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Abstract
In this talk we exhibit a new approach to analysis and geometry for

a class of infinite dimensional manifolds, namely, compound configu-
ration spaces as a natural generalization of the work [AKR98a]. This
framework allowed us to obtain a representation of the Lie-algebra of
compactly supported vector fields on X on compound Poisson space.

1 Introduction

Started with the work of Gelfand et al. [GGV75], many researchers consider
representations on compound Poisson space, see also [Ism96]. Hence it is
natural to ask about geometry and analysis on this space. On the other
hand in statistical physics of continuous systems compound Poisson measures
and their Gibbsian perturbation are used for description of many concrete
models, see e.g. [AGL78].

In constructing analysis and geometry in the space of simple configura-
tions ΓX over a manifold X, i.e.,

ΓX := {γ ⊂ X | |γ ∩K| < ∞ for any compact K ⊂ X},

an important tool is the action of the group of diffeomorphism Diff0(X) on
X which are equal to the identity outside a compact on the configuration
space ΓX (cf. [AKR98a]).
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In this talk we present a natural extension of the results obtained in
[AKR98a] to the case of compound configuration space ΩX over a Riemannian
manifold X, i.e., the space of R+-valued measures on X of the form

ΩX = {ω =
∑
x∈γω

sxεx ∈ D′|sx ∈ supp τ, γω ∈ ΓX},

where τ is a finite measure on R+. This geometry is constructed via a “lifting
procedure” and is completely determined by the Riemannian structure on X.

The problem of analysis and geometry on infinite dimensional spaces is
highly connected with the lacking of a good notion of “volume element”
which is due to the fact that there is no Lebesgue measure on infinite di-
mensional linear spaces. In Subsection 3.2 we prove that the compound
Poisson measure πτ

σ on ΩX for which ∇ΩX and divΩX
πτ

σ
become dual operators

on L2(ΩX , πτ
σ) (w.r.t. 〈·, ·〉TΩX

) is the right “volume element” corresponding
to our differential geometry on ΩX .

Let us stress that the “test” functions FC∞
b (D, ΩX) (resp. “test” vec-

tor fields VFC∞
b (D, ΩX)) we consider as domains for our gradient ∇ΩX

(resp. divΩX
πτ

σ
) above are of cylinder type, i.e., F ∈ FC∞

b (D, ΩX) if and only
if

ω 7→ F (ω) = gF (〈ω, ϕ1〉, . . . , 〈ω, ϕN〉) (1)

for some N ∈ N, ϕ1, . . . , ϕN ∈ D := C∞
0 (X), gF ∈ C∞

b (RN), and V ∈
VFC∞

b (D, ΩX) if and only if

ΩX 3 ω 7→ V (ω) =
N∑

i=1

Gi(ω)vi, (2)

N ∈ N, Gi ∈ FC∞
b (D, ΩX), vi ∈ V0(X), i = 1, . . . , N . Here C∞

0 (X), V0(X)
denote the set of all smooth functions, resp. vector fields on X with compact
support, C∞

b (RN) the set of all functions on RN with all derivatives of any
order bounded, and for all ϕ ∈ C∞

0 (X)

〈ω, ϕ〉 :=

∫
X

ϕ(x)dω(x) =
∑
x∈γω

sxϕ(x).

We would like to emphasize the contents of Subsection 3.3. It is well-
known, see [GGV75, Sect. 6] that there is a canonical unitary representation
on compound Poisson space, i.e., L2(ΩX , πτ

σ), of the group of diffeomorphisms
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Diff0(X). On the basis of our results described above, we provide a corre-
sponding representation of the associated Lie algebra of compactly supported
vector fields. We also exhibit explicit formulas for the corresponding gener-
ators.

Last we would like to mention that most of the results obtained extend
in a natural way (along the lines of the work [AKR98b] and [AGL78]) to the
case where compound Poisson measures are replaced by Gibbs measures of
Ruelle type.

2 Measures on configuration spaces

Let X be a connected, oriented C∞ (non-compact) Riemannian manifold.
For each point x ∈ X, the tangent space to X at x will be denoted by TxX;
and the tangent bundle endowed with its natural differentiable structure will
be denoted by TX = ∪x∈XTxX. The Riemannian metric on X associates
to each point x ∈ X an inner product on TxX which we denote by 〈·, ·〉TxX .
The associated norm will be denoted by | · |TxX . Let m denote the volume
element.

O(X) is defined as the family of all open subsets of X and B(X) denotes
the corresponding Borel σ-algebra. Oc(X) and Bc(X) denote the systems of
all elements in O(X), B(X) respectively, which have compact closures.

We can identify any γ ∈ ΓX with the positive integer-valued Radon mea-
sure ∑

x∈γ

εx ∈Mp(X) ⊂M(X),

where
∑

x∈∅ εx := zero measure, and M(X) (resp. Mp(X)) denotes the set
of all positive (resp. positive integer-valued) Radon measures on B (X). The
space ΓX can be endowed with the relative topology as a subset of the space
M(X) with the vague topology. Let B(ΓX) denote the corresponding Borel
σ-algebra.

2.1 Poisson measures

For the construction of a Poisson measure on ΓX first we need to fix an
intensity measure σ on the underlying manifold X. We take a density ρ > 0
m-a.s. such that ρ1/2 ∈ L1

loc(X) and put dσ(x) = ρ(x)dm(x). Then σ is a
non-atomic Radon measure on X, in particular, σ(Λ) < ∞ for all Λ ∈ Bc(X).
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There are different ways to define the Poisson measure πσ with intensity
σ on ΓX , see e.g. [AKR98a] and [GV68]. Here we characterize πσ by its
Laplace transform.

Definition 2.1 The Laplace transform of πσ is given for f ∈ C0(X) by

lπσ(f) =

∫
ΓX

exp(〈γ, f〉)dπσ(γ)

= exp

(∫
X

(ef(x) − 1)dσ(x)

)
. (3)

2.2 Compound Poisson measures

Let τ be a non-negative finite measure on R+ :=]0,∞[ having all moments
finite and satisfying the analyticity property

∃C > 0 : ∀n ∈ N0

∫ ∞

0

|s|ndτ(s) < Cnn!. (4)

We denote D := C∞
0 (X) (the set of C∞-functions on X with compact

support) equipped with the usual topology, see e.g. [Aub82].

Definition 2.2 A measure πτ
σ on D′ is called a compound Poisson measure

if its Laplace transform is given for ϕ ∈ D by

lπτ
σ
(ϕ) =

∫
D′

exp(〈ω, ϕ〉)dπτ
σ(ω)

= exp

(∫
X

∫ ∞

0

(esϕ(x) − 1)dτ(s)dσ(x)

)
, (5)

see e.g. [GGV75].

The measure πτ
σ has the following properties.

Proposition 2.3 1. πτ
σ has an analytic Laplace transform.

2. πτ
σ is supported on Ω := ΩX , the space of compound configurations, i.e.,

Ω = {ω =
∑
x∈γω

sxεx ∈ D′|sx ∈ supp τ, γω ∈ ΓX},

in other words πτ
σ(Ω) = 1.
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3. If suppτ = {1}, i.e., dτ(s) = ε1(ds), then πτ
σ = πσ.

For the proof of the above proposition we refer to [KSSU98], [Oba84].
Actually the compound Poisson measure is a special case of the marked
Poisson measure where instead ω =

∑
x∈γω

sxεx we have ω = (γω, mω), γω ∈
ΓX and mω is a mapping from γω to R+, see [KSS98] for more details.

2.3 The isomorphism between Poisson and compound
Poisson spaces

Let us define a measure σ̂ on (X ×R+,B(X ×R+)) as the product measure
of the measures τ and σ, i.e.,

dσ̂(x̂) := dτ(s)dσ(x), x̂ = (x, s) ∈ X × R+.

We define the Poisson measure πσ̂ with intensity measure σ̂ on (ΓX×R+ ,
B(ΓX×R+)) via its Laplace transform

lπσ̂
(ϕ̂) =

∫
Γ̂

exp(〈γ̂, ϕ̂〉)dπσ̂(γ̂)

= exp

(∫
X×R+

(eϕ̂(x̂) − 1)dσ̂(x̂)

)
, ϕ̂ ∈ D(X × R+). (6)

We notice that indeed πσ̂ is concentrated in a smaller space denoted by
Γ̂ of the following form

Γ̂ =

{
γ̂ =

∑
x̂i∈γ̂

εx̂i
, x̂i = (xi, si) ∈ X × R+, xi 6= xj, i 6= j

}
.

This follows from the construction of Poisson measure and the fact that σ is
a non-atomic measure on X. It follows from (4) that the Laplace transform
lπσ̂

is well defined for ϕ̂(s, x) = p(s)ϕ(x) where p(s) =
∑m

k=0 pks
k (p0 6= 0) is

a polynomial and ϕ ∈ D (cf. [LRS97]). Let us put ϕ̂(s, x) = sϕ(x), ϕ ∈ D
in (6). Then by (3) we obtain

lπτ
σ
(ϕ) = lπσ̂

(sϕ), ϕ ∈ D.

Then it follows that the compound Poisson measure πτ
σ is the image of

πσ̂ under the transformation Σ : Γ̂ → ΣΓ̂ = Ω ⊂ D′ given by

Γ̂ 3 γ̂ 7→ (Σγ̂)(·) = Σ

(∑
x̂i∈γ̂

εx̂i

)
(·) :=

∑
(si,xi)∈γ̂

siεxi
(·) ∈ Ω ⊂ D′, (7)
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i.e., ∀B ∈ B(D′)

πτ
σ(B) = πτ

σ(B ∩ Ω) = πσ̂(Σ−1(B ∩ Ω)),

where Σ−1∆ is the pre-image of the set ∆.
Then for any h ∈ L1(D′, πτ

σ) = L1(Ω, πτ
σ) the function h ◦ Σ ∈ L1(Γ̂, πσ̂)

we have ∫
Ω

h(ω)dπτ
σ(ω) =

∫
Γ̂

h(Σγ̂)dπσ̂(γ̂). (8)

It is worth noting that there exists on Ω an inverse map Σ−1 : Ω → Γ̂.
And we obtain that πσ̂ on Γ̂ is the image of πτ

σ on Ω under the map Σ−1,
i.e., ∀Ĉ ∈ B(Γ̂), πσ̂(Ĉ) = πτ

σ(ΣĈ). Thus for any f̂ ∈ L1(Γ̂, πσ̂) the function
f̂ ◦ Σ−1 ∈ L1(Ω, πτ

σ) we obtain∫
Γ̂

f̂(γ̂)dπσ̂(γ̂) =

∫
Ω

f̂(Σ−1ω)dπτ
σ(ω). (9)

Now we construct a unitary isomorphism UΣ between the Poisson space
L2(πσ̂) := L2(Γ̂, πσ̂) and the compound Poisson space L2(πτ

σ) := L2(Ω, πτ
σ).

Namely,
L2(Ω, πτ

σ) 3 h 7→ UΣh := h ◦ Σ ∈ L2(Γ̂, πσ̂)

and
L2(Γ̂, πσ̂) 3 f̂ 7→ U−1

Σ f̂ = f̂ ◦ Σ−1 ∈ L2(Ω, πτ
σ).

The isometry of UΣ and U−1
Σ follows from (8) and (9), respectively

As a result we have established the following proposition.

Proposition 2.4 The map UΣ is a unitary isomorphism between the Poisson
space L2(πσ̂) and the compound Poisson space L2(πτ

σ).

2.4 The group of diffeomorphisms and compound Pois-
son measures

Let us denote the group of all diffeomorphisms on X by Diff(X) and by
Diff0(X) the subgroup of all diffeomorphisms φ : X → X with compact sup-
port, i.e., which are equal to the identity outside of a compact set (depending
of φ). For any f ∈ C0(X) we have a continuous functional

Ω 3 ω 7→ 〈ω, f〉 =

∫
X

f(x)dω(x) =
∑
x∈γω

sxf(x)
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and given φ ∈Diff0(X) we have 〈φ∗ω, f〉 = 〈ω, f ◦ φ〉 .
Any φ ∈Diff0(X) defines (pointwisely) a transformation of any subset of

X and, consequently, the diffeomorphism φ has the following “lifting” from
X to Ω :

Ω 3 ω =
∑
x∈γω

sxεx 7→ φ∗ω =
∑
x∈γω

sxεφ(x) ∈ Ω.

This mapping is obviously measurable and we can define the image measure of
πτ

σ under φ as usually by φ∗πτ
σ = πτ

σ ◦φ−1, i.e., (φ∗πτ
σ)(A) = πτ

σ(φ−1(A)), A ∈
B(Ω).

The following proposition shows that this transformation is nothing but
a change of the intensity measure σ and τ is preserved.

Proposition 2.5 For any φ ∈Diff0(X) we have φ∗πτ
σ = πτ

φ∗σ.

Proof. Due to the characterization of the measures it is enough to compute
the Laplace transform of the measure φ∗πτ

σ to show the property.
Let f ∈ C0(X) be given. Then the Laplace transform of φ∗πτ

σ is given by∫
Ω

exp(〈ω, f〉)d(φ∗πτ
σ)(ω) =

∫
Ω

exp(〈ω, f〉)dπτ
σ(φ−1(ω))

=

∫
Ω

exp(〈ω, f ◦ φ〉)dπτ
σ(ω)

= exp

(∫
X

∫ ∞

0

(esf(x) − 1)dτ(s)d(φ∗σ)(x)

)
=

∫
Ω

exp(〈ω, f〉)dπτ
φ∗σ(ω)

which is just the Laplace transform of the measure πτ
φ∗σ. �

For any φ ∈Diff0(X) we introduce the Radon-Nikodym density of σ as
pσ

φ(x) := d(φ∗σ)
dσ

(x) = ρ(φ−1(x))
ρ(x)

dm(φ−1(x))
dm(x)

= ρ(φ−1(x))
ρ(x)

Jm(φ)(x),

if x ∈ {0 < ρ < ∞} ∩ {0 < ρ ◦ φ−1 < ∞};

pσ
φ(x) := 1, otherwise,

, (10)

where Jm(φ) is the Jacobian determinant of φ (with respect to the Rieman-
nian volume m), see e.g. [Boo75]. Note that pσ

φ(x) ≡ 1 outside a compact.
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The next proposition is a consequence of the Proposition 2.4, Skorokhod’s
theorem on absolute continuity of Poisson measures, see e.g. [Sko57], [Tak90]
and also [Shi94]. It shows that πτ

σ is quasi-invariant with respect to the group
Diff0(X).

Proposition 2.6 The compound Poisson measure πτ
σ is quasi-invariant with

respect to the group Diff0(X) and for any φ ∈ Diff0(X) we have p
πτ

σ
φ = p

πλτ σ

φ ,
where λτ = τ(R+), i.e.,

p
πτ

σ
φ (ω) =

d(φ∗πτ
σ)

dπτ
σ

(ω) =
∏
x∈γω

pσ
φ(x) exp

(
λτ

∫
X

(1− pσ
φ(x))dσ(x)

)
.

Proof. Given φ ∈Diff0(X) then φ̂ := φ⊗id∈Diff(X × R+). Hence having
in mind the isomorphism described in Subsection 2.3 the Radon-Nikodym
density of πτ

σ with respect to the group Diff0(X) is given by

p
πτ

σ
φ (ω) = U−1

Σ pπσ̂
φ⊗id(ω)

=
∏
x̂∈γ̂ω

dσ̂ ◦ (φ⊗ id)−1

dσ̂
(x̂) exp

(∫
X×R+

(
1− dσ̂ ◦ (φ⊗ id)−1

dσ̂
(x̂)

)
dσ̂(x̂)

)
=

∏
x̂∈γ̂ω

pσ
φ(x) exp

(
λτ

∫
X

(1− pσ
φ(x))dσ(x)

)
= p

πλτ σ

φ (γω),

where we have used [AKR98a, Prop. 2.2]. �

3 Differential geometry on compound Pois-

son space

The underlying differentiable structure on X has a natural lifting to the
configuration space Ω. As a result appear in Ω objects such as the gradient,
the tangent space etc. Below we describe the corresponding constructions in
details.

3.1 The tangent bundle of Ω

Let V (X) be the set of all C∞-vector fields on X (i.e., smooth sections of
TX). We will use a subset V0(X) ⊂ V (X) consisting of all vector fields with
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compact support. V0(X) can be considered as an infinite dimensional Lie
algebra which corresponds to the group Diff0(X) in the following sense: for
any v ∈ V0(X) we can construct the flow of this vector field as a collection
of mappings φv

t : X → X, t ∈ R obtained by integrating the vector field.
Let us fix v ∈ V0(X). Having the group φv

t , t ∈ R, we can consider for
any ω ∈ Ω the curve R 3 t 7−→ φv

t (w) ∈ Ω.

Definition 3.1 For a function F : Ω → R we define the directional deriva-
tive along the vector field v ∈ V0(X) as

(∇Ω
v F )(ω) :=

d

dt
F (φv∗

t ω)|t=0,

provided the right hand side exists.

A class of functions where ∇Ω
v can be computed explicitly is FC∞

b (D, Ω).
Namely let F ∈ FC∞

b (D, Ω) be of the form (1) and v ∈ V0(X), then we have

F (φv∗
t ω) = gF (〈φv∗

t ω, ϕ1〉 , . . . , 〈φv∗
t ω, ϕN〉)

= gF (〈ω, ϕ1 ◦ φv
t 〉 , . . . , 〈ω, ϕN ◦ φv

t 〉)

and, therefore, an application of Definition 3.1 gives

(∇Ω
v F )(ω) =

N∑
i=1

∂gF

∂si

(〈ω, ϕ1〉 , . . . , 〈ω, ϕN〉)
〈
ω,∇X

v ϕi

〉
, (11)

where ∇X
v ϕ is the directional (or Lie) derivative of ϕ : X → R along the

vector field v ∈ V0(X), i.e.,

(∇X
v ϕ)(x) =

〈
∇Xϕ(x), v(x)

〉
TxX

,

where ∇X denotes the gradient on X.
The expression of ∇Ω

v on smooth cylinder functions given by (11) moti-
vates the following definition.

Definition 3.2 We introduce the tangent space TωΩ to the configuration
space Ω at the point ω ∈ Ω as the Hilbert space of measurable ω-square-
integrable sections (measurable vector fields) Vω : X → TX with the scalar
product 〈

V 1
ω , V 2

ω

〉
TωΩ

=

∫
X

〈
V 1

ω (x), V 2
ω (x)

〉
TxX

dω(x) (12)
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V 1
ω , V 2

ω ∈ TωΩ. The corresponding tangent bundle is

TΩ =
⋃
ω∈Ω

TωΩ.

Any v ∈ V0(X) can be considered as a “constant” vector field on Ω such that
Ω 3 ω 7→ Vω(·) = v(·) ∈ TωΩ and 〈v, v〉TωΩ =

∫
X
|v(x)|2TxXdω(x).

Usually in Riemannian geometry, having the directional derivative and a
Hilbert space as the tangent space we can introduce the gradient.

Definition 3.3 We define the intrinsic gradient of a function F : Ω → R as
the mapping Ω 3 ω 7→ (∇ΩF )(ω) ∈ TωΩ such that for any v ∈ V0(X)

(∇Ω
v F )(ω) =

〈
(∇ΩF )(ω), v

〉
TωΩ

. (13)

Note that (13), in particular, implies that ∇Ω
v F is the directional deriva-

tive along the “constant” vector field v on Ω. Furthermore, by (11) for any
F ∈ FC∞

b (D, Ω) of the form (1) gives

(∇ΩF )(ω; x) =
N∑

i=1

∂gF

∂si

(〈ω, ϕ1〉 , . . . , 〈ω, ϕN〉)∇Xϕi(x), ω ∈ Ω, x ∈ X. (14)

3.2 Integration by parts and divergence on compound
Poisson space

Let the compound configuration space Ω be equipped with the compound
Poisson measure πτ

σ (cf. Subsection 2.2). The set FC∞
b (D, Ω) is a dense

subset in L2(Ω,B(Ω), πτ
σ) =: L2(πτ

σ). For any vector field v ∈ V0(X) we have
a differential operator in L2(πτ

σ) on the domain FC∞
b (D, Ω) given by

FC∞
b (D, Ω) 3 F 7−→ ∇Ω

v F ∈ L2(πτ
σ).

Our aim is to compute the adjoint operator ∇Ω∗
v in L2(πτ

σ). It corresponds,
of course, to an integration by parts formula w.r.t. the measure πτ

σ.
To this end we recall first of all the integration by parts formula for the

measure σ. The logarithmic derivative of σ is given by the vector field

X 3 x 7−→ βσ(x) :=
∇Xρ(x)

ρ(x)
∈ TxX.
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(where as usual βσ := 0 on {ρ = 0}). For all ϕ1, ϕ2 ∈ D we have∫
X

(∇X
v ϕ1)(x)ϕ2(x)dσ(x)

= −
∫

X

ϕ1(x)(∇X
v ϕ2)(x)dσ(x)−

∫
X

ϕ1(x)ϕ2(x)βσ
v (x)dσ(x), (15)

where
βσ

v (x) := 〈βσ(x), v(x)〉TxX + divXv(x) (16)

is the so-called logarithmic derivative of the measure σ along the vector field
v and divX :=divX

m is the divergence on X with respect to m. Analogously,
we define divX

σ as the divergence on X with respect to σ, i.e., divX
σ is the

dual operator on L2(X, σ) =: L2(σ) of ∇X . Then on the one hand we can
rewrite (15) as an operator equality on the domain D ⊂ L2(σ) :

∇X∗
v = −∇X

v − βσ
v ,

where the adjoint operator is considered with respect to L2(σ). Note that,
obviously, βσ

v ∈ L2(σ) for all v ∈ V0(X). On the other hand we have

divX
σ = βσ. (17)

Having the logarithmic derivative βσ
v we introduce an analogous object

for the compound Poisson measure.

Definition 3.4 For any v ∈ V0(X) we define the logarithmic derivative of
the compound Poisson measure πτ

σ along v as the following function on Ω :

Ω 3 ω 7→ Bπτ
σ

v (ω) := 〈γω, βσ
v 〉 =

∫
X

[〈βσ(x), v(x)〉TxX + divXv(x)]dγω(x).

(18)

A motivation for this definition is given by the following integration by
parts formula.

Theorem 3.5 For all F, G ∈ FC∞
b (D, Ω) and any v ∈ V0(X) we have∫

Ω

(∇Ω
v F )(ω)G(ω)dπτ

σ(ω)

= −
∫

Ω

F (ω)(∇Ω
v G)(ω)dπτ

σ(ω)−
∫

Ω

F (ω)G(ω)Bπτ
σ

v (ω)dπτ
σ(ω), (19)
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or
∇Ω∗

v = −∇Ω
v −Bπτ

σ
v (20)

as an operator equality on the domain FC∞
b (D, Ω) in L2(πτ

σ).

Proof. Due to Proposition 2.5 we have that∫
Ω

F (φv
t (ω))G(ω)dπτ

σ(ω) =

∫
Ω

F (ω)G(φv
−tω)dπτ

φv∗
t σ(ω).

Differentiating this equation with respect to t and interchanging d
dt

with
the integrals, by Definition 3.1 the left hand side becomes (19). To see that
the right hand side also coincides with (19) we note that

d

dt
G(φv

−t(ω))|t=0 = −(∇Ω
v G)(ω)

and (by Proposition 2.6)

d

dt

[
dπτ

φv∗
t σ

dπτ
σ

(ω)

]∣∣∣∣
t=0

=
d

dt

[∏
x∈γω

ρ(φv∗
t (x))

ρ(x)
Jm(φv

t )(x)

]∣∣∣∣∣
t=0

+
d

dt

[
exp

{
λτ

∫
X

(
1− ρ(φv∗

t (x))

ρ(x)
Jm(φv

t )(x)

)
dσ(x)

}]∣∣∣∣
t=0

.

Using (16) and the formula d
dt

[Jm(φv
t )(x)]|t=0 = −divXv(x), the latter

expressions becomes equal to

−
∑
x∈γω

[〈βσ(x), v(x)〉TxX + divXv(x)]

+ λτ

∫
X

[〈βσ(x), v(x)〉TxX + divXv(x)]dσ(x)

= −
∑
x∈γω

βσ
v (x) + λτ

∫
X

βσ
v (x)dσ(x) = −Bπτ

σ
v (ω),

where we have used the equality∫
X

βσ
v (x)dσ(x) = −

∫
X

(∇X∗
v 1)(x)dσ(x) = 0.

This completes the proof. �
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Definition 3.6 For a vector field V : Ω 3 ω 7→ Vω ∈ TωΩ the intrinsic
divergence divΩ

πτ
σ
V is defined via the duality relation∫

Ω

〈
Vω, (∇ΩF )(ω)

〉
TωΩ

dπτ
σ(ω) = −

∫
Ω

F (ω)(divΩ
πτ

σ
V )(ω)dπτ

σ(ω) (21)

for all F ∈ FC∞
b (D, Ω), provided it exists (i.e., provided

F 7−→
∫

Ω

〈
Vω, (∇ΩF )(ω)

〉
TωΩ

dπτ
σ(ω)

is continuous on L2(πτ
σ)).

The existence of the divergence, of course, requires some smoothness of
the vector field. A class of smooth vector fields on Ω for which the divergence
can be computed in an explicit form is described in the following proposition.

Proposition 3.7 Let V ∈ VFC∞
b (D, Ω) be a vector field of the form (2),

then we have

(divΩ
πτ

σ
V )(ω) =

N∑
j=1

(∇Ω
vj

Gj)(ω) +
N∑

j=1

Bπτ
σ

vj
(ω)Gj(ω). (22)

Proof. Due to the linearity of ∇Ω it is sufficient to consider the case N = 1,
i.e., Vω(x) = G(ω)v(x). Then for all F ∈ FC∞

b (D, Ω) and the Definition 3.6
we have∫

Ω

(divΩ
πτ

σ
V )(ω)F (ω)dπτ

σ(ω) = −
∫

Ω

G(ω)
〈
v, (∇ΩF )(ω)

〉
TωΩ

dπτ
σ(ω)

= −
∫

Ω

(∇Ω∗
v G)(ω)F (ω)dπτ

σ(ω)

=

∫
Ω

(∇Ω
v G)(ω)F (ω)dπτ

σ(ω)

+

∫
Ω

Bπτ
σ

v (ω)G(ω)F (ω)dπτ
σ(ω),

where we have used (20). �
Let us stress that all the above formulas can be obtained via a “lifting

rule”.
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1. (lifting of functions): any function ϕ ∈ D generates a (cylinder) func-
tion on Ω (lifting of ϕ) by the formula

Lϕ(ω) := 〈ω, ϕ〉 , ω ∈ Ω. (23)

2. (lifting of vector fields): let Lv be the lifting of the vector field v ∈
V0(X) on Ω, (cf. Definition 3.2). Then for any v, w ∈ V0(X) formula
(12) can be written as

〈Lv, Lw〉TωΩ = L〈v,w〉TX
(ω), (24)

i.e., the scalar product of lifting vector fields is computed as the lifting
of the scalar product 〈v(x), w(x)〉TxX = ϕ(x). This rule can be used as
a definition of the tangent space TωΩ.

3. (lifting of gradient): the gradient in (11) has now the following inter-
pretation:

(∇Ω
v Lϕ)(ω) = L∇X

v ϕ(ω), ω ∈ Ω,

and the gradient of Lϕ is nothing but the lifting of the corresponding
underlying gradient:

(∇ΩLϕ)(ω) = L∇Xϕ(ω).

4. (lifting of logarithmic derivative): it follows from (18) that the logarith-

mic derivative B
πτ

σ
v : Ω → R is obtained via the same lifting procedure

of the corresponding logarithmic derivative βσ
v : X → R, namely,

Bπτ
σ

v (ω) = Lβσ
v
(γω).

Or, equivalently, one has for the divergence of a lifted vector field:

divΩ
πτ

σ
(Lv) = LdivX

σ v.

3.3 Representations of the Lie algebra of vector fields

Using the property of quasi-invariance of the compound Poisson measure πτ
σ

we can define a unitary representation of the diffeomorphism group Diff0(X)
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in the space L2(πτ
σ), see [GGV75]. Namely, for φ ∈Diff0(X) we define a

unitary operator

(Vπτ
σ
(φ)F )(ω) := F (φ(ω))

√
dπτ

σ(φ(ω))

dπτ
σ(ω)

, F ∈ L2(πτ
σ).

Then we have

Vπτ
σ
(φ1)Vπτ

σ
(φ2) = Vπτ

σ
(φ1 ◦ φ2), φ1, φ2 ∈ Diff0(X).

as in Subsection 3.1, to any vector field v ∈ V0(X) there corresponds a
one-parameter subgroup of diffeomorphisms φv

t , t ∈ R. It generates a one-
parameter unitary group

Vπτ
σ
(φv

t ) := exp[itJπτ
σ
(v)], t ∈ R, (25)

where Jπτ
σ
(v) denotes the self-adjoint generator of this group.

Proposition 3.8 For any v ∈ V0(X) the following operator equality on the
domain FC∞

b (D, Ω) holds:

Jπτ
σ
(v) =

1

i
∇Ω

v +
1

2i
Bπτ

σ
v . (26)

Proof. Let F ∈ FC∞
b (D, Ω) be given. Then differentiating the left hand

side of (25) at t = 0 we get

d

dt
(Vπτ

σ
(φv

t )F )(ω)|t=0 =
d

dt
F (φv

t (ω))|t=0 + F (ω)
1

2

d

dt

dπτ
σ(φv

t (ω))

dπτ
σ(ω)

∣∣∣∣
t=0

= (∇Ω
v F )(ω) +

1

2
F (ω)Bπτ

σ
v (ω),

where we have used the form of the operator Vπτ
σ
(φv

t ), the definition of the
directional derivative ∇Ω

v and Theorem 3.5. On the other hand the same
procedure on the right hand side of (25) produce i(Jπτ

σ
(v)F )(ω). Hence the

result of the proposition follows. �

Remark 3.9 More generally, one can study a family of self-adjoint operators
J(v), v ∈ V0(X), in a Hilbert space H which gives a representation of the Lie
algebra V0(X) in the sense of the following commutation relation:

[J(v1), J(v2)] = −iJ([v1, v2]) (27)
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(on a dense domain in H), where [v1, v2] = 〈v1,∇v2〉TX − 〈v2,∇v1〉TX is
the Lie-bracket of the vector fields v1, v2 ∈ V0(X). In the case discussed,
this relation is a direct consequence of (26). Thus, we have constructed a
compound Poisson space representation of the Lie algebra V0(X).

Let us define, in addition, a unitary representation of the additive group
D given by the formula

(Uπτ
σ
(f)F )(ω) := exp(i 〈ω, f〉)F (ω), F ∈ L2(πτ

σ), ω ∈ Ω,

for any f ∈ D. As usual, the semi-direct product G := D ∧ Diff0(X) of the
groups D and Diff0(X) is defined as the set of pairs (f, φ) with multiplication
operation

(f1, φ1)(f2, φ2) = (f1 + f2 ◦ φ1, φ2 ◦ φ1),

see e.g. [GGV75]. Let us introduce for any element (f, φ) ∈ G the following
operator on L2(πτ

σ) :

Wπτ
σ
(f, φ) := Uπτ

σ
(f)Vπτ

σ
(φ).

These operators are unitary and form a representation of the group G. If we
introduce multiplication operators ρπτ

σ
(f), f ∈ D, as self-adjoint operators

on L2(πτ
σ) which are defined for F ∈ FC∞

b (D, Ω) by the formula

(ρπτ
σ
(f)F )(ω) := 〈ω, f〉F (ω), ω ∈ Ω,

then Uπτ
σ
(f) = exp[iρπτ

σ
(f)] and the form of the multiplication in G implies

[ρπτ
σ
(f), Jπτ

σ
(v)] = iρπτ

σ
(∇X

v f)

(on a dense domain in L2(πτ
σ)) for all f ∈ D, v ∈ Diff0(X). We also have the

relation [ρπτ
σ
(f1), ρπτ

σ
(f2)] = 0. The family of operators Jπτ

σ
(v), ρπτ

σ
(f), v ∈

V0(X), f ∈ D, thus forms a compound Poisson representation of an infinite-
dimensional Lie algebra. The particular case when τ = ε1 this representation
is known as Lie algebra of currents in non relativistic Quantum field theory,
e.g. [GGPS74].
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Equations. Springer-Verlag, Berlin Heidelberg New York, 1982.

[Boo75] W. M. Boothby. An Introduction to Differentiable Manifolds and
Riemannian Geometry. Academic Press, Inc., New York and Lon-
don, 1975.

[GGPS74] G. A. Goldin, J. Grodnik, R. T. Powers, and D. H. Sharp. Non-
relativistic current algebra in the N/V limit. J. Math. Phys.,
15(1):88–101, 1974.

[GGV75] I. M. Gel’fand, M. I. Graev, and A. M. Vershik. Representations
of the group of diffeomorphisms. Russian Math. Surveys, 30(6):3–
50, 1975.

[GV68] I. M. Gel’fand and N. Ya. Vilenkin. Generalized Functions, vol-
ume 4. Academic Press, Inc., New York and London, 1968.

[Ism96] R. S. Ismagilov. Representations of Infinite-Dimensional Groups,
volume 152 of Translations of Mathematical Monographs. Amer-
ican Mathematical Society, Providence, Rhode Island, 1996.

[KSS98] Yu. G. Kondratiev, J. L. Silva, and L. Streit. Differential geome-
try on compound Poisson space. Methods Funct. Anal. Topology,
4(1):32–58, 1998.

17



[KSSU98] Yu. G. Kondratiev, J. L. Silva, L. Streit, and F. G. Us. Analysis
on Poisson and Gamma spaces. Infin. Dimens. Anal. Quantum
Probab. Relat. Top., 1(1):91–117, 1998.

[LRS97] E. W. Lytvynov, A. L. Rebenko, and G. V. Shchepa’nuk. Wick
calculus on spaces of generalized functions of compound Poisson
white noise. Rep. Math. Phys., 39(2):219–248, 1997.

[Oba84] N. Obata. Measures on the space of distributions, Poisson mea-
sure on the configuration space and applications to representa-
tions of the group of diffeomorphisms. Master’s thesis, Univ. Ky-
oto, February 1984.

[Shi94] H. Shimomura. Poisson measures on the configuration space
and unitary representations of the group of diffeomorphism.
J. Math. Kyoto Univ., 34:599–614, 1994.

[Sko57] A. V. Skorohod. On the differentiability of measures which cor-
respond to stochastic processes I. Processes with independent in-
crements. Theory Probab. Appl., II(4):407–423, 1957.

[Tak90] Y. Takahashi. Absolute continuity of Poisson random fields.
Publ. Res. Inst. Math. Sci., 26(2):629–649, 1990.

18


