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Abstract
In this talk we exhibit a new approach to analysis and geometry for
a class of infinite dimensional manifolds, namely, compound configu-
ration spaces as a natural generalization of the work [AKR98a]. This
framework allowed us to obtain a representation of the Lie-algebra of
compactly supported vector fields on X on compound Poisson space.

1 Introduction

Started with the work of Gelfand et al. [GGV75], many researchers consider
representations on compound Poisson space, see also [Ism96]. Hence it is
natural to ask about geometry and analysis on this space. On the other
hand in statistical physics of continuous systems compound Poisson measures
and their Gibbsian perturbation are used for description of many concrete
models, see e.g. [AGLT7S].

In constructing analysis and geometry in the space of simple configura-
tions I'x over a manifold X, i.e.,

Iy :={yC X||yNK| < oo for any compact K C X},

an important tool is the action of the group of diffeomorphism Diffy(X) on
X which are equal to the identity outside a compact on the configuration

space 'y (cf. [AKR98a]).



In this talk we present a natural extension of the results obtained in
[AKR98a] to the case of compound configuration space {2x over a Riemannian
manifold X, i.e., the space of R -valued measures on X of the form

Qx ={w= Z Spee € D'|s, € supp T, 7, € I'x},

TEYw

where 7 is a finite measure on R . This geometry is constructed via a “lifting
procedure” and is completely determined by the Riemannian structure on X.

The problem of analysis and geometry on infinite dimensional spaces is
highly connected with the lacking of a good notion of “volume element”
which is due to the fact that there is no Lebesgue measure on infinite di-
mensional linear spaces. In Subsection 3.2 we prove that the compound
Poisson measure 77 on Qx for which VX and div%’( become dual operators
on L*(Qx,77) (w.r.t. (-, -)rq,) is the right “volume element” corresponding
to our differential geometry on x.

Let us stress that the “test” functions FCy°(D,lx) (resp. “test” vec-
tor fields VFC2(D,Qx)) we consider as domains for our gradient Vx
(resp. div%‘) above are of cylinder type, i.e., F € FC°(D,Qx) if and only
if

w— Fw) = gr((w,¢1), -, (W, on)) (1)
for some N € N, ¢1,...,o5y € D := C*(X), gr € CX(RY), and V €
VFCP(D,Qy) if and only if

N
Ax dwr— V(w) = Z Gi(w)v;, (2)

i=1
N eN, G; € FC*(D,Qx), v; € Vo(X), i =1,...,N. Here C3°(X), Vp(X)
denote the set of all smooth functions, resp. vector fields on X with compact

support, C£°(RY) the set of all functions on R with all derivatives of any
order bounded, and for all ¢ € C§°(X)

) = [ ol@hdo(o) = 3 )

We would like to emphasize the contents of Subsection 3.3. It is well-
known, see [GGVT75, Sect. 6] that there is a canonical unitary representation
on compound Poisson space, i.e., L?(Qx, 77), of the group of diffeomorphisms
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Diffo(X). On the basis of our results described above, we provide a corre-
sponding representation of the associated Lie algebra of compactly supported
vector fields. We also exhibit explicit formulas for the corresponding gener-
ators.

Last we would like to mention that most of the results obtained extend
in a natural way (along the lines of the work [AKR98b] and [AGL78]) to the
case where compound Poisson measures are replaced by Gibbs measures of
Ruelle type.

2 Measures on configuration spaces

Let X be a connected, oriented C*° (non-compact) Riemannian manifold.
For each point x € X, the tangent space to X at x will be denoted by T, X;
and the tangent bundle endowed with its natural differentiable structure will
be denoted by TX = U,cxT,X. The Riemannian metric on X associates
to each point z € X an inner product on T, X which we denote by (-, ), y-
The associated norm will be denoted by | - |7, x. Let m denote the volume
element.

O(X) is defined as the family of all open subsets of X and B(X) denotes
the corresponding Borel g-algebra. O.(X) and B.(X) denote the systems of
all elements in O(X), B(X) respectively, which have compact closures.

We can identify any v € ['x with the positive integer-valued Radon mea-
sure

D er € My(X) € M(X),

ey
where »__, €, := zero measure, and M(X) (resp. M, (X)) denotes the set
of all positive (resp. positive integer-valued) Radon measures on B (X). The
space I'x can be endowed with the relative topology as a subset of the space
M(X) with the vague topology. Let B(I'y) denote the corresponding Borel
o-algebra.

2.1 Poisson measures

For the construction of a Poisson measure on I'y first we need to fix an
intensity measure ¢ on the underlying manifold X. We take a density p > 0
m-a.s. such that p*/? € L} (X) and put do(z) = p(z)dm(z). Then o is a
non-atomic Radon measure on X, in particular, o(A) < oo for all A € B.(X).



There are different ways to define the Poisson measure 7, with intensity
o on 'y, see e.g. [AKR98a] and [GV68]. Here we characterize m, by its
Laplace transform.

Definition 2.1 The Laplace transform of m, is given for f € Co(X) by

L (f) = / exp((7, f))dms ()

— exp ( /X (/@ —1)da(x)>. (3)

2.2 Compound Poisson measures

Let 7be a non-negative finite measure on Ry :=|0, co[ having all moments
finite and satisfying the analyticity property

3C > 0:Vn € Ny / |s|"dr(s) < C™nl. (4)
0

We denote D := C§°(X) (the set of C*°-functions on X with compact
support) equipped with the usual topology, see e.g. [Aub82].

Definition 2.2 A measure w7 on D’ is called a compound Poisson measure
if its Laplace transform is given for ¢ € D by

) = | expllwnims(e)

— exp ( /X /O (et _ l)dr(s)da(m)), (5)

The measure 77 has the following properties.

see e.g. [GGVT5].

Proposition 2.3 1. 7] has an analytic Laplace transform.

2. wl is supported on Q) := Qlx, the space of compound configurations, i.e.,

O ={w= Z Spep € D'|s, € supp T, 7, € I'x},

TEYw

in other words w7 (Q2) = 1.



3. If suppt = {1}, i.e., d7(s) = e1(ds), then 1] = 7,.

For the proof of the above proposition we refer to [KSSU98|, [Oba84].
Actually the compound Poisson measure is a special case of the marked
Poisson measure where instead w = er% Sz, wWe have w = (Y, My), Y €
I'x and m,, is a mapping from =, to R, see [KSS98] for more details.

2.3 The isomorphism between Poisson and compound
Poisson spaces

Let us define a measure 6 on (X x R, B(X x R,)) as the product measure
of the measures 7 and o, i.e.,

do(z) :=dr(s)do(x), = (x,s) € X x R,.

We define the Poisson measure 7; with intensity measure 6 on (I'xxg,,
B(I'xxr,)) via its Laplace transform

L (§) = / exp({, ¢))dms(3)

= exp (/XXM(e@(i) — 1)d&(:z;)> e D(X xRy). (6)

We notice that indeed 75 is concentrated in a smaller space denoted by
I' of the following form

= {W: ngcm Ty = (i, 81) € X X Ry, w; # 5, i%]}-
T, €9
This follows from the construction of Poisson measure and the fact that o is
a non-atomic measure on X. It follows from (4) that the Laplace transform
L., is well defined for ¢(s,x) = p(s)p(x) where p(s) = >_i" prs® (po # 0) is
a polynomial and ¢ € D (cf. [LRS97]). Let us put ¢(s,x) = sp(x), ¢ € D
in (6). Then by (3) we obtain
ez (@) = lr, (sp), ¢ € D.

Then it follows that the compound Poisson measure 7 is the image of
s under the transformation ¥ : I' — XI' = Q C D’ given by

P340 (59)() =% (Z) ()= Y sen()eQcd, (1

f»;E’Ay (Si,xi)Gﬁ
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ie., VB e B(D)
T (B) = m(BNQ) = m5(X7 (BN Q)),

where Y71A is the pre-image of the set A. A

Then for any h € L'(D',77) = L'(Q,77) the function ho ¥ € L(T', 75)
we have

[ nwiarw) = [ nesins(i) 5)
Q P

It is worth noting that there exists on 2 an inverse map 1.0 -1
And we obtain that w5 on I' is the image of 7, on (2 under the map ¥
ie, VC € B(I), m5(C) = n7(XC). Thus for any f € L'(I',m;) the function
foXte LYQ,n7) we obtain

[ Ferar) = [ fewpare) o)

Now we construct a unitary isomorphism Us. between the Poisson space
L3(ms) := L*(T', ms) and the compound Poisson space L*(w7) := L*(Q, 7).
Namely, R

L*(Q,77) 2 h— Ush:=ho¥ € L*(I',75)
and ) R o
L*(D,ms) > f—=Ug'f = foX ™ € L*(Q,7]).
The isometry of Us; and Uy ! follows from (8) and (9), respectively
As a result we have established the following proposition.

Proposition 2.4 The map Us, is a unitary isomorphism between the Poisson
space L*(ms) and the compound Poisson space L*(n7).

2.4 The group of diffeomorphisms and compound Pois-
SOIl Imeasures

Let us denote the group of all diffeomorphisms on X by Diff(X) and by

Diff(X) the subgroup of all diffeomorphisms ¢ : X — X with compact sup-

port, i.e., which are equal to the identity outside of a compact set (depending
of ¢). For any f € Cy(X) we have a continuous functional

03w (0f) = [ flaldo() = 3 sf(@)

TEYw



and given ¢ €Diff((X) we have (¢*w, f) = (w, fo @) .
Any ¢ €Diff((X) defines (pointwisely) a transformation of any subset of
X and, consequently, the diffeomorphism ¢ has the following “lifting” from

X to Q:
Qaw:Zszengb*w:st%@)EQ.

TEYw TEYw

This mapping is obviously measurable and we can define the image measure of
77 under ¢ as usually by ¢*n7 = nlo¢ ! ie., (¢*m7)(A) = 77 (¢p71(A)), A €
B(£2).

The following proposition shows that this transformation is nothing but
a change of the intensity measure o and 7 is preserved.

Proposition 2.5 For any ¢ €Diffy(X) we have ¢*n] = 77, .
Proof. Due to the characterization of the measures it is enough to compute

the Laplace transform of the measure ¢*7] to show the property.
Let f € Cy(X) be given. Then the Laplace transform of ¢*x’ is given by

[ esptio M@ = [ el mdmo @)
— [ exolfe s o)
= exp (/X /Ooo(esf(x) — 1)dT(s)d(gb*a)(x))
= [ exple, i )

which is just the Laplace transform of the measure 7. . [ |
For any ¢ €Diffy(X) we introduce the Radon-Nikodym density of o as

o . d(¢*o . () dm(p— (z)) _ 1z
p¢(a:) - (30 )(x) _ p(¢p(x§ ) a({i(xg ) p(¢p(x§ ))Jm<¢>($),

ifze{0<p<oo}nN{0<pop <o} , (10

qu(l‘) := 1, otherwise,

where J,,(¢) is the Jacobian determinant of ¢ (with respect to the Rieman-
nian volume m), see e.g. [Boo75]. Note that pf(z) = 1 outside a compact.
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The next proposition is a consequence of the Proposition 2.4, Skorokhod’s
theorem on absolute continuity of Poisson measures, see e.g. [Sko57], [Tak90|

and also [Shi94]. It shows that 77 is quasi-invariant with respect to the group
Diffy(X).

Proposition 2.6 The compound Poisson measure w7 is quasi-invariant with
respect to the group Diffy(X) and for any ¢ € Diffy(X) we have pg" = pg“",
where \; = T(R+) i.e.,

7 = 15 = [T (3 [ 1 -sapaote)).

Proof. Given ¢ € Diffy(X) then b = p®id € Diff (X x R, ). Hence having
in mind the isomorphism described in Subsection 2.3 the Radon-Nikodym
density of w7 with respect to the group Diffg(X) is given by

py (w) = Uy 1p$‘éld (w)

- II 4o 0 (i)lf 75 exp </XXR+ (1 _doe (q;f id)_l(:@)> d&(@))

LISe®
= Tr@e (3 [ a-pw)
TEYL X
= mTU(%})
where we have used [AKR98a, Prop. 2.2]. |

3 Differential geometry on compound Pois-
son space

The underlying differentiable structure on X has a natural lifting to the
configuration space ). As a result appear in 2 objects such as the gradient,
the tangent space etc. Below we describe the corresponding constructions in
details.

3.1 The tangent bundle of )

Let V(X) be the set of all C*>°-vector fields on X (i.e., smooth sections of
TX). We will use a subset V(X) C V(X) consisting of all vector fields with
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compact support. V5(X) can be considered as an infinite dimensional Lie
algebra which corresponds to the group Diffg(X) in the following sense: for
any v € Vo(X) we can construct the flow of this vector field as a collection
of mappings ¢} : X — X, t € R obtained by integrating the vector field.

Let us fix v € Vy(X). Having the group ¢}, t € R, we can consider for
any w € ) the curve R 3 t — ¢} (w) € Q.

Definition 3.1 For a function F' : Q) — R we define the directional deriva-
tive along the vector field v € Vo(X) as

d

(VEF)(w) = =

F(¢1"w)li=o,
provided the right hand side exists.

A class of functions where V5! can be computed explicitly is FC°(D, ).
Namely let F' € FC°(D, Q) be of the form (1) and v € V5(X), then we have

F( f*w) = gF(( ;)*W?QDl)?"'v( f*w790N>)
= gF(<w7§010¢71t)>7"’7<W7SDNO¢1?>)
and, therefore, an application of Definition 3.1 gives

N

(V)W) = 30 B () o)) (@, TFe) . (11

=1

where VX¢ is the directional (or Lie) derivative of ¢ : X — R along the
vector field v € V4(X), ie.,

(Vo) (@) = (VFe(x),v(x))y «

where V¥ denotes the gradient on X.
The expression of V§! on smooth cylinder functions given by (11) moti-
vates the following definition.

Definition 3.2 We introduce the tangent space T ) to the configuration
space ) at the point w € ) as the Hilbert space of measurable w-square-
integrable sections (measurable vector fields) V,, : X — TX with the scalar
product

<VJ7V3>TMQ:/X<VJ($)7V3($)>TZXdW($) (12)
9



VI VZ2e T, Q. The corresponding tangent bundle is
7Q = | J T.9.
wel

Any v € Vo(X) can be considered as a “constant” vector field on Q such that
Q3w V() =v() € TLQ and (v,v)1,0 = [ [v(@)[F, xdw(z).

Usually in Riemannian geometry, having the directional derivative and a
Hilbert space as the tangent space we can introduce the gradient.

Definition 3.3 We define the intrinsic gradient of a function F: Q2 — R as
the mapping Q 3 w — (VOF)(w) € T,Q such that for any v € Vo(X)

(VIF)(w) = (VEF)(),0) o (13)

Note that (13), in particular, implies that VF is the directional deriva-
tive along the “constant” vector field v on Q. Furthermore, by (11) for any
F € FC(D,Q) of the form (1) gives

2

(VQF w ZL’ ,<w,g0N>)VX<pi(x), w e Qal‘ € X. (14>

3.2 Integration by parts and divergence on compound
Poisson space

Let the compound configuration space €2 be equipped with the compound
Poisson measure 77 (cf. Subsection 2.2). The set FC;*(D,2) is a dense
subset in L%(Q, B(Q),n7) =: L*(x7). For any vector field v € V5(X) we have
a differential operator in L?(77) on the domain FC{°(D, Q) given by

FCX(D,Q) > F — VI € L*(77).

Our aim is to compute the adjoint operator V** in L?(n7). It corresponds,
of course, to an integration by parts formula w.r.t. the measure 7.

To this end we recall first of all the integration by parts formula for the
measure o. The logarithmic derivative of o is given by the vector field

V*p(x)
p(x)

X3z— [%(2) = el X.
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(where as usual 87 := 0 on {p = 0}). For all ¢y, ¢o € D we have
| (Een@gtaiata
= - /X p1(2) (V3 ¢2)(2)do(2) — /X p1(2)p2(x) 5] (x)do(x),  (15)

where

B (@) = (B7(2), v(2)) 7, x + divFv(2) (16)
is the so-called logarithmic derivative of the measure o along the vector field
v and divX :=div? is the divergence on X with respect to m. Analogously,
we define divX as the divergence on X with respect to o, i.e., divX is the

dual operator on L*(X,0) =: L?(c) of VX. Then on the one hand we can
rewrite (15) as an operator equality on the domain D C L?*(o) :
VX* _ —VX Qo

v

where the adjoint operator is considered with respect to L?(c). Note that,
obviously, 37 € L?(o) for all v € V5(X). On the other hand we have

divy = 3°. (17)

Having the logarithmic derivative 37 we introduce an analogous object
for the compound Poisson measure.

Definition 3.4 For any v € V(X)) we define the logarithmic derivative of
the compound Poisson measure w. along v as the following function on €2 :

Q35w B (W) = () = /X (57 (), 0(2)) g, + Aiv¥v(2)]dya(2).
(18)

A motivation for this definition is given by the following integration by
parts formula.

Theorem 3.5 For all F,G € FC;*(D, ) and any v € Vo(X) we have
/Q (V2F) ()G (w)dn?(w)
- - / F(w)(V26) (w)dn? (w) — / F(w)G(w) B (@)dr(w), (19)
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or

V) ==V, - B} (20)
as an operator equality on the domain FC°(D,Q) in L*(77).

Proof. Due to Proposition 2.5 we have that
| FernG@inw) = | Fe)6 @)

Differentiating this equation with respect to ¢ and interchanging % with
the integrals, by Definition 3.1 the left hand side becomes (19). To see that
the right hand side also coincides with (19) we note that

d v _ Q
%G(gbft(w))!t:o = —(V,G)(w)

and (by Proposition 2.6)

t=0

+% {exp{AT /X (1 . %mex)) i)

Using (16) and the formula £[J,,(¢7)(2)]|;=0 = —div*v(z), the latter
expressions becomes equal to

— ) (B (), 0(x)) g, x + diviu()]

TEYw

+ 0 [ 1487 (@), vl + div¥o(a)ldo )
- Y w +A/ﬁ" )do(z) = — BT (w),

TEYw

where we have used the equality

/ 87 (2)do(z / (V1) (2)do(z) = 0.
This completes the proof. [
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Definition 3.6 For a vector field V : Q > w — V, € T, the intrinsic
divergence div%V is defined via the duality relation

/Q (Vs (VOF) (@), A5 () = — /Q Fw)(dvE V) (@)dni(w)  (21)

for all F € FC(D,Q), provided it exists (i.e., provided

Fr / (Vo (VOF))), o, dn7 ()
Q w
is continuous on L*(77)).

The existence of the divergence, of course, requires some smoothness of
the vector field. A class of smooth vector fields on €2 for which the divergence
can be computed in an explicit form is described in the following proposition.

Proposition 3.7 Let V€ VFC(D,Q) be a vector field of the form (2),

then we have

(dive, V) (w) = > (VEG))(w) + Z BT (w)Gj(w). (22)

J=1

Proof. Due to the linearity of V* it is sufficient to consider the case N =1,
ie., V,(z) = G(w)v(z). Then for all F € FC*(D,2) and the Definition 3.6

we have
/(div%V}(w)F(w)dﬂg(w) = —/G(w) <v,(VQF)(w)>TwQ dr] (w)
Q Q
- / (VY C)(w) F(w)dn?(w)
- / (VOG) (@) F(w)dn(w)
+ / BT () G(w) F(w)dr (),

where we have used (20). |
Let us stress that all the above formulas can be obtained via a “lifting
rule”.
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. (lifting of functions): any function ¢ € D generates a (cylinder) func-
tion on 2 (lifting of ¢) by the formula

L,(w) = (w, ), we. (23)

. (lifting of vector fields): let L, be the lifting of the vector field v €
Vo(X) on Q, (cf. Definition 3.2). Then for any v, w € V5(X) formula
(12) can be written as

(Los L) = Lo (@); (24)

i.e.; the scalar product of lifting vector fields is computed as the lifting
of the scalar product (v(z),w(z)),, y = @(z). This rule can be used as
a definition of the tangent space T,(2.

. (lifting of gradient): the gradient in (11) has now the following inter-
pretation:
(VL)) = Lo olw), w € 9,

and the gradient of L, is nothing but the lifting of the corresponding
underlying gradient:

(VOLy)(w) = Lyxy(w).

. (lifting of logarithmic derivative): it follows from (18) that the logarith-
mic derivative By : Q — R is obtained via the same lifting procedure
of the corresponding logarithmic derivative 37 : X — R, namely,

By?(w) = Lgg ()-
Or, equivalently, one has for the divergence of a lifted vector field:

divgg (L”U) = Ldivff{fu‘

3.3 Representations of the Lie algebra of vector fields

Using the property of quasi-invariance of the compound Poisson measure 7
we can define a unitary representation of the diffeomorphism group Diffy(X)
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in the space L?(n7), see [GGVT75]. Namely, for ¢ €Diffo(X) we define a

g
unitary operator

drz(¢(w))

F e L*(77).
(@) € L*(my)

(Vaz (@) F)(w) := F(¢(w))
Then we have

ng (¢1)ng(¢2) - ng (¢1 © ¢2)7 ¢1a ¢2 € DIHO(X)

as in Subsection 3.1, to any vector field v € V,(X) there corresponds a
one-parameter subgroup of diffeomorphisms ¢7,t € R. It generates a one-
parameter unitary group

Vir(0) = explitJ- (v)], t € R, (25)
where J;-(v) denotes the self-adjoint generator of this group.

Proposition 3.8 For any v € V(X)) the following operator equality on the
domain FCg°(D, ) holds:

1
2
Proof. Let F € FC°(D, ) be given. Then differentiating the left hand
side of (25) at t = 0 we get

d

v o d v
%(Vw; (68)F)(W)]i=0 = EF(gbt (W))]i=0 + F(w)

]_ T
Jop(0) = 2V2+ BT, (26)

1d dmg(¢}(w))
2dt  dnl(w)

= (VIF)) + 5 F@)BF (@),

t=0

where we have used the form of the operator V;-(¢7), the definition of the
directional derivative V! and Theorem 3.5. On the other hand the same
procedure on the right hand side of (25) produce i(J7 (v)F)(w). Hence the
result of the proposition follows. [ ]

Remark 3.9 More generally, one can study a family of self-adjoint operators
J(v), v e Vo(X), in a Hilbert space H which gives a representation of the Lie
algebra Vo (X) in the sense of the following commutation relation:

[J(v1), I (v2)] = =i ([v1, v2]) (27)
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(on a dense domain in H), where [vi,vs] = (v1, VU2)py — (U2, V1) 1y is
the Lie-bracket of the wvector fields vi,ve € Vo(X). In the case discussed,
this relation is a direct consequence of (26). Thus, we have constructed a
compound Poisson space representation of the Lie algebra Vo(X).

Let us define, in addition, a unitary representation of the additive group
D given by the formula

(Ung (/)F)(w) := exp(i (w, ) F(w), F € L*(n}), weQ,
for any f € D. As usual, the semi-direct product G := D A Diffy(X) of the
groups D and Diffy(X) is defined as the set of pairs (f, ¢) with multiplication
operation
(f1,01)(f2, 82) = (fi + fao d1, 020 1),

see e.g. [GGVT5]. Let us introduce for any element (f,¢) € G the following
operator on L?(77) :

ng(fa ¢) = wg(f)ur;(ﬁb)-

These operators are unitary and form a representation of the group G. If we
introduce multiplication operators p.-(f), f € D, as self-adjoint operators
on L*(x7) which are defined for F' € FC°(D, ) by the formula

(s (N F) (W) = (w, [) F(w), w €,
then Ur-(f) = explipsz (f)] and the form of the multiplication in G implies

[pﬂg (f)7 Jfrg (U)] = Z/Owg(vvxf>
(on a dense domain in L?(77)) for all f € D, v € Diffy(X). We also have the
relation [pr(f1), prz(f2)] = 0. The family of operators Ji-(v), pr=(f), v €
Vo(X), f € D, thus forms a compound Poisson representation of an infinite-
dimensional Lie algebra. The particular case when 7 = ¢; this representation

is known as Lie algebra of currents in non relativistic Quantum field theory,
e.g. [GGPST4].
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