihilation operator. Let ¢» € U be
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given, then having in mind (5.19) and (5.9) it follows that
(Vhes, i) = [ (e, 057+ ) - 8, (Win))pla)do(a)
X

= 2, 3) [ (exp((ealon(1 + v) = V(o))
= (V@) r20)en (¥i7). (5.20)
On the other hand since I;'e2 (1;7) = Exp it follows that
a_<90)EXP¢ - (907 ¢)L2(0)EXP¢-

Hence if we apply I, to this vector we just obtain the same result as ({5.20))
which had to be proven. [

5.3.2 Creation operator on Poisson space

Proposition 5.3.6 For any p € D, G € Dom(I a*(¢)I "), where a*(p)
is the creation operator in ExpL?(c), the following equality holds

(VOO = / Gy = e)e(@)n(a) = 6(1) [ eladaa

= =€), 9( Nz — GON(¢)o- (5.21)

Remark 5.3.7 In terms of chaos decomposition of g € Dom((V])*) the
equality (5.21] (‘) was established in [NV95]. We give an mdependent proof
of (5.21] ' which is based on the results on absolute continuity of Poisson
measures, see e.g., [Skod7] and [Tak90).

Proof. 1. First we give a version of the proof of (5.21]) which uses the Mecke
identity.
It follows from (5.19) that

(VPF,G)pay = / (VP F) (., 0()) 220y G 1)l ()

= (VIF)(, ), GOl )12 (ryarzo): (5.22)
Whence using Proposition [5.3.4] we obtain
(Vo) &) = (V7)'Ge)(v)

- /X Gy — en)p(x)dy(x) — G(y) /X o(2)do (z)
= (G(y—¢),0() 2t — GV){P)o,
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which proves (5.21)).

2. Alternatively, we give an independent prove of based on absolute
continuity of Poisson measure.

Let n € D be such that n(z) > —1, Vo € X. Denote by o, the measure
on X having density with respect to o,

do,

%(JC) =1+ n(z). (5.23)

Lemma 5.3.8 The Poisson measures 7, and 75, on (I', B(I')) are mutually
9n

absolutely continuous and the Radon-Nikodym derivative dro

() coincides
with the normalized exponential, i.e.,

dmg,
dm,

() = eq (m;7) = exp({7,log(1 +n)) — (n)s).

Proof. Let n € D be such that n(z) > —1, Vo € X. Then the Laplace
transform of 7., , given by (5.7)) implies

el ehdn,0) = e ([ @0 -+ n(sc))da(x))

= e Meexp </X(es0( z)+log(1+n(z —1)do(x ))
= /Fexp(w, ¢)) exp((7,log(1 +n)) — (n)e)dms (7).

|
In order to proof (5.21) it suffices to verify the equality

Vol 9) 2y = /Ff(v)[(g(v —&),0( N2 — 9(N(@)eldma(y),  (5.24)

for f(v) = es (¥;7), g(v) = ex_(n;7), 1,n belong to a neighborhood of zero
U C D, because the coherent states Expi, ¢ € U span a common core for
the annihilation and creation operators.

Lemma 5.3.9 For any ¢ € D and for all 1,n in a neighborhood of zero
U C D, the following equality holds

(Vier, (i) €5, () rarn) = (€, 9)r2(0) exp((¥, 1) 12(0))- (5.25)
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Proof. Taking in account ({5.20) we compute the left hand side of ((5.25)) to

be
(Vies (05),ex (1)) L2(ra)
= (0Pt exp(—(0 + 1)) [ expl(2,ToB((1+ )1+ m))ldrs()
= (4, P)a(oy exD(— (1 + 1)) exp ( | @@+ + w<x>n<x>>da<x>>)
= (V@) r2(0) exP((V, M) 12(0) ), (5.26)
which proves the statement of the lemma. [ |

Further, the right hand side of (5.24]) can be rewritten as follows

/ 2 (¢;7) [Z eremloBEm={ile () — 2 (n); 7)<90>a] dmy(7)
r

TEY

= [ e @me ) () — (ool mee). (627
Let us state the following useful lemma.

Lemma 5.3.10 1. (¢),, = (¥)s + (¥, 1) 12(s), V¥, n € D.
2. eq, (i) = exp(= (¥, n)12(0))eq, (¥37), Vi €U C D.
3 (v i) = (7" (), 1) + (55 ) o
Proof. The non-trivial step is . Let us denote for simplicity ﬁf—n =:¢£

d

(€706 = =eh, (1m0

= %exp((y7 log(1 4 t&)) — (t&)s, ) |i=0

_ %Zlog(l +tE(2)) — (€)oo

rey

= <’Ya£> - <£>0n'
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Now the rest of the proof follows from the previous lemma and ((5.27)), i.e.,

[ e e ) s )adma() = (b exp((w o)
= (Mol | €5, (03 (55, (1) = ()]
= (Mo | €5, 0 (CT (). 55 ), (1)

Hikghe, [ €2, (0i)dne, () = (o)

= exp((¥, M) 12(0)) (¥, 75) 12(0)
= (¢7 SO)L2(O') exp((@/), n)LQ(a))7

which is the same as ((5.26)). This completes the proof. |

Remark 5.3.11 1. The pair (Vg,Vg*), ¢ € D wverify the Canonical
Commutation Relation (CCR), i.e.,

(a) they are linear

a(A1p1 + Xaw2) = Ara(pr) + Aza(pz),

where a(p) represents either V. or V5L,
0) (VD) = VI,
(¢) IVE, 9] = (V5. =0,
(d) [Vf;, Vf;*] = (@, %) 12()1, where 1 is the identity operator.

2. The operator (Vf;)* plays the role of creation operator because of

(V)" (Vo) D) = (G (1), 01 ® ... ® pn). (5.28)

5.4 Intrinsic geometry on Poisson space

We recall some results to be used below from [AKR98a], [AKRI6D|] to which
we refer for the corresponding proofs and more details. In Chapter [6] we will
generalize these result for the compound Poisson spaces, therefore here we
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present only the results and refer to [AKR98a), Sections 3-5] (see also lectures
notes [R6c98]) for more details.
A homeomorphism v : X — X defines a transformation of I by

ISy () ={¢@)r€v} =) ey

Any vector field v € V(X)) (i.e., the set of all smooth vector fields on X with
compact support) defines (via the exponential mapping) a one-parameter
group ¥}, t € R, of diffeomorphisms of X.

Definition 5.4.1 For F : ' — R we define the directional derivative along
the vector field v as (provided the right hand side exists)

(VEF)() = SF@I0)hes (5.29)

This definition applies to F' in the set of smooth cylinder functions,

(cf. Definition [5.3.1)) of the form (/5.15))

VIR0) = S P i) [ ()@ (e) (530

- %fF (7 1)5 5 {75 ) /XWX%(OC% v(z))r,xdy(z)

= /X<Zaa£f(<v 01), - <%90N>)VXs0i(w),v(x>> dy(z)

= ((VFF)(/% ')7U('))L2(XHTX,7)7
where
v (Vip)(@) = (Vip(a), v(@))rx,
is the usual directional derivative on X along the vector field v and V¥
denotes the gradient on X. L?(X — TX,~) denotes the space of vy-square

integrable vector fields on X. It follows from the above computations that
the gradient V' on T is given by

(V" Z

Sy en)VE¥pi(2), yET, 7 € X.

(5.31)
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Hence, the expression of V1 on smooth cylinder functions given by ((5.30))
motivates the following definition.

Definition 5.4.2 We define the tangent space T, I" to the configuration space
[ at the point v € T as the Hilbert space L*(X — TX,~) of y-square inte-

grable vector fields on X, V., : X — TX, equipped with the usual L*-inner
product

(Vo Wor,r == (Vo Wa) pa(x—rx9) = /X<VV($)an(x)>Tsz7(x)v
V,, W, € T,I'. The corresponding tangent bundle is

T =TT

vyel

Correspondingly, the finitely based vector fields on (I', TT) can be defined as
I'sy— ZE‘(W)W € C5P(X), (5.32)

where Fy, ..., Fy € FC*(D,T') and vy,...,ox € Vo(X). The collection of
all such maps is denoted by VFC§®(D,T).

Remark 5.4.3 1. We note that it follows from that VVF(~) €
VFC(D,T) for all F € FC*(D,T), v €T.

2. Any v € Vo(X) can be considered as a “constant” vector field on T if
we identify v with the corresponding class in L*(X — TX,~), i.e.,

I'sy—=V,=vel,l,
and

(0, 0)5,0 = /X lo(@)[2, < (@).

Now we would like to compute the adjoint of V' on L?(m,) which cor-
responds, of course, to an integration by parts with respect to 7,. First we

recall the integration by parts formula for the measure o on the underlying
manifold X.
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The logarithmic derivative of the measure o is given by the vector field
V¥p(x)
p(x)

where 37 = 0 on {p = 0}. Then the logarithmic derivative of ¢ along v is
the function

X >z 37(x) := V¥ log p(x) =

eTl, X,

X 3> a e 9(x) = (57 (2),v(@))r,x + divio(z), (5.33)

where div® = divi denotes the divergence on X with respect to the volume
element m. Analogously, we define divf as the divergence on X with respect
to o, i.e., divy is the dual operator on L?(c) of VX. For all ¢, ¢y € D we
have

/X (VX o) (2) () do(x)
- - /X o1 (2) (V¥ 02) (2)dor () — /X o1 (2)p2(2) 7 (2)dor(z). (5.34)

Then, on the one hand we can rewrite (5.34]) as an operator equality on the
domain D C L?(o):

V”i(* = _v”i( — By,
where the adjoint operator is considered with respect to L?*(c). Note that,
obviously, 37 € L?(o) for all v € V5(X). On the other hand we have

div¥ = 7. (5.35)
Having the logarithmic derivative 37 we introduce an analogous object

for the Poisson measure 7.

Definition 5.4.4 For any v € Vo(X) we define the logarithmic derivative of
7, along v as the following function on I':

'3y= B () = (4,7 = /X[(ﬁ"(x),v(w»m +divo(z)]dy(z). (5.36)

Theorem 5.4.5 Forall F,G € FC(D,TI') and any v € Vo(X) the following
integration by parts formula for m, holds:

/F(VEF)(”Y)G(’Y)CZ%(’Y) = /FF(’Y)[—(VEG)(”Y) — G(y) B (7)ldms(7),

)
(5.37)
or (VI)* = =V — B™  as an operator equality on the domain FC°(D,T)
in L*(7,).
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Definition 5.4.6 For a measurable vector field V : I' — TT the divergence
divga V' is defined via the duality relation for all F' € FC°(D,T') by

/F (V, Y F(3)) . pds (7) = — / POV V) dra(7),  (5.38)

provided it exists (i.e., provided
Fro [V VPP ) pins (),
r

is continuous on L*(7,)).

Proposition 5.4.7 Let V be a vector field such that V € VFC(D,T') and
has the form , then we have

N

(divE V)(9) =D (V' E) (), vi)r,r + Z Fi(7)Br (v (5.39)

=1

For any F,G € FC°(D,I") we introduce the pre-Dirichlet form which is
generated by the intrinsic gradient V' as

£ (F.G) = / (V" F)(7), (V" G) (1)) rdma (7). (5.40)

We will also need the classical pre-Dirichlet form for the intensity measure
o which is given as

55(%@ = /X<VX50(:U)7va(x»Tszo—(w)a for any 90,7? €D.

This form is associated with the Dirichlet operator HX which is given on D
by
H7 () = =A% p(x) — (67 (2), Vi (@)1 x,
which satisfies
5§(¢7¢) = (Hg(wuw)lﬂ(o’)v %1? € Du

see e.g., [BK95] and [MR92].
The closure of this form on L?*(o) is defined by (£X, D(EX)). Note that
D(&EX) is nothing but the Sobolev space of order 1 in L?*(c) (sometimes
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also denoted by Hy*(X,0)). (X, D(EX)) generates a positive self-adjoint

operator in L?(o) (the so-called Friedrich’s extension of HX | see e.g., [BKRIT]
and [RS75al).

For this extension we preserve the previous notation HX and denote the
domain by D(HZX).

For any F € FC(D,T), (VIVYF)(v,2,y) € T, ® T,T' and we can
define the T-Laplacian (AUF)(y) = Tr(VIVIF)(y) € FC(D,T). We
introduce a differential operator in L*(7,) on the domain FCs°(D,T') by the
formula

(Hy, F)(7) = =A"F(y) = (divy (VI F)(7, ), 7). (5.41)

Theorem 5.4.8 The operator H is associated with the intrinsic Dirichlet
form EL | i.e.,
&, (F,G) = (Hy, F, Q) 12(r,), (5.42)

or Hy = —divgavF on FC*(D,T). We call Hy_ the intrinsic Dirichlet
operator of the measure T,.

There is an explicit relation between internal and external geometry, more
precisely, between the corresponding Dirichlet forms associated with the gra-
dients VI and V. Actually, this relation holds for Poisson measures 7,
but this will serves as a motivation to produce an analogous result for Gibbs
measures, cf. Section

Recall from Section [5.2]the isomorphism I, between L*(m,) and the Fock
space ExpL?(c) and the second quantization operator dExpA on the Fock
space introduced in Section [2.2] Thus, given a positive self-adjoint operator
A in L?*(o) and the corresponding dExpA on ExpL?(c) we denote by H%
the image of the operator dExpA in the Poisson space L?(m,) under the
isomorphism I .

The following proposition gives explicit representation of the symmetric
bilinear form associated to HY | see [AKR98al, Theorem 5.1].

Proposition 5.4.9 Let D C D(A). Then the symmetric bilinear form cor-
responding to the operator HY has the following form

(HEF,G) 2,y = / (VP F(3), AV G (1)) 2oy (), F,G € FCE(D,T).

r
(5.43)
The right hand side of 15 called the “Poissonian pre-Dirichlet form”
with coefficient operator A and is denoted by 8£7A.
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Let us consider a special case of the second quantization operator dExpA,
where the one-particle operator A coincides with the Dirichlet operator HX
generated by the measure ¢ on X. Then we have the following theorem
which relates the intrinsic Dirichlet operator H). and the operator Hy, X

Theorem 5.4.10 H;a = HII;X on FC(D,T). In particular, for all F,G €
FC(D,T)

/F (V' F (1), V' G (1) g, pidmy (7)
- / (VP (), HXVPG())) 1200y d70 (1)

= /F/X<VXVPF(77'T)7 VXVPG(’)/,$)>szd0'($)d7ra(fy)_ (544)

5.5 Relation between intrinsic and extrinsic
Dirichlet forms

Let us briefly recall the definition of grand canonical Gibbs measures on
(', B(I')). We adopt the notation in [AKRIS8D| (see also [KRS98]), and refer
the interested reader to the beautiful work by C. Preston, [Pre79], but also
[Pre76], and [GeoT9).

A function @ : I' — R U {+o0o} will be called a potential if and only if
for all A € B.(X) we have ®(0) = 0, & = Iinycoe}®, and v — P(7,) is
B (I')-measurable.

For A € B.(X) the conditional energy EY : T' — R U {+oc} is defined by

doooe(y) i > (@) < oo,

EE(V) — ) YT (A)>0 Y'Y (A)>0 (5.45)
~+00 otherwise,

where the sum of the empty set is defined to be zero.

Later on we will use conditional energies which satisfy an additional as-
sumption, namely, the stability condition, i.e., there exists B > 0 such that
for any A € B.(X) and for all v € I'y

EX(y) = =Byl
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Definition 5.5.1 For any A € O.(X) and any v € T define the measure
3% (y,4) = H{ZX“I’<oo}(7)[ZK’®(7)]_1/FﬂA(VX\A +71)  (5.46)

-exp[—E} (vx\a +70)]dme (7)), A € B(T),
where

25%(y) = / expl— B2 (v + 73] (7). (5.47)

A probability measure p on (I', B(T')) is called grand canonical Gibbs mea-
sure with interaction potential ® if for all A € O.(X)

pIIS = p. (5.48)
Let Gye(0, ®) denote the set of all such probability measures .

Remark 5.5.2 1. It is known that (ij\’q})AeOC(x) is a (Bx\a(I'))aco.(x)-
specification in the sense of [Pre76, Section 6] or [Pre7Y].

2. For any v € T the measure ull} in 1s defined by

WIENA) = [ AR 0.8), A€BT) (549

and are called Dobrushin-Landford-Ruelle (DLR) equations.

Here we will be interested only on the class of measures G;.(o, ®) consist-
ing of all p1 € Gye(o, ®) such that

/’y(K)d,u('y) < oo for all compact K C X. (5.50)
r
We define for any p € G,.(0, ®) the pre-Dirichlet form £ by
ELRG) = [(VFG). T CO)rrdn(y). G € FGHD.D). (550
After all our preparations we are now going to prove an analogue of ([5.44))

for p € g;c(a, ®). We would like to emphasize that the corresponding formula
(5.52) is not obtained from (5.44)) by just replacing 7, by pu € G, (0, ®). The

essential difference is, in addition, an extra factor involving the conditional
energy EY.
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Theorem 5.5.3 For any p € G,.(0,®), we have for all F,G € FCy*(D,T)
EFR.G) = [(VTFOLY GO rduta) (5:52)
r

N / / (VXVPF(v,2), VXVPG(y, )1 x € Z0 0 ) do () dpu()
I'J X

Proof. Let us take any I € FC;°(D,I") of the form (5.15). Then given
v €Tl and z € X (5.16)) implies that

VAVPE(y,2) = V¥F(y+¢,)

dgr
8017

N
:;8

Let us define Fj(v) := 89F(<<p1,7>,. (en,7)), i =1,...,N. Obviously, it
is enough to prove the equahty - ) for F' = G. Thus 1nsert1ng the result
of VXVPF(% z) into the right hand side of (5.52) we obtain

V) + (@), {en, ) + en () V().

%

/ / VX% VX0 ()7 x Fy(yen) Fy (yten)e P 0% ) do () du ().

(5.53)
Then we need the following useful proposition which generalizes the Mecke
identity to measures in Gy.(o, @), see [NZ79] and [MMWT79].

Proposition 5.5.4 Let h : T' x X — Ry be B(I') x B(X)-measurable, and
let i € Gye(o, ®). Then we have

/F(/Xh( x)dy(x ) // (7 + 0, 2)e” Er 0 qpy(+)do ().

(5.54)
Using this proposition we transform (5.53)) into

/ZF VE; (V) UVE0i(4), VX0 ()rx, v)du(7).

2,7=1

On the other hand using ((5.31]) we obtain

N

(VIF(),V'G)rr = Y ENEMUVE@i(), Vi (Drx. 7).

1,j=1
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Therefore the equality on the dense FCy°(D,T') is valid which proves the
theorem. ]

Remark 5.5.5 Let us give a heuristic proof of the Nguyen-Zessin charac-
terization of Gibbs measures in which really is a consequence of the
Mecke identity (cf. (5.8)). Indeed, let us write (heuristically)

1
ZO',CI)

du(7) = - ze 7 Ddr, (7).

Then the function E?’x}(y +¢e.) = E*(y + &,) — E®(y) informally is the

variation of the potential energy E®(y) when we add to the configuration
an additional point x € X. Using this representation we have

u//%h+%JﬁE%hmwMWW@)

X JT

=(Zwrif/ﬁ@+%wpw%wmm%wud@.
X JI

Then we use the Mecke identity to transform the right hand side of the above
equality into

;§£<AwmmeWW@@)W&ﬂ:A(AM%@mm>@@)

The rigorous proof in [NZ79] is obtained as a formalization of the heuristic
computations above.

5.6 Closability of intrinsic Dirichlet forms

In this section we will prove the closability of the intrinsic Dirichlet form
(EL, FC*(D,T)) on L*(p) := L*(T, ) for all p € G (0, ®), using the integral
representation in Theorem . The closability of (£, FCp*(D,T))
over I' is implied by the closability of an appropriate family of pre-Dirichlet
forms over X. Let us describe this more precisely.

We define new intensity measures on X by do,(z) := p,(x)dm(x), where

py () = eiE?z}(wsz)p(x), reX,yel (5.55)
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It was shown in [AR90, Theorem 5.3] (in the case X = R?) that the compo-
nents of the Dirichlet form (ng , D7) corresponding to the measure o, are
closable on L*(R%, ¢,) if and only if 0., is absolutely continuous with respect
to Lebesgue measure on R? and the Radon-Nikodym derivative satisfies some
condition, see below for details. This result allows us to prove the clos-
ability of (€, FCy°(D,T)) on L*(u). Let us first recall the above mentioned
result.

Theorem 5.6.1 (c¢f. [AR9I0D, Theorem 5.3]) Let v by a probability measure
on (R4, B(R?), d € N and let D¥ denote the v-classes determined by D. Then
the forms (&,:, D) defined by

Oou Ov

gy,i(u,?)) = Rd 81’1 8$Z

dv, u,v € D,

are well-defined and closable on L?*(R%,v) for 1 < i < d if and only if v is
absolutely continuous with respect to Lebesque measure A\* on R, and the
Radon-Nikodym derivative p = dv/d\? satisfies the condition:

forany 1 <i < dand A '—a.e. .z € {y € R / pz(j)(s)d)\l(s) > O} :
R

pg:l) =0 )\1—3.6. on R\R(p:(;))v p(Z)(S) = p(xb sy Li—158, Ty - - - ,fL’d),

T

sER, if v = (21,...,24-1) € R, and where (5.56)

: = P (s)

) t+e 1
R(pW) := {t € R| ———ds < oo for some € > 0} . (5.57)

There is an obvious generalization of Theorem to the case where a
Riemannian manifold X is replacing R?, to be formulated in terms of local
charts. Since here we are only interested in the “if part” of Theorem [5.6.1], we
now recall a slightly weaker sufficient condition for closability in the general
case where X is a manifold as before.

Theorem 5.6.2 Suppose o1 = pym, where p; : X — Ry is B(X)-measurable
such that

p1 = 0 m—a.e. on X\{x € X|/Az @dm(w) < oo} , (5.58)
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where A, is some open neighborhood of x. Then (€)X, D) defined by
EX(u,v) == / (V*u(x), V()1 x doy(x); u,v € D,
X

is closable on L*(oy).

The proof is a straightforward adaptation of the line of arguments in
[IMRO2, Chap. II, Subsection 2a] (see also [ABR89), Theorem 4.2] for details).
We emphasize that e.g. always holds, if p; is lower semicontinuous,
and that neither v in Theorem [5.6.1| nor ¢; in Theorem [5.6.2 is required to
have full support, so e.g. p; is not necessarily strictly positive m-a.e. on X.

We are now ready to prove the closability of (£, FCp(D,T)) on L*(p)
under the above assumption.

Theorem 5.6.3 Let p € gglc(a, ®). Suppose that for p-a.e. v € I' the func-

tion p., defined in satisfies (resp. in case X = R?). Then

the form (€, FC°(D,T)) is closable on L* ().

Proof. Let (F),)nen be a sequence in FC°(D,I') such that F,, — 0, n — oo
in L?(u) and

EV(Fy — Fo, Fy— Fp) = 0. (5.59)
We have to show that
& (Foy, Foy) — 0 (5.60)

for some subsequence (ny)ren. Let (ng)ren be a subsequence such that

1/2

1
(/F Fskdu> —l—é’};(FnkH —F By — Fnk)l/2 < 5 for all k € N.
Then

x> Zg;l:(FnkH_Fnk?FnkH_Fnk)1/2
k=1

1/2

>y ( / |vaP<Fnk+l—Fnk><as,v>|%,cxe‘Ef’w}W)da(a:)) du()
k=1 7T \JX

— / i ( /X VXV (Fo = Fo) (7)) |5 ¢ ,oy(:zc)alm(x)>1/2 dp(v),

D=1
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where we used Theorem and (5.55)). From the last expression we obtain
that

Z nk+1 - nk)auglrl - ugl))l/Q (561)

N 1/2
=2 ( /X VAV (Fyy - Fnk><x,v>|%xxp7<x>dm(x)) <.
k=1
for p-a.e. v € I', where for k € N, v € T,
u,(&)(x) = Fnk(’}/ —|—5m) _ Fnk(V), reX.

Note that uﬁ?,j eD. |D implies that for py-a.e. y € T’
Ef; (u%) —ul ) —u) — 0. (5.62)

)
ng ng ny el — 00

Let A C O.(X).

Claim 1: For p-a.e. y €T

/X(uq(l)(x))QllA(x)d%(x) — 0.

k—o0

To prove Claim 1 we first note that for y-a.e. y € I’
o,(A) < o0,

as follows immediately from (5.54) (taking h(y,x) := Up(z) for z € X,
v €T), since pu € G,.(0,®). Therefore, for p-a.e. y €T

| FLoata)do ) = B () (4) — 0 (5.69
Furthermore, by
[ Bty e ial@don @)1 +9(4) o)

B Ip(x)
- / F2 () / T Sy )
< /F Fﬁk(v)du(v)<2—1,€,
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because the integral with respect to v is dominated by 1 for all v € I'. Hence

o (/ / (7T e) (e )d%(fv)(l+7(A))‘1du(7))1/2

Z/FZ

k=1

1/2
([ Froematentn @) () duto)
Therefore, for p-a.e. y €T’
/Xij(7+6w)]lA(x)d07(x) — 0. (5.64)

k—oo
Then Claim 1 follows by (5.63)) and ([5.64)).

Claim 2: For pg-a.e. y €T
|VXu£]k)|TX e 0 o,—ae.
To prove Claim 2 we first note that clearly (5.61)) implies that for y-a.e. v € T’
gX ( () ) ) — u(v)) — 0. (5.65)

nk ny Nk n kl—o00
Y

Hence we can apply Theorem (resp. [5.6.1)) to py := 1,p, and conclude
by Claim 1 and (5.65)) that for p-a.e. y € T’

EX  (u v)u())_>0’

Tpoy nk7 o

hence by (5.61))

15|V u ]TXk—>O o,—a.e.

Since A was arbitrary, Claim 2 is proven.
From Claim 2 we now easily deduce (5.60) by (5.52)) and Fatou’s Lemma
as follows:

E (Fup Fry) < / lim inf / VX () = u)) iy o (2)dp()

< hgglfg}:( nk_FnlJFTLk—Fnl>7

which by (5.59) can be made arbitrarily small for £ large enough. [ |

Remark 5.6.4 The above method to prove closability of pre-Dirichlet forms
on configuration spaces I'x extends immediately to the case where X is re-
placed by an infinite dimensional “manifold” such as the loop space (cf.

[MR7)).
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Chapter 6

Analysis on compound Poisson
spaces

The present chapter elaborates the L? structure for compound Poisson spaces.
We note that for all of these compound Poisson processes the results of Chap-
ter 4] immediately produce Gel’'fand triples of test and generalized functions
as well their characterizations and calculus.

The analysis on compound Poisson spaces can be done with the help of the
analysis derived from Poisson spaces described in the previous chapter. That
possibility is based on the existence of an unitary isomorphism Uy, between
compound Poisson spaces and Poisson spaces which allows us to transport
the Fock structure from Poisson spaces to compound Poisson spaces, see
Section [6.2| Proposition[6.2.4 The isomorphism Us, has been identified before
by K. Ito, [[t656] and A. Dermoune, [Der90]. We work out the details in
Section [6.2]

The images of the annihilation and creation operators under the men-
tioned isomorphism are derived in Subsection (6.3}

In Section we study in more detail the previous analysis in a partic-
ular case of compound Poisson measures, the so-called Gamma measure. Its
Laplace transform is given by

lug, () = exp(—(log(1 — ¢)),), 1 > ¢ € D.

This measure can be seen as a special case of compound Poisson measure
n; for a specific choice of the measure 7, see Section [6.4] Remark for

details. From this point of view, of course, all structure may be implemented
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on Gamma space and it is possible to obtain the representations for the op-
erators, see Remark [6.4.4l The question that still remains is to find intrinsic
expressions for all these operators (creation, annihilation etc.) on Gamma
space as for Poisson space.

The most intriguing feature of Gamma spaces we found is its Fock type
structure. As in the Poisson case it is possible to define a transformation
a on D (see @ below) such that the normalized exponential ef. (¢;-)
produces a complete system of orthogonal polynomials, the so-called system
of generalized Laguerre polynomials. It leads to a Fock type realization of
Gamma space as

@ ExpSL%(0) =: Exp“L?(0),

where Exp®L?(0) C Exp, L?(0) is a quasi-n- particle subspace of Exp“L? (o).
The point here is that the scalar product in ExpSL?(o) (cf. Subsection
) turns out to be different from the usual one given by L2(c)®". As
a result the Fock space Exp®L?(0) has a novel n-particle structure which is
essentially different from traditional Fock picture.

6.1 Compound Poisson measures

This section is devoted to study the compound Poisson measures 7 on
(D', B(D’)). Firstly we recall the Lévy canonical representation of all possi-
ble generalized white noise measures p on (D', B(D')), see [GV6S], [Hid70],
and [AW95]. These measures are defined by the characteristic functional of
the form

bl

Cu(p) ==exp lia(p,1) — 5 —I—/R(eiw—l 1: 5> 1)dp(s)|, (6.1

where ¢ € D, a,b € R, the measure (3 is such that 3({0}) = 0, [, s*/(1 +
s%)dB(s) < oo, (+,-) and |-| denote the inner product and the norm in L?(R%),
respectively. We take into account that such a measure is in general the
convolution of a Gaussian and non-Gaussian measures. We will be interested
in the non-Gaussian part of this class, i.e., in b = 0. Furthermore,
assume that

1
/52d6(3)<oo, and / 1s|dB(s) < oo
R -1
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Then one can use the Kolmogorov canonical representation of C,(¢), as in

e.g., [GV6§]

C,(¢) = oxp [m«o, D+ [~ 10030, €D

Let us define the compound Poisson measures on (D', B(D’)). Let 7 be a
measure on (R, B(R)) (finite or o-finite) having all moments finite and such
that 7({0}) = 0. In addition let ¢ be a non-atomic o-finite measure on

(R4, B(R?)). We denote

Vo (u) = /R(esu — 1)dr(s), u € R.

Definition 6.1.1 A measure 77 on (D', B(D")) is called a compound Poisson
measure with Kolmogorov characteristic 1, if its Laplace transform is given

by, as e.g., [GGVTH]

o) = [ expllopdrie)

~ e [ vrtetninto))

= exp (/X /R(ew(@ — 1)d7(s)da(x)) Lo €D. (6.2)

Proposition 6.1.2 1. Assume that T satisfies the analyticity property:
AC>0:VneN / |s|"dT(s) < C"nl. (6.3)
R

Then the Laplace transform of 7} is holomorphic at 0 € Dc.

2. Let T(R) < co. Then

T (Q) =7 ({Z Sy, € D'|s, € supprt, 7 € F}) =1,

xrey

where T is the configurations space defined in (5.1).

109



3. Let T(R) = oo. Then

7 (o) := 7, ({Z Sz€x € D'|sy € suppT, 7, € FC}> =1, (6.4)

TEYc

where T'. is the collection of all locally countable subets in X.

Proof. [I] By the Kolmogorov characteristic 1, is holomorphic on

some neighborhood of 0 € C. Then by the Laplace transform [, of 7,
is holomorphic in some neighborhood of zero U C Dc¢.
2 At first assume d = 1. Then 7] corresponds to the distributional
derivative of the compound Poisson process & and statements [2] [3| follow
immediately from the properties of the paths of this process. Namely, almost
every path & of compound Poisson process is right continuous step function
with the jumps from suppr7. If 7 is finite a measure, then any finite interval
contains only finite number of the points of discontinuities of & (in this case
€ is called a generalized Poisson process). For infinite measure 7 the set of
discontinuities of & is locally countable, see e.g. [Tak67] and [Kin93].

For d > 1 the statements [2] [3] follow from the analogous results of the
theory of Poisson measures, see e.g. [Kal74], [Kal83] and [KMMTS§]. |

Remark 6.1.3 Assume that 7 is a probability measure on (R, B(R)). Let
{&,k > 1} be a sequence of independent identically T-distributed random
variables and N = {N;,t > 0} be the standard Poisson process independent
of {&,k > 1}. Then 77 is generated by the distributional derivative of the

compound Poisson process
Nt
& = E Ek-
k=1

Notice that we don’t consider here measures p corresponding to the distribu-
tional derivatives of doubly stochastic Poisson processes and fields.

6.2 Isomorphism between compound Poisson
and Poisson spaces

Let us define a measure & on (X,B(X)) (here X := X x R) as the product
measure of the measures 7 and o, i.e.,

do(z) :==dr(s)do(x), = (z,s) € X xR.
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Define the Poisson measure 7, with intensity measure ¢ on (I'y, B(I';)) via
its Laplace transform

L.(9) = /F exp({7, §))dma (3)

= eX; (/X(e@@) - 1)d€7(9§)> , ¢ € D(X). (6.5)

The intensity measure ¢ has the following property: for any z € X, A € B(R)
such that 7(A) < oo we have

(A xA{z}) =7(A)o({z}) =0.

This property yields that 7 is concentrated on a smaller set than I'g.
Namely, let us define I' C I'; as follows

I= {’AVGFXW: Zsji, T; = (x;,8) € X X R, z; # xj, 27&]} (6.6)

T, €Y
Proposition 6.2.1 The measure s is concentrated on the set I’ € B(Ly).

Proof. One can deduce this result from the theory of point processes, see
e.g., [KMMT8, Chap. 1], [Kal83|, and [Kin93]. |

Remark 6.2.2 Let d = 1. The measure sz corresponds to the distributional
deriwative of the independently marked Poisson process with the intensity
measure o and space of marks (R, 7) (for more details on marked processes
see, e.g., [Kin93] and [BL95]). For d > 1 there exists analogous connection
between w5 and independently marked Poisson fields with the same intensity
and marking.

It follows from (6.3 that the Laplace transform [, is well defined for

@(s,x) = p(s)p(x) where p(s) = D0t prs® (po # 0) is a polynomial and
¢ € D (cf. [LRS97]). Let us put ¢(s,z) = sep(x), ¢ € D in (6.5). Then by

(5.7) we obtain
ez (@) = lr, (s9), ¢ € D.
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Then it follows that the compound Poisson measure 7, is the image of
s under the transformation 3 : I' — XI' = Q C D’ given by

39— (Z4)() =2 (Z em) () := Z sieg; () €QCD,  (6.7)
2 €9 (s4,%:)EX
ie., VB e B(D)
T (B) = m(BNQ) = m5(X7(BNQ)),

where Y 7!A is the pre-image of the set A.
The latter equality may be rewritten in the following form

[ 1n()are) - / 1L ()7 (w) = / 15 (S4)drs (3),

which is analogous to the well known change of variable formula for the
Lebesgue integral. Namely, for any h € L'(D',7]) = L'(2,7]) the function
hoX € LY(T,ms) and

[ mwiare) = [ nEsins(i). (6.9)
Q T

Remark 6.2.3 [t is worth noting that there exists on ) an inverse map
1 Q T, And we obtain that 75 on [ is the image of ™7 on ! under the
map ¥4, i.e., YC € B(I'), 75(C) = n3(2C) or after rewriting

/f Lo (9)dms (%) = /Q Lye(w)dn(w) = /Q 1a(2 7 w)dnl (w).

As before we easily can write the corresponding change of variables formula,
namely for any f € LY, ;) the function f o X' € LYQ, 77) and

/f Vs (3 /fE Lo)drT (o). (6.9)

Now we construct a unitary isomorphism Us; between the Poisson space
L2(ms) := L*(T, m;) and the compound Poisson space L2(x7) := L2(Q,77).
Namely,

L*(Q,77) 3 h Ush :=ho¥ € L*(T,7,)
and
L*D,715) 3 f = Uglf = fox™ e L3(Q, n7). (6.10)

The isometry of Us; and U follows from (6.8)) and (6.9)), respectively
As a result we have established the following proposition.
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Proposition 6.2.4 The map Us, is a unitary isomorphism between the Pois-
son space L*(ws) and the compound Poisson space L*(7).

Remark 6.2.5 In the space L*(mz) we have a basis of generalized Charlier
polynomials, annihilation and creation operators etc. Now we can use the
unitary isomorphism Us, in order to transport the Fock structure from L*(mz)

to L*(w7).

6.3 Annihilation and creation operators on
compound Poisson space

In this section we will use the isomorphism from the last section in order
to transport the Fock structure from L?(r;) to the compound Poisson space
L*(77).

Let 75, (VE)*, ¢ € D(X) be the annihilation and creation operators on
Poisson space L?(ms). Their images under Us,

Uy' Vi Us, Ug'(V5) Us (6.11)

play the role of annihilation and creation operators in compound Poisson

space L?(77). Let us calculate the actions of (6.11)).
The set of smooth cylinder functions FC°(D, ), (dense in L*(77)) con-
sists of all functions of the form

hw) = H({w,@1),- - (w en))
= H{Z'w,s01),..., (27w, son)), (6.12)

where (generating directions) ¢i,...,¢on € D and H (generating function
for h) is from C2°(RY). Whence it follows that

FCX(D, Q) = Ug' FCX(D(X),T).

(VEDG) = [ 1FG+e0 - f@le@io@).  (613)

X
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Proposition 6.3.1 For any h € FCX(D, Q) the operator Uy Vf; Us, has
the following form

Vs E Ush) = [ [ e +s22) = bl 2)dr(s)do ).
x Jr
Proof. Let h € FC°(D,Q) be given and denote Ush = ho X =: h and
Y ~lw =: 4. Taking into account (6.11)) and (6.12)) we obtain
(Us' V5 Ush)(w) = (VER)(A)
= [ 1+ =)~ @@, (619

X

Now we use the definition of iL, the additivity of the map > and the obvious
equality Ye; = se, for & = (s,z). With this (6.14]) turns out to be

G +20)) = HEDR@NA6(E) = [ [hw+ 52,) — h))p(@)do(z).
X X
(6.15)
The result of the proposition follows then by definition of 6. [ ]
Putting ¢ () = ¢ (s) ¢ (z) in (6.15)) we obtain

(Us' v5, Ush)(w)
-/ ( / [h(wsax)—h<w>}¢<s>dr<s>) o()do ().

Let us note that by (6.1)) we can admit not only bounded functions ¢ (s) but
also polynomials. For finite 7 and ¢ = 1 we have the following formula for
the annihilation operator VSP in compound Poisson space L?(2, 77):

(VS M) (W) = (Ug' vl Ush)(w)
_ /X ( /R (e + s22) — h(w)]d¢(s)> o(2)do(z). (6.16)

Example 6.3.2 1. Let T = ¢y, then 7 = 7, and, of course, (0.16) coin-
cides with (5.19).

2. Let T = %(5_1 +e¢1) (for d =177 is generated by the so called telegraph
process) then the annihilation operator VSP has the form

VL) = [ g+ + gl = 2 - )] ele)dota).
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Example 6.3.3 Let h € FC°(D,Q) be given by

o) = exp ((ondon(t +0) = (), [ str(s))

= exp({w,log(1+n)) — (N)emi(7)),

for D > n > —1. Then the annihilation operator Vgp applied to h can be
computed to be

(VEPRW) = (VERE)
=l@MW+awn—Mww@wﬂam

:kémw+%a—MMMWMdam

= 1) [ [+ 9(a))* = pla)ds(s, o)
= ((1+n) —1),p)sh(w).
Example 6.3.4 Let h € FC(D, Q) be given by

h(w) = exp(=(8)-(9)s) [ [(1 + d(s2)0(2)), w =D 02, € Q.

xreEy xreEY

It is clear that (Ug'e2 (¢;-))(w) = h(w) (¢ := dp) as it can be easily seen

from the definitions of Ug' and e, (p;-) given in and , respec-
tiwely. On the other hand from we have

(VEer (630 (3) = (& 9)20)€5, ($34),
and therefore (Ug? v¢ Ush)(w) = (@,&)Lz(&)h(w) which says that
(chh)( ) (@7¢)L2(0)h(w)'

Now we proceed to compute an expression for the creation operator on
compound Poisson space.

Proposition 6.3.5 Let g € L2(Q,77) and ¢ € D(X) be given such that
Usg € Dom(Iza*(4)I;1). Then the operator Uy H7E)*Us has the following
representation

UE%VQT&QW%=Aﬂ@—ﬁ%ﬂ@@ﬂ%&@—QWM@a
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Proof. We know from ((5.21)) that for any § € Dom(Isa*(p)I; ") the creation
operator (Vg )* on Poisson space L?(T', 75) has the form

(VD) 9)3) = /X 604 — )@ (@)dA(E) — 9(3)(@)a.

On the other hand,

(Us' (V) Usg)w) = (v3)"9)(H)

9(w — se2)@(s, 2)dy(s, ) — g(w)(P)s,

I
><>\ be>

which proves the result of the proposition. |

As before if we choose ¢ = 1¢, in the case when 7 is finite, then we have
the following form for the creation operator (vgp )* in compound Poisson
space L2(Q, 77):

(TP P)w) = (Us(TE) Usg)(w)
- / 9w — 522)p(2)dA(5, 7) — g(w)T(R) ()

X

Remark 6.3.6 The generalized Charlier polynomials in L*(7s), according
to , have the following representation

(V)™ 1)(5) = (Ca(7), ¢°").
Their images under Uy;' have the following form

(UgH(CR(), 9" N(w) = (CR(Z7'w),6"")
= (U5 (V)" Usl)(w).

In particular for finite measure T and ¢ = p we obtain

(VEF) "D (w) = (CR(Ew), 9™").
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6.4 The special case of Gamma measure

6.4.1 Definition and properties
In this section we consider the classical (real) Schwartz triple
DR?Y) =:D c L*(RY) c D' := D'(R?).

Definition 6.4.1 We call Gamma noise the measure ug on the measure
space (D'.B(D")) determined via its Laplace transform

(@) = [ expllee)dugw)

— exp(—(log(1 - ¢))s), 1> p € D.

Remark 6.4.2 In order to apply Minlos’ theorem we note that uZ, is a special
case of ) for the choice of T as follows

H(A) = /Arﬂ ds, A c B(R). (6.17)

0,00 S

Whence by Minlos’ theorem ug, is well-defined, of course l,e. is an analytic
function.

Remark 6.4.3 Let us explain the term “Gamma noise”. If d =1 and o0 =
m, then for any t > 0 the value of the Laplace transform

Lum (M) = exp[—tlog(1 = A)], A <1,

coincides with the Laplace transform lgy) (M) of a random variable £(t) having
two-side Gamma distribution, i.e., the density of the distribution function
has the form

1 |I|t7167|z|
S O

where T'(t) is the Gamma function. The process {£(t),t > 0; £(0) = 0}
is known as Gamma process, see e.q., |Tak67, Section 19]. Thus the triple
(D', B(D'), ul) is a direct representation of the generalized stochastic process
{£(t),t > 0} (detailed information on generalized stochastic process can be

, >0,
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found in [GVG8]) which is a distributional derivative of the Gamma process
{&(t),t > 0}. In other words, the image of pugy under the transformation

D' 3wr— Gi(w) = (w, 1py) €R, teRy

coincides with the two-sided Gamma distribution, i.e.,

(0 G )(B) = [ pla)dm(o). A € BR),
A
So the term “Gamma noise” is natural for pg.

Remark 6.4.4 As uZ is a special case of compound Poisson measure one
can obtain the representations of generalized Charlier polynomials, annihila-
tion and creation operators etc. along the lines of Subsection [6.3. It is worth
noting that T(R) = oo nevertheless one can set in o(Z) = 1p(x) and
obtain the representatwn 6

(VEh)(w / / (w+ se,) — h(w))< (2)do(z)
Rd S
for the annihilation operator in Gamma space. Indeed, by

h(w + 85;1:) - h(w) = H((<wa S01>a R <w7 90N>) + S(Qpl(x)v s 790N(x)))
_H(<w7 901>7 SR <w7 90N>>7 H e CI)OO(RN)
whence by Lagrange theorem it follows that |h(w+ se,) —h(w)| < Cs. There-

fore the integral over [0, 00) converges and the right hand side of above equal-
ity is well-defined.

Remark 6.4.5 Let us assume that d =1 and o = m. Then ug corresponds
to a distributional derivative of the Gamma process & = {£(t),t > 0} on a
probability space (Q, F, P) (see Remark [6.4.5). The Gamma process is Lévy
one, such that E[E(t)] =t and E[(£(t) — t)?] = t, t > 0. Thus the centered
Gamma process {£(t) — t,t > 0} is a normal martz’ngale and one can define
the n-multiple stochastic integrals I,(f™,€), f™ € Exp, L*(m) with respect
to & and the space of chaos decomposable random variables from L*(Q, F, P):

{ZI (", | f*) € Exp, L*(m Zn'|f”>| <oo}

(for more details see [Mey93]).

It follows from the results of [Der90] that & does not possess CRP, i.e.,
&(&) is a proper subspace of L*(Q, Fe, P) =: L*(§), where F¢ denotes a o-
algebra which is generated by the collection {£(t),t > 0}.
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6.4.2 Chaos decomposition of gamma space

Let us now consider a function o : D — D defined by

alp)(z) = %, o €D, xR (6.18)

We stress that « is a holomorphic function on a neighborhood of zero
U, C D, in other words o € Holy(D, D).

Because of the holomorphy of /e and [,z (0) = 1, there exists a neigh-
borhood of zero U! C U, such that the normalized exponential €, (p;w) is
holomorphic for any ¢ € U, and w € D’. Then

v em(wale)
P9 =T )

— exp <<w %> — (log(1 — <p)>(,) L el (6.19)

We use the holomorphy of ¢ — efjg(gp;w) to expand it in a power series
which, with Cauchy’s inequality, polarization identity and kernel theorem,

give us
oo

a 1 G n
o (i) = D (P (@), ™), p ety we D, (6.20)
n=0

where Py . D' — Do, {Pff[é’a(-) =: L9(-)|n € Ny} is called the system of
generalized Laguerre kernels on Gamma space (D', B(D'), ug;). From (6.20)
it follows immediately that for any ¢™ € D®" n € Ny the function

D' 3w (L (w), o),
is a polynomial of the order n on D’. The system of functions
{L7(p") (@) = (L7 (), ™), Yo" € D", n € Ny},

is called the system of generalized Laguerre polynomials for the Gamma mea-
sure p. In one-dimensional case this system coincides with the system of
even continuations of Laguerre polynomials {Lff 71), n € Ny} which are or-

thogonal with respect to the density pi(x), see e.g. [Rai7l]. Namely in the
notation of Remark the following equality holds

(L7 (@), 15) = LI D(Gw)).
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Now we proceed establishing the following result. Let ¢, ¢ € U/, be given,
then using (6.19)) it follows that for any A, Ay € R

/D’ ene (A1 w)ege (Aath; w)dpg (w)

— 6(—log(l—kup)—log(l—/\w»a/ exp((w, Mo ot ))dp (w)

Arp—1 A2y

-1
= exp ((~log(1 = hup) — log(1 — Math))s — {log(1 — 5227 — 2221, )
= exp(—(log(1 = AipAath))o)
= e (ag) (6:21)

Since Iz, € M,(D’), then (6.21) turns out to be an analytic function on A

and \». Hence
=1
Luz, (M Aapth) = Zm (MA2)" (7" ) ppG L2 (o) (6.22)
n=0

where the coefficients (¢®", " ), e 12, are given by

n

d
(S0®n7 w®n)Exan2( )y = % eXp( <10g<1 - t¢¢)>0))|t=0

and Exp%L?(o) stands for a quasi-n-particle subspace of Exp®L?(o) defined

by - ) below.

By using the formula, see e.g., [Boub0] and [GR&I],

i1+2ig+-+kip=n
i1,ig,..,3, ENg

it follows that

(90®n ’ 77Z}®n>Expn C12(0)

iy +2ig+-+kigy=n
i1 yig,--ri, ENg
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. (/Rd @(x)fﬂ(x)do(:c))il (/Rd 902(f’€)¢2(x)dg($))i2
| ( / d sok(x)?ﬁk(x)da(:c))ik | -

On the other hand

/ O )6y Ouoths ) dps(w)

- ?;2: [ e e L@ s mdig @), 629

Then a comparison of coefficients between ((6.22)) and ((6.24]) gives us

@) 65N @) 65 ) = Sl 6

which shows the orthogonality property of the system {LJ(-)|n € Ng}.
Since (v, *)pypGr2(0) 18 n-linear we can extend it by polarization, linearity

and continuity to general smooth kernels o™, ™ € Exp®L?(c). To this
end we proceed as follows.
First we consider a partition of the numbers I,, ;= {1,2,...,n} in

L =JI.=

Then for each such partition Z(", we define i, by
i = F#{IL||| =k}, 1 <k <n.

Finally we define the contraction of the kernel ¢(™ with respect to Z(™ as

QO(IT(LBL)({L’M‘%Q’ cee 7xn) = Qﬁ(n)(l’il,]}'iw s 7‘Tik)7

where x; = (Ty, Ty - - -, T) (M-times), 1 < m < k.
Hence the inner product is given by

(SD(N) ) ¢(n) ) Exp& L2(0)

- () ()

Z(n)
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[ S @ @ @)y

= SII- oy [ e @rl @rae™ @, (629

z(n) k=1

where (2)7 := (1, ...2,) and the sum extends over all possible partition Z
of I,.
Hence we have established the proposition.

Proposition 6.4.6 Let ¢, € D be given. Then the system of generalized
Laguerre polynomials verifies the following orthogonality property

@) L @) 9 ) = Sl 6

where (w("),w(”))EngLz(a) is defined by (6.25) above.

As a consequence of the last proposition we have established the following
isomorphism

L, L*(pg) — @EXPSLz(J) —=: Exp“L*(0). (6.26)

n=0

Therefore for any F € L?(ug) there is a sequence (f™)%, € Exp®L?(0)
such that

F(w) =Y (L(w), f™),
n=0
moreover .
1F 0 2y = Dl g 12
n=0

Remark 6.4.7 Hence we see that the Gamma noise does not produce the
standard Fock type isomorphism since the inner product (-, -)p,012(,) do not

coincide with the inner product in the n-particle subspace, L2(0)®”.

Remark 6.4.8 The orthogonal polynomials of independent-increment pro-
cesses (in particular, Gamma-process) were constructed in [KS76]. It is worth
noting that these polynomials of Gamma process differ from generalized La-
guerre polynomaials.
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Chapter 7

Differential Geometry on
compound Poisson space

Starting with the work of Gelfand et al. [GGVTH], many researchers consider
representations on compound Poisson spaces (2, see also [[sm96]. Hence it is
natural to ask about geometry and analysis on these spaces. In the language
of Chapter [5|this corresponds to the internal geometry on €2. In this chapter
we develop in detail the internal geometry on compound configuration spaces
which generalizes the results from Chapter [5 Section [5.4]

On the other hand, in statistical physics of continuous systems compound
Poisson measures (or more general marked Poisson measures) and their Gibb-
sian perturbation are used for the description of many concrete models, see
e.g., [JAGLT7S|, [GZ93], [GHI6], and [MMOI1].

The geometry is constructed via a “lifting procedure” and is completely
determined by the Riemannian structure on X (cf. Subsection [7.2.3). In
particular, we obtain the corresponding intrinsic gradient VX, divergence
divﬁ}f , and Laplace-Beltrami operator A%x :divf}f V%, For details we refer
to the main body of this chapter. Here we only mention that the “tangent
space” T, x to Q2x at the point w € Qx is given by

T.0x = L*(X - TX;w), w € Qx,

i.e., the space of w-square integrable vector fields on X. Since each T, x
is thus a Hilbert space (endowed with the corresponding L2-inner product
(-, )10 coming from the measure w) Q2x obtains a Riemannian-type struc-
ture which is non-trivial (i.e., varies with w) even when X = R?, see Subsec-

tion for details.
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Let us stress that the “test” functions FC°(D,2x) (resp. “test” vec-
tor fields VFC5(D,x)) we consider as domains for our gradient V¥
(resp. divfrzf) above are of cylinder type, i.e., F' € FC°(D,Qy) if and only
if

W= F(CU) - gF(<w7 901>7 ceey <W,QON>>,
for some N € N, ¢y,...,o5y € D = C(X), gr € C(RY) (and V cor-
respondingly, cf. (7.5))). Hence so far the analysis on Qy is basically finite
dimensional. However, one can do generic infinite dimensional analysis on
Q) x by introducing the first order Sobolev space HS ’Q(Q x, 7)) by closing the
corresponding Dirichlet form

£ (F.G) = / (VF) (), (VIG) (@) 1,0y drg(w),

Qx

on L?(Qyx,77), i.e., a function F' € Hy*(Qx, w7 is together with its gradient
V% F obtained as a limit in L*(Q,77) of a sequence F,, € FC&(D,Qx),
resp. VX F, n € N. Thus such F really depends on infinitely many points
in X (cf. Subsections [7.4.1} and [7.4.2)).

The diffusion process determined by this geometry is identified in the fol-
lowing way. We regard every compound configuration w € {)x as depending
on two variables, namely w = (7, m,,) (or more general marked configura-
tion) and this allowed us to obtain the following embedding

L2(FX,7TU> — LQ(Q)(,W;).

As a result we may apply operators acting on L*(I'y, 7,), e.g., VI, VI* to
the space L?(Qy,7") acting on part of the variables, see e.g., [BK95]. Tt

(e

turns out that the following equality holds
(VEF)(w) = (VI F) (s ), @ = (o, M) € Qux,

and from this relation it is not hard to obtain relations between the Dirichlet
operators as well as between the correspondings semigroups. Therefore the
process associated to our Dirichlet form is nothing but the process X;“, ¢t > 0,
together with marks, i.e.,

Et = (X?‘”,mw), tZ 0,

where X;* is just the equilibrium process on I'y, see [AKRO98al Section 6]
for details. We describe this procedure in details in Section [7.5]
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On the basis of the results described above we provide a corresponding
representation of the associated Lie algebra of compactly supported vector
fields. We also exhibit explicit formulas for the corresponding generators, see
Section [7.3

Finally in Section[7.6 we prove in detail the existence of a marked Poisson
measure over the marked Poisson space QY where M is a complete separable
metric space with a probability measure. Hence all the results obtained in
this chapter extend with obvious changes to marked Poisson spaces.

7.1 The group of diffeomorphisms and com-
pound Poisson measures

Let us denote the group of all diffeomorphisms on X by Diff(X) and by
Diffy(X) the subgroup of all diffeomorphisms ¢ : X — X with compact sup-
port, i.e., which are equal to the identity outside of a compact set (depending

on ¢).

For any f € Cy(X) we have a continuous functional

03w ()= [ fa)ota) = Y suf(a).

TEYw

and given ¢ € Diffg(X) we have

("0, f) = / F(@)dwo(67 ()
- S:cfo¢( )

TE€EYw

= (W, fog)

Any ¢ € Diffg(X) defines (pointwise) a transformation of any subset of
X and, consequently, the diffeomorphism ¢ has the following “lifting” from

X to
Qaw:stengb*w:st%(x)EQ

TEYw TEYw

because for any f € Cy(X)

/X @)@ ) (@) = /X F(8())d(z



= > s f(o(x))

TEYw

- /X F0) 'S Secom(dy).

TEYw

This mapping is obviously measurable and we can define the image ¢*m
of the measure 77 under ¢ as usually by ¢*77 =77 0 ¢~ ! i.e.,

(¢0"m7)(A) = 1o (¢7'(A)), A € B(Q).

The following proposition shows that this transformation is nothing but
a change of the intensity measure o, and 7 is preserved.

Proposition 7.1.1 For any ¢ € Diffy(X) we have
P = Ty

Proof. Due to the characterization of the measures it is enough to compute
the Laplace transform of the measure ¢*7’, to show the property.
Let f € Cy(X) be given. Then the Laplace transform of ¢*x’ is given by

/Q expl(w, AT (W) = / exp({w, ) (¢ (w))
_ /Q exp((w, f 0 ¢))dnT(w)

~ exp < /X /0 " (eroote) _ 1)d7-(s)da(:c))
= | expl(e M., (o)

which is just the Laplace transform of the measure 7. . [ |
For any ¢ € Diffy(X) we introduce the Radon-Nikodym density of o as

( d(¢*o “2)) dm(o (z Uz
i) o= 1) ) AN ) )

ifre{0<p<oo}n{0<pogt<oo} ’

| p3(z) =1, otherwise,
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where J? is the Jacobian determinant of ¢ (with respect to the Riemannian
volume m), see e.g., [BooT5]. Note that pj(z) =1 outside a compact.

The next proposition is a consequence of the Proposition [6.2.4] the Sko-
rokhod theorem on absolute continuity of Poisson measures, see e.g., [Sko57],
[Tak90], and also [Shi94]. It shows that 77 is quasi-invariant with respect to
the group Diffy(X).

Proposition 7.1.2 The compound Poisson measure T, 1S quasi-invariant
with respect to the group Diffo(X) and for any ¢ € Diffo(X) we have py” =
p;?“’, where A\, = 7(R), i.e.,

@) = U7 ) = TLsgwres (A [ (1= pitadota) ).

TEYw

Proof. Given ¢ € Diffy(X) then ¢ := ¢ ® id € Diff(X). Hence having in
mind the isomorphism described in Section [6.2] the Radon-Nikodym density
of 77 with respect to the group Diffy(X) is given by

Py’ (@) = U Pigia(w)

_ H dé o (glef id)—l(:ﬁ) exp (/XX]R+ (1 _déo (gz;f) id)—1<§j>> d&(ﬁ;))

9w

= [ »@ exp( L(l—pg(:v))do(:w)

T

= [ »@ exp( /X(l—pg(a:))da(:vo

TEYw

= Py (),

where we have used [AKR98al, Proposition 2.2]. |

Remark 7.1.3 We would like to stress that the above Radon-Nikodym den-
sity for the measure 77 is valid only for finite measure 7, but a more careful
analysis shows that it is possible to include infinite measure T (this implies
that the support of w7 is (s, cf. Proposition -@), and the results state

below essentially do not change.
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7.2 Intrinsic geometry on compound Poisson
spaces

The underlying differentiable structure on X has a natural lifting to the con-
figuration space €2. As a result there appear in {2 objects such as the gradient,
the tangent space etc. Below we describe the corresponding constructions in
details.

7.2.1 The tangent bundle of (2

Let us recall that V' (X) is the set of all C*°-vector fields on X (i.e., smooth
sections of T'X'). We will use a subset V(X) C V(X)) consisting of all vector
fields with compact support. Vo(X) can be considered as an infinite dimen-
sional Lie algebra which corresponds to the group Diffy(X) in the following
sense: for any v € V(X) we can construct the flow of this vector field as a
collection of mappings ¢} : X — X, ¢ € R obtained by integrating the vector
field.
More precisely, for any z € X the curve

Ro>t+— ¢)(x) € X,

is defined as the solution to the following Cauchy problem
d U v
Eﬁbt (x) = v(¢{(z))

#h(z) = =

That no explosion is possible and ¢} is well-defined for each ¢t € R, is a conse-
quence of v € V(X)) (the latter implies that v is a complete vector field). The
mappings {¢},t € R} form a one-parameter subgroup of diffeomorphisms in
the group Diffy(X) (see e.g., [BooT5]), that is,

1)Vt € R ¢} € Diffy(X)
2) Vt,s € R ¢} 0 ¢? = @Y.

Let us fix v € V3(X). Having the group ¢}, t € R, we can consider for any
w € () the curve
R3¢t +— ¢)(w) € Q.
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Definition 7.2.1 For a function F' : Q) — R we define the directional deriva-
tive along the vector field v € Vo(X) as

d

(V?F)(W) = it

F(¢{"w)l =0,
provided the right hand side exists.

We note that V@I is closely related to the concept of the Lie derivative
corresponding to a special class of vector fields on €2, see below.

Let us introduce a special class of smooth functions on 2 which play an
important role in our considerations below. We introduce FCp°(D, ) as the
set of all functions F' : {2 — R of the form

F<w) = gF(<w>901>7 R <w790N>>7 w € €, (72>

where (generating directions) ¢1, ...,y € D and gr(sy, ..., Sy) (generating
function for F') is from C{°(RY).
For any F' € FC°(D, Q) of the form ([7.2)) and given v € V(X)) we have

F( g*w> = gF(¢;)*W,¢1>,---,< ;}*WWON»
= gF(<w>901O¢§>7-"7<w>¢No¢g>)
and, therefore, an application of Definition gives

N
dgr
1 aSi

(ViF)(w) = ({w, 01), - {w, 8w, Vi i) (7.3)

1=

N

(B bt

=1 T X

= <VQF(W7 ')7,0(')>L2(X—>TX,UJ)7

where V¢ is the directional (or Lie) derivative of ¢ : X — R along the
vector field v € V(X), i.e.,

(Vie)(x) = (V¥p(2),v(z))r,x,

and V¥ denotes the gradient on X.
The expression of VS on smooth cylinder functions given by (7.3]) moti-
vates the following definition.
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Definition 7.2.2 We introduce the tangent space TS to the configuration
space €2 at the point w €  as the Hilbert space of measurable w-square -
integrable vector fields, V,, : X — T X, with the scalar product

(VAW = [ (V20 VE@)mxdoo) (7.4)

X

VI W, € T,Q. The corresponding tangent bundle is
Q= | T.0.
wel

Correspondingly, the finitely based vector fields on (2, TQY) can be defined as

N
Q5w Y Fiw € C(X), (7.5)

where Fy,...,Fn € FC®(D,Q) and vy,...,on € Vo(X). We denote the
collection of all such maps by VFC§® (D, Q).

Let us stress that any v € V5(X) can be considered as a “constant” vector
field on €2 such that

Q3wr— V() =v(:) € T,,Q,

(0, 0)g.0 = /X o) 2, do(z) < oo.

Usually in Riemannian geometry, having the directional derivative and a
Hilbert space as the tangent space we can introduce the gradient.

Definition 7.2.3 We define the intrinsic gradient of a function F: Q) — R
as the mapping
Q3w (VIF)(w) € T,Q,

such that for any v € Vp(X)
(VeF)(w) = (VIF)(w), v)1,0. (7.6)

Note that ([7.6)), in particular, implies that VF is the directional deriva-
tive along the “constant” vector field v on Q. Furthermore, by (7.3]) for any
F € FC2(D, Q) of the form (|7.2)) the gradient is given by

0
L (w0, 01)s- s (w0, o))V Vpi(a), w € Q€ X, (1)

(VOF)wiz) = 3
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7.2.2 Integration by parts on compound Poisson space

Let the compound configuration space 2 be equipped with the compound
Poisson measure m7, (cf. Section [6.1). The set FCp°(D, ) is a dense subset
in the space L*(Q,B(Q),n7) =: L*(x]). For any vector field v € V(X)) we

o

have a differential operator in L?(77) on the domain FC{°(D, Q) given by

FCX(D,Q) 3 F — VIF € L*(x7).

Our aim now is to compute the adjoint operator V* in L?(77). It corre-
sponds, of course, to an integration by parts formula with respect to the
measure .

Definition 7.2.4 For any v € Vo(X) we define the logarithmic derivative of
the compound Poisson measure w7 along v as the following function on §:

Q3w B (W) = (, 87) = /X[W(x),v(w)>m + div¥o(z)]dy, (o).
(7.8)

A motivation for this definition is given by the following integration by
parts formula.

Theorem 7.2.5 For all F,G € FCy°(D, Q) and any v € Vo(X) we have

/ﬂ (VOF) ()G (w)dn? (w) = / F(w)[~(V2G) (w) — G(w) BT (w)]dn? (w),
(7.9)
" Vi = V¢ — BT, (7.10)

as an operator equality on the domain FCy°(D,Q) in L*(77).
Proof. Due to Proposition we have that

| Fern6@in) = [ P @)

Q

Differentiating this equation with respect to ¢ and interchanging % with
the integrals, by Definition the left hand side becomes (7.9). To see
that the right hand side also coincides with (7.9) we note that

d

LG ()l = (VIO ),
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and (by Proposition |7.1.2))
d dﬂ';g*a
dt { dmy, (W)] t=0

d pt v
i

TEYw

t=0

+% [eXp {)\/X (1 - %Jgf (x)) da(x)}]

Using (/5.33)) and the formula %[]ﬁ(x)]\t:o = —div¥u(z), the latter ex-
pressions becomes equal to

= D[ (@), v(@))mx + divie(2)]

TEYw

oA / (67 (), v(2))rx + div¥o(a)]do(z)
- Y E@ +A/ﬁ" )do(z) = — BT (w),

TE€Yw

t=0

where we have used the equality

/ 3% (x)do(z / (V1) (x)do(z) = 0.
This completes the proof.
Definition 7.2.6 For a vector field
V:Q3w+—V, T,

the intrinsic divergence le -V is defined via the duality relation

/Q (Vo (VOF)(@))radn (w) = — /Q F)(dvE V)@ (@), (7.11)

for all F € FC(D, ), provided it exists (i.e., provided

Fr— /  (VEE) (W) 0drl (W),

is continuous on L*(77)).
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The existence of the divergence, of course, requires some smoothness of
the vector field. A class of smooth vector fields on 2 for which the divergence
can be computed in an explicit form is described in the following proposition.

Proposition 7.2.7 For any vector field V,, € VFC°(D, ) of the form

Vio(z) = ZGj(w)vj(x), we xeX, (7.12)
we have _
@GV = SAVEG)E)+ Y BF @G
= YT @) whno+ Y 0 H)G ). (113)

Proof. Due to the linearity of V* it is sufficient to consider the case N =1,
ie., V,(2) = G(w)v(x). Then for all I € FC°(D, ) and the Definition
[7.2.6l we have

/ @V V) (@) Fw)dr(w) = — / (Vo (VOF) (@) ()
Q Q
. / G(w) (v, (VOF) (@) roadn? (@)
- - / G(w) (VOF)(w)dr ()
_ / (VG (w) F(w)dr(w)
- / (V26) (@) F(w)dn? (w)
" / BT ()G (w) F () (),
where we have used . Hence
@VEV)w) = (VRG)(w) + B (w)G(w)
— {(VRG)W), o)z + (1 BT Gw).

In the next subsection we give an equivalent description via a “lifting
rule” of the above differential objects on €.
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7.2.3 A lifting of the geometry

In the consideration above we have constructed some objects related to the
differential geometry of the space 2. Now we present an interpretation of all
the above formulas via a simple “lifting rule”.

Any function ¢ € D generates a (cylinder) function on € by the formula

L,(w) = (w,p), we (7.14)

We will call L, the lifting of . As before any vector field v € V4(X) can be
considered as a vector field on 2 (the lifting of v) which we denote by L,,
see Definition For v, w € Vp(X) formula (7.4]) can be written as

<L’U7 Lw)TwQ = L(v,w)TX (CU), (715)

i.e., the scalar product of lifting vector fields is computed as the lifting of the
scalar product (v(z),w(x))7,x = @(x). This rule can be used as a definition
of the tangent space T,2.

Formula has now the following interpretation:

(VoLy)(w) = Lyxy(w), w € Q,

and the gradient of L, is nothing but the lifting of the corresponding under-
lying gradient:
(VELy)(w) = Lyx,(w).

As follows from 1} the logarithmic derivative By 7. — R is obtained
via the same lifting procedure of the corresponding logarithmic derivative
87+ X — R, namely,

BY*(w) = Ly ().

Or, equivalently, one has for the divergence of a lifted vector field:

divfrzg (LU) = Ldivfu‘

7.3 Representations of the Lie algebra of vec-
tor fields

Using the property of quasi-invariance of the compound Poisson measure 7,
we can define a unitary representation of the diffeomorphism group Diffy(X)
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in the space L*(7]), see [GGVTH]. Namely, for ¢ €Diffy(X) we define a

g
unitary operator

drz(¢(w))

F e L*(77).
i) o e

(Vaz (@) F)(w) := F(¢(w))
Then we have

ng (¢1)ng(¢2) = VTrg (¢1 © ¢2)7 ¢1a ¢2 € DIHO(X)

As in Subsection to any vector field v € V(X)) there corresponds a
one-parameter subgroup of diffeomorphisms ¢7,t € R. It generates a one-
parameter unitary group

Vir(97) := explitJ- (v)], t € R, (7.16)
where J;-(v) denotes the self-adjoint generator of this group.

Proposition 7.3.1 For any v € Vo(X) the following operator equality on
the domain FCy°(D, ) holds:

1
2
Proof. Let F € FC°(D, ) be given. Then differentiating the left hand
side of ([7.16]) at ¢t = 0 we get

d

v o d v
%(Vw; (D)) F)(W)li=0 = EF(gbt (W))]i=0 + F(w)

]_ T
Iz (V) = Evf} + —BT. (7.17)

1d dmy(6}(w))

2dt  dnr(w) =0

1 r
= (VEP)(W) + g F) B (W),
where we have used the form of the operator V;-(¢7), the definition of the
directional derivative V! and Theorem [7.2.5, On the other hand the same
procedure on the right hand side of (7.16|) produce i(J;-(v)F)(w). Hence the

result of the proposition follows. [ ]

Remark 7.3.2 More generally, one can study a family of self-adjoint oper-
ators J(v), v € Vo(X), in a Hilbert space H which gives a representation of
the Lie algebra Vo(X) in the sense of the following commutation relation:

[J(v1), I (v2)] = =i ([v1, v2]) (7.18)
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(on a dense domain in H), where [vi,vs] = (v1, VU2)py — (U2, V1) 1y is
the Lie-bracket of the wvector fields vi,ve € Vo(X). In the case discussed,

this relation is a direct consequence of . Thus, we have constructed a
compound Poisson space representation of the Lie algebra Vo(X).

Let us define, in addition, a unitary representation of the additive group
D given by the formula

(Ung (/) F)(w) = exp(i (w, f)) F(w), F € L*(n7), w € Q,

[

for any f € D. As usual, the semi-direct product G := D A Diff((X) of the
groups D and Diffy(X) is defined as the set of pairs (f, ¢) with multiplication
operation

(fl? ¢1)<f27 QSQ) = (fl + f2 © (bl? ¢2 o ¢1)7
see e.g., [GGVTH]. Let us introduce for any element (f,®) € G the following

operator on L?(77) :

Waz(f, ¢) = Un; (f)Vaz (9).

These operators are unitary and form a representation of the group G. If we
introduce multiplication operators p.-(f), f € D, as self-adjoint operators
on L?(77) which are defined for F' € FC°(D, Q) by the formula

(Prg (/) F)(w) := (w, f) Fw), w €,

then Uy-(f) = explips-(f)] and the form of the multiplication in G implies

(07 (f), Tz (0)] = ipaz (VY )

(on a dense domain in L?(n7)) for all f € D, v € Diffo(X). We also have
the relation [prr(f1), p=z(f2)] = 0. The family of operators J.-(v), pr(f),
v € W(X), f € D, thus forms a compound Poisson representation of an
infinite-dimensional Lie algebra. In the particular case when 7 = ¢; this
representation is known as Lie algebra of currents in non relativistic quantum

field theory, e.g., [GGPST4].
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7.4 Dirichlet forms on compound Poisson
space

7.4.1 Definition of the intrinsic Dirichlet form

We start by introducing some useful spaces of cylinder functions on €2 in
addition to FC;°(D,(2). By FP(D,2) we denote the set of all cylinder
functions of the form in which the generating function gg is a polynomial
on RV ie., gpr € P(RY). Analogously, we define FC3*(D, (), where now
gr € C*(RY) (the set of all C>-functions f on R" such that f and all its
partial derivatives of any order are polynomially bounded).

We have obviously

FCF(D,Q) C FCX(D,Q),
FP(D,Q) C FCX(D,Q),

and these spaces are algebras with respect to the usual operations. The
existence of the Laplace transform l.(f), f € D, implies FC*(D, Q) C
L3(r7).

Note that after the embedding 2 < D’ (see Subsection[6.1)) and a natural
extension to D’ the space FP(D,D’) is nothing but the well-known space of
cylinder polynomials on D', see [BK95, Chapter 2].

Definition 7.4.1 For F,G € FC;°(D,Q) we introduce a pre-Dirichlet form
as

£2(F,G) = / (VOF) (), (VO (@))madnl(w).  (7.19)

Note that for F,G € FCp°(D,Q) formula (7.7) is still valid and therefore
(VIF,V9G),,, € FCX(D,Q),

such that is well-defined.

We will call 57% the intrinsic pre-Dirichlet form corresponding to the
compound Poisson measure 7, on {). The name “intrinsic” means that 57%
is associated with the geometry of ) generated by the original Riemannian
structure of X, in particular, by the intrinsic gradient V. In the next
subsection we shall prove the closability of S,%.
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7.4.2 Intrinsic Dirichlet operators

Let us introduce a differential operator H% on the domain FCy°(D, §2) which
is given on any F' € FCy°(D, Q) of the form

F(w) :gF(<w,§01>,...7<W,Q0N>), (WS Q?QF € CI)OO(RN)agplv"'agpN ED,

(7.20)
by the formula
(Hy F)(w)
=2 aiig;““’%% (W en)) /X (V¥@i(w), V¥;()) 7, xdw(x)
a Z aailj <<w’ 901>7 Tt <wa 90N>) /X AXSOi(x)dw(x) (721)

_Z%ij((w,%%...,<w,<pzv>)/XWX%(x)a5U($)>Tszw(“">’

where AX denotes the Laplace-Beltrami operator on X. In this formula all
expressions are from FCp°(D, ) or have the form (w,¢), w € Q, ¥ € D,
except for the functions (w, h;), w € Q, with

hi(x) = (V) (2), B7(x))r,x, v € X,i=1,...,N.

To clarify the situation with these functions note that due to the as-
sumption on o we have p'/2 € H:*(X) which gives h; € L'(0) and these
functions have compact supports. Therefore h; € L'(c), j = 1,...,N. On
the other hand we know that a function {(w, f), w € Q, is from L?*(n7) if
f € L'(o) N L?*(o). The latter follows from the formula for the second mo-
ment of the measure 7], namely

tn0tmz() = mate) [ Pladdola) + m(r)? ( / f<x>da<x>)2,

(7.22)
where my (7) and ms(7) are the first and second moment of the measure 7 on
R, respectively. Equation ([7.22)) is a direct consequence of . As a result
the right hand side of 1) is well-defined. To show that the operator H%
is well-defined we still have to show that its definition does not depend on
the representation of F' in ([7.20) which will be done below.
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Remark 7.4.2 In the applications to the study of unitary representations of
the group Diffy(X) given by compound Poisson measures, there is usually an
additional assumption on the smoothness of the density p := do /dm, namely
p € C®X), plx) >0, x € X, see e.g. [GGVT5]. In this case it is obvious
that the operator H% preserves the spaces FC°(D, Q) and FP (D, 2).

Let us also consider the classical pre-Dirichlet form corresponding to the

measure o on X :

EX (1)) = / (V¥ (), V¥ )7, xdor (1), (7.23)

X

where ¢,1) € D. This form is associated with the Dirichlet operator HX
which is given on D by

(HY¢)(x) = =A% p(x) = (67 (), VFo(2))1, x, (7.24)
and which satisfies
53((90777&) = (H§¢’¢)L2(U)7 Qpa,lvb €D.

Using the underlying Dirichlet operator HX we obtain the representation

(H F)(w)
N
9%g
Pyt asiazj (<w7 (101>7 SRR <W7 §0N>)<VXQ01', VXQOj>TwQ
N ag
F
+ 9s: <<w7901>7"'7<w7§0N>)<W,H§g0i>,
i=1 v

Let us define for any w € 2, z,y € X
(VEVER) (W, 2,y)

N
0%g
= 2 Gegs (@)l on) Vii(e) @ VEpi(y) € TLO @ TLO.
ig=1 v’
Then
APF(w) = Tr(VEVEF)(w)
N 629
_ F X X
— 2 D105, (W, 01),s -y (w, oIV 01, Vi) 10
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Q

% can be written as

Hence the operator

(H F)(w) = —(A%F)(w) = (w, divy (V7F)(w; ).

The following theorem implies that both HS. and A% are well-defined as

linear operators on FCp°(D, ), i.e., independe;tly of the representation of
F on ([7.20).

% is associated with the intrinsic Dirichlet

i.e., for all F,G € FC (D, Q) we have

Theorem 7.4.3 The operator
form EY

Exe(F,G) = (HL F, G) 12(n7),

or

Hy, = —divy, V" on FC3°(D, Q).
We call H% the intrinsic Dirichlet operator of the measure w7 .

Proof. For any F € FCy°(D, ) of the form (7.20)) we have

(VOF) ) = 3 (o) o) T Vo),

j=1

By (7.13)) we conclude that
divy, (V'F) = —H.F

which by ([7.11)) for F,G € FCp°(D, Q) gives
(HrnggF7 G)L2(7T;) = - / diVSg (VQF)<W)G(w>d7T;<w)
Q

= [ UTF)@) (V6 )y g (o).
]

Corollary 7.4.4 The Dirichlet form (£, FC*(D,Q)) is closable on the
space L*(nT). Its closure (E%,D(S%)) is associated with a positive definite

self-adjoint operator, the Friedrichs extension of H% which we also denote
by HY. (and its domain by D(H)).
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Clearly, V¥ also extends to D(é’%). We denote this extension again by
Ve,

Corollary 7.4.5 Let

F(w) = gr({w,@1), .., {w,on)),  wEQ gr € CPRY),
01, .., on € D(ED).

Then F € D(&;}) and

N
dgr

(vQF)<) = a_Si(<"901>7"‘7<'7§0N>)VXSOZ"

1=

Proof. By approximation this is an immediate consequence of ((7.7)) and the
fact that forall 1 <3 < N

(ma(r)) ™ / (0. |V i) T (w) = EX (i 00).
[ |

Remark 7.4.6 Of course the domain D(EY,) of the Dirichlet form E5% is
nothing but the Sobolev space Hy*(Q,77) on Q of order 1 in L*(Q,77).

7.5 Identification of the diffusion process on
compound Poisson space

In this section we will prove the existence of a diffusion process correspon-
ding to our Dirichlet form (€5, D(E)). For a general theory of processes
corresponding to Dirichlet forms we refer to [MR92, Chapter IV], see also
[Euk80].

After all our preparation and taking into account the general description
of compound Poisson space given in Section we will see that this process
is nothing but a direct consequence (“lifting”) of the corresponding process
on the space of simple configurations I'x, see [AKRO98al Section 6] for a
detailed description. Let us clarify this in more detail. After Section

there is an obvious identification between compound configurations w € (2
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and a marked configurations (v,,,m,) € Q% which gives the possibility to

obtain an embedding from L*(T'x,7,) into L*(Qx,77), i.e.,

L*(Qx,77) > F(w) = G(y) € L*(Tx, 7,).

Hence all operators acting in L*(I'x,7,), e.g., V', VI*, HL etc. are appli-
cable on L?(Qy,77) with respect to part of the variables. Moreover we have
the following relation

(VIF)(w) = (VI F) (), w = (o, ma) € O,

for the intrinsic gradient, from which everything else follows, see below.

Let us consider a probability measure 7 on R (or more general a prob-
ability measure on the space of marks M, cf. Section . In what follows
we always identify any compound configuration w € € (or in general marked
configuration) with (., m,), i.e.,

Q3w ~ (Y, Mmy,).

From Subsection we have for any diffeomorphism ¢ € Diffy(X) its action
on (V,,my) is given by

(Ve M) = (9(V) 5 M)

It follows from Proposition[7.1.2]and the assumption on 7 that the Radon-
Nikodym density of 7] and 7, with respect to the group Diffy(X) are equal,
ie., pg; (w) = P’ (Vw), where 7, corresponds to w.

Let us compute the action of the gradient V! on cylinder functions F €
FCp°(D, ). To this end let v € V(X)) be a vector field on X with compact
support and ¢; the corresponding flow. Then by definition we have

(80 (1) 1)) leo.

(VEF) (0, m0)) =

On cylinder functions of the form

F((’}/w, mw)) = gF(<(7UJ7 mw)a 901>v R <(7wa ma))a @N)):

where w = (v,,my) € Q, gr € CRY), and ¢y,...px € D, the above
definition gives

Z aailj (Vs M)y 0105 -+ -5 {(Veos M) s N (Vs M) va(Pz>
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Therefore the following equality on FC°(D, <)) (dense in L*(x7)) of the
directional derivatives holds (cf. (5.31]) and (7.7]))

(VeF)(w) = (Vo F) (s mw)),
which implies the equality between the intrinsic gradients, i.e.,

(VIF)(w) = (VI F) ().

From these considerations on the intrinsic gradient we get a relation be-
tween the Dirichlet forms, namely

£ (F.G) = /Q<(VQF)(W)7(VQG)(wDTMQdWZ(M)

= /Q<(VFF>((%,mw)),(VFG>((%mw))>TwrdﬂZ(w)
= &.(F,G).

On the other hand the above relation between Dirichlet forms allowed us
to derive easily the following relation for the intrinsic Dirichlet operators

(HF)(w) = (Hy, o, F) (v, my), F € FCF(D,9Q),

o, Yw

where HEU% acts with respect to the variable ~,. Of course the correspond-
ing semigroups (whose generators are H'; and H;U%) are related by

Q
,tHﬂg _ e_tHF

e mow @ 1y, , t > 0.

From this it follows that the process, =;, t > 0, on compound Poisson
space (or in marked Poisson space) is nothing but the equilibrium process X,
(distorted Brownian motion on §2) together with marks of the corresponding
configuration, i.e.,

= ={X7Y,mu}
For more detailed description of properties of the process X;* we refer to
[AKRO8a, Section 6].

7.6 Marked Poisson measures

In this section we present some general results on marked Poisson measures
which generalizes the compound Poisson measures introduced in Section [6.1
as well as the construction of measures on configuration spaces from Sec-
tion 5.1} For more detailed information on marked Poisson processes we refer
to [BL95), Chapter 6], [Kin93, Chapter 5], [MMO91], and references therein.
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7.6.1 Definitions and measurable structure

In this subsection we describe the space of marked configurations as well as
its associated measurable structure. Before we recall the definition of the
configuration space over the Cartesian space X x M between a Riemannian
manifold X and a complete separable metric space M.

The configuration space I'xyjs over the Cartesian product X x M is
defined as the set of all locally finite subsets (configurations) in X x M:

Fxxni={7 C X x M||yN K| < oo for any compact K C X x M}.

Let us now introduce the space of marked configurations which will plays
the same role as I'y played for Poisson measure but now for the marked

Poisson measure, see Subsection below. It is defined as
QY = {w = (Y, mu) 1w € Tx,m, € M“}.

Here M* stands for the set of all maps v, >  — m, € M. We may also
write the marked configuration space Qﬂ‘(/[ as a subspace of 'y, as follows

O = {w={(z,m)} C Txxnsl{z} =7 € T'x,m, € M}.
For any A C X we define in an analogous way the set Q3 i.e.,
= {w = (Y, mu) |V € T, my, € M¥},

and
N = {w={(z,m,)} CTaxml{z} =7, €Tp,m, € M}.

In order to describe the o-algebra B(Q¥) we proceed as follows. Let
A€ O.(X) and n € Ny := NU{0} be given. We define an equivalent relation
~on (A x M)" setting

((:L‘17m$1)’ (:L‘Q’m:vz)’ SR (:Emmwn)) ~ ((ylv my1>7 (y27my2)7 SR (ymmyn))

iff there exists a permutation 7 € &,, (the group of permutations of n ele-
ments) such that

(Tiy ma,) = (Yn(i), Myngy), Vi=1,...,m.

Hence we obtain the quotient space (A x M)"/&,, by means of ~. Then we
introduce the subset of (A x M)"/&,,, Q3 (n), defined as follows

Qj\([(n) ={((x1,myg,), ..., (X1, my,)) |2 € N2y # x5, 0 F# j,my, € M},
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or equivalently
U (n) := { (s m) o € T muy € M2}, QY (0) = {0}

The space Q3 (n) is endowed with the relative metric from (A x M)"/&,,
ie.,

o([x],[y]) = inf d"(z'y),

v'€lz],y €[y

where d" is the metric defined on (A x M)™ driven from the original metrics
on X and M. Therefore QY (n) becomes a metrizable topological space.
It is obvious that

oy = | oN ).

n=0
This space can be equipped with the topology of disjoint union of topological
spaces, namely, the strongest topology on Q& such that all the embeddings

i QM (n) — Q¥ n € Ny,

are continuous. B(2}Y) stands for the corresponding Borel o-algebra.
For any A € O.(X) there are natural restriction maps

pa s Q% — QY
defined by
A M) = (Y N A Mupnn) € Q5 (M) € QX (7.25)
The topology on Q4 is defined as the weakest topology making all the map-
pings pj continuous. The associated Borel o-algebra is denoted by B(Q47).

7.6.2 The projective limit

Finally we want to show that QY coincides with the projective limit of the
family of topological spaces {QA|A € O.(X)}. First we recall the definition

of projective limit of topological spaces, see e.g., [BD68, Chapter 3] and
[Sch71l, Chapter 2.

Definition 7.6.1 Let A1, Ay € O.(X) be given with Ay C Ay. There are
natural maps
Pas,A, e Q%; - Q%
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defined by
PAs, A1 ('Vwamw> = (’YUJmA17mW|'YwmA1) € Q%’ (’Yaan) € Q%
The projective limit of the family {QM|A € O.(X)} denoted by

prlim Q&
AeO.(X)

15 a topological space 2 and a family of continuous projections
Py:Q— QY A€ O(X),
such that the following two conditions are satisfied:
1. If Ay, Ay € O.(X) with Ay C Ay, then

PA1 = PAs,Aq © P/\z'

2. If Q' is a topological space and
Py -0 A€ 0(X),

a family of continuous projections which fulfills condition [1] above, then
there exists a unique continuous map u : Q' — Q such that Py = Pyou,

for all A € O.(X).

Remark 7.6.2 The projective limit of the family {Q¥|A € O.(X)} exists
and is unique in the following sense: let Q and ' be projective limits, then
there exists a map u : Q — Q' such that u and u™' are continuous, see e.q.,

|Par67, Chap. 4].

Theorem 7.6.3 The space of marked configurations Q¥ is the projective
limit of the family {QM|A € O.(X)} together with the family of projections
{palA € O(X)} (defined in (7.25)) and

B(QY) = o(py (B(QY)); A € O:(X)).

In other words there exists a bicontinuous bijective mapping between Q¥ and
the projective limit. This will be denoted by Q5 ~ prlimy o x) Q).
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A, Py
4 O A
I O Q) pMAI»gM§
. .
Py, ~

X QM =

A€O(X)

Figure 7.1: Diagram used in constructing projective limit.

Proof. We will use always in the proof the convention that A, A, Ay €
O.(X) with Ay C Ay. First we verify condition [I] of Definition [7.6.1] This
can easily be done as follows

pAQ,Al o pAQ (7&17 mw) = pAQ,Al (P)/w m A27 mw|’ywﬂA2>
= (7 N A17 mw\’ywﬂl\l)
= Pn (7&)7 mw)u
for (7., m,,) € QY which is the desired result.

Let us now construct a version of the projective limit of the family
{OM A € O.(X)}, see e.g., [Par6T]. As Q) we take

Q= {W € >< Q%|pA2,A1((w>A2) - (W)Al} )

AeO.(X)

where (w), denotes the A-component of w. We define the projections Py by
Py (w) := (w) for any w € Q and define the o-algebra as B(Q2) := o({ PA|A €
O.(X)}), see diagram in Figure [7.1]

Now we define a (bijective) mapping I : QY — Q by

(I (Vs M)A = AV, M) € QL (s my) € Q¥ A € O0u(X).
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We first show that [ is well defined, this means that

DAz, ((I(Vwa mw))/\2) = (7«) N A17 mw\’ywﬂl\l)'

Indeed we have

PAs,A4 ((](7w7 mw))/\2> = DPAg,A; O DAy (/Vwa mw)
= A (Yo, M)
= (WNA mwwuﬂm)

which proves that I is well defined. Let us prove in addition that [ is a
bijective mapping between QY and €.

Ingectivity. Let (., mw), (Yo, mwr) € QY such that I(v,,my) = I(Yur, M)
That means by definition of I that (v, N A, mypy,na) = (Y N A, My ,n)
for all A € O.(X). Since the manifold X can be written as countable union
of sets from O.(X), i.e.,

X={J A A €0O(X),neN

neNy

this implies that (7,,my) = (7.7, my) and therefore the injectivity of I is
proved.

Surjectivity. Let w = ((w)a)aco.x) = (05, ME)a)aco.(x) € © be given and
take a family of pairewise disjoint subsets from O.(X), {A,,n € N} such

that
X = |_| Ay,

neN

moreover we may assume that for any A € O.(X) Im € N such that
Ac| A, =Ap (7.26)
n=1

Let us define an element (v, m,) from Q¥ as follows:
Yo = U (/7: N An)
neN

and
my U(’y:ﬂAn)BmexEM, € NA,,ng €N,
neN
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First we note that the assumption (7.26) gives

Yo NA = U "NA,NA), AeO(X).

Secondly we must prove that (I(7,,my))a = (w)a for any A € O.(X). From
the definition of I and p, we have

(I(%u mw))A = pA(waa mw) = (f}/w N A7 mwwwﬂ/\)

and from the above representation for v, N A we obtain

(Vo N A Mgpnn) = (U (v:NA,NA), mwmm/\)

n=1
= U (’7:; N An N A; mwhj@ﬂAnﬂA)
n=1
= U pAnﬂA(%j? mw) - U 7:; N Ana mwh:jﬂAN)
n=1 n=1
= pA(%, N An 7mw|7*ﬁl\m) ( :) NA, mw\ﬁ;m\)
= (W)

which proves the surjectivity of I.

Taking into account condition [I| of Definition it follows that I is
continuous. Hence only remained to proof that B(Q%Y) and B(Q2) coincide.
This is an immediate consequence of the definition of the o-algebras and the
continuity of . [ |

7.6.3 Marked Poisson measure

The underlying manifold X is endowed with a non-atomic Radon measure o,
(cf. Section . Let a probability measure 7 be given on the space M. The
space X := X x M is endowed with the product measure between o and 7
denoted by 7, i.e., 6 == 0 X T.

Remark 7.6.4 For o-additive measure T we may also allowed that T(M) =
oo by an monotone argument.
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The measure 6" can be considered as a finite measure on (A x M)" for
any A € O,(X) which induces on Q& (n) the measure

. 1. .
Oan = ﬁa@m, n >0, or0(0) := 1.

Then we consider a measure A2 on Q3 which coincides on each Q3 (n) with
the measure 64, as follows

) [ 1

A ~ _ ~ RN

DYSES E OAn = E Ea .
n=0 n=0

The measure A2 is finite on Q4 and A2 (QY) = e“@ | therefore we define a
probability measure p on Q3 setting

pd = e WEL, (7.27)

g

The measure p has the following property

1 n —0
PO () = o (M)W,

which gives the probability of the occurrence of exactly n points of the marked
Poisson process (with arbitrary values of marks) inside the volume A.
In order to obtain the existence of a unique probability measure ps; on

B(Q4) such that

= pips, A€ O(X),
on should check the consistency property of the family {u2|A € O.(X)}. In
other words one should verify the following equality of measures, see diagram

in Figure[7.2
a2 o pat a =5t Ar, Ay € O(X), Ay C As. (7.28)

It is known, see e.g., [GGVT5], that the o-algebra B(Q}!) coincides with
the o-algebra generated by the cylinder sets from Q¥ C5 = B € O.(A),
n € Ny. Here Cgm has the following representation

7’,,1'7

Chn = {w = (Wwmo) € Wl Bl =n}.

Hence for a given B € O.(Ay), n € Ny the pre-image under py, a,0f the
cylinder set ngn from Q) is a cylinder set from QY i.e.,

Prias (CB1) = {w = (o, me) € O || 1 B = n} = O,
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(Qg('d? /JJ&)

pAg pAl
O

g PAg,Aq “

(L, 1157) - (R 5

Figure 7.2: Diagram used to prove the consistency property of the family
{u5|A € Oc(X)}.

On the other hand it is well known, see e.g., [AKR98a] and [Shi%4] that

() = o™ (B)e o),
which is the same as ug\l(C’g}n). Therefore the consistency property is
proved.

It is possible to compute in closed form the Laplace transform of the
measure ;. Let f be a continuous function on X such that the suppf C
A x M for some A € O.(X). Let w = (y,,m,) be an element of QY and
define the pairing between f and w by

Then we have

/ e(f,w>dﬂg(w):/ el dpg OpAl(W>:/ e dpd ().
Qé&(f oM

M
QA

Using ((7.27)) the last integral is equal to

o0 1 n
o= E —'/ exp ( g f(xk,mzk)> do(xy,my,) ...do(z,, my,)
n!
n=0 ( k=0

AXM)™
= 7O(A) — f(xﬂniﬂ)dA ( )>
e e o(x, mg

= exp (/X(ef@’mw) — 1)d&(aj,mm)> .
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That is, for any f in the above conditions the following formula holds:

o) = [ ednat) = exp ([ ()~ 1yas(am.) ).
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