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relations between them and consequences for corresponding measures (such as support
properties etc.). Applications to Gibbs measures are discussed.
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1. Introduction

The space of configurations I'y over a Riemannian manifold X consists of all lo-
cally finite subsets of X. Such spaces play an important role in the topology, the
theory of point processes, the mathematical physics and several other areas of the
mathematics and its applications. As objects of infinite dimensional analysis, con-
figuration spaces form a class of infinite dimensional manifolds which are not in
the well-known categories of Banach or Fréchet manifolds. Nevertheless, they can
be equipped with a natural differentiable structure (coming from the underlying
manifold X) with quite rich analytic and geometrical properties, see Refs. 1 and 2.

The measure theory on configuration spaces has several specific aspects compar-
ing with the well-developed one in the case of linear spaces. Namely, in the linear
case we have useful relations between such characteristics of measure as moments,
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the Laplace transform, support and integrability properties for some classes of func-
tions on linear spaces, see e.g. Ref. 4 for a review and related historical comments
and references. These characteristics need to be modified properly in configuration
space analysis. Important instructive ideas in this area are coming from the theory
of stochastic processes and statistical physics. In these applications measures on
configuration spaces correspond to point processes and states of continuous sys-
tems respectively and in both areas we already have many deep results concerning
properties of particular classes of such measures.

The point of view developed in the present paper is motivated mainly by results
of classical statistical mechanics of continuous systems. In particular, in pioneer-
ing works of Dobrushin® and Ruelle?* dedicated to the study of equilibrium states
(Gibbs measures) in the case of pair potentials several properties of these mea-
sures related with analysis of their characteristics were discovered. Namely, the first
characteristic of configuration space measures is the system of correlation functions
(that is the system of reduced moments or coincidence densities in the point process
theory). Correlation functions can be considered as an analog of the moments of
measures in the linear space analysis. In the case of superstable pair potentials they
satisfy the so-called Ruelle bound (RB)?* which is very useful in applications. An-
other important bound obtained in the same paper is related to the density of finite
volume projections of Gibbs measures (Ruelle probability bound (RPB)) which also
became a standard technical tool in the equilibrium statistical physics. In partic-
ular, (RPB) gives information about the support of Gibbs measures. Dobrushin®
proved exponential integrability w.r.t. Gibbs measures of some local functions on
configuration spaces (Dobrushin exponential bound (DEB)) which also gives useful
information about these measures.

In the present paper we consider measures on configuration spaces which satisfy
(some generalizations of) the mentioned bounds. We have shown that these bounds,
in fact, are related among each other and do not need to be restricted to the class of
Gibbs measures. This is important, in particular, in applications to non-equilibrium
problems. More precisely, in the study of the dynamics (e.g. Hamiltonian or stochas-
tic) of continuous systems we need, typically, to restrict the class of initial states
assuming one or another kind of a priori bounds on them. Actually, the necessity
to transport the description of the time evolution from the traditional classical me-
chanics point of view (in terms of particle trajectories) to the evolution of states is
a specific point in the rigorous statistical physics of continuous systems. We refer
the reader to the excellent discussion of this concept in the review by Dobrushin,
Sinai and Suhov.” In concrete examples we can see that the possibility to construct
the time evolution of an initial state depends on the level of the deviation from the
equilibrium state (i.e. on the information about “how non-equilibrium is the initial
state”).

Moreover, even in the case when the initial state is a Gibbs measure, the time
evolution usually does not preserve the Gibbs property (at least, in the class of
Gibbs measures with interactions of a finite order). But we can expect that the
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time evolution can be realized in a class on configuration space measures with
certain a priori bounds. This hope is supported, in particular, by recent results
on the stochastic dynamics of infinite particle systems.!® One of the aims of this
paper is to clarify which kinds of a priori bounds can be reasonable, in principle, for
measures in the configuration space analysis and how modifications of these bounds
are reflected in the properties of the measures (e.g., support properties etc.).

Note that even in the case of Gibbs measures with pair potentials, modifications
of classical bounds are useful. For example, a generalization of the Ruelle bound
for correlation functions, which we discussed in this paper, was already used es-
sentially in Ref. 2 for the construction of equilibrium gradient stochastic dynamics
of continuous systems with pair singular interactions. An additional motivation for
the analysis developed in this paper is related with an important class of so-called
fermion and boson measures, see e.g. Ref. 21 and references therein. Such measures
are defined via explicitly given correlation functions and do not admit clear Gibbs
type descriptions. The only way to study the properties of such measures is to use
the bounds on correlation functions and their consequences.

2. General Facts and Notations

Let R? be the d-dimensional Euclidean space. By O(RY), B(RY) we denote the
family of all open and Borel sets, respectively. O.(R?), B.(R?) denote the system
of all sets in O(R?), B(RY), respectively, which are bounded. The space of n-point
configuration is

06" =T{Ra = {n CR'llnl =n}, neMNo:=NU{0},

where |A| denotes the cardinality of the set A. Analogously the space F((f/)\ is defined
for A € B,(R?), which we denote for short by I'{").

For every A € B.(R?) one can define a mapping Nj : I‘(()") — No; Na(n) :==1|nnN
A|. For short we write ny := nNA. As a set, I‘(()”) is equivalent to the symmetrization
of

—~—

R = {(z1,...,2,) € (R oy £z if k#1},

e. (R4)"/S,,, where S,, is the permutation group over {1,...,n}. Hence I‘(()") inher-

its the structure of an n - d-dimensional manifold. Applying this we can introduce
a topology O(I‘én)) on I‘(()"). The corresponding Borel o-algebra B(Fg")) coincides
with o(Na|A € B.(R?)). The space of finite configurations I'y := Len, Fé”) is
equipped with the topology of disjoint union O(T). A set B € B([y) (the corre-
sponding Borel o-algebra) is called bounded if there exists a A € B.(R?) and an
N € N such that B c | [N, T{".

The configuration space

[:={yCRY|yNA| <oo, forall Ac B.(R}
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is equipped with the vague topology. The Borel o-algebra B(I') is equal to the
smallest o-algebra for which all the mappings Ny : I' — Ny, Na(y) := [y N A] are
measurable, i.e.

B(T) = o(Na|A € Be(RY))
and filtration on I' given by
BA(T) := o(Na/|A € B.(RY), A C A).

For every A € B.(R?) one can define a projection py : I' — T'a; pa(y) == 7a
and w.r.t. this projections I' is the projective limit of the spaces {['s}rcp, (ra)-
The following classes of function are used in the following: L°(T) is the set of all
measurable functions on Ty, LY(T) is the set of functions which have additionally
a local support, i.e. G € L)(Ty) if there exists A € B.(R%) such that G Iro\ra= 0.
LY (T'y) denotes the measurable functions with bounded support, B(T'y) the set of
bounded measurable functions. On I' we consider the set of a cylinder functions
FLO(T), i.e. the set of all measurable function G € L°(T) which are measurable
w.r.t. Ba(T') for some A € B.(R?). These functions are characterized by the following
relation: F(v) = F [, (ya)-

Next we would like to describe some facts from Harmonic analysis on configu-
ration space based on Refs. 11 and 13.

The following mapping between functions on Iy, e.g. L2 (T), and functions on
T, e.g. FLO(T), plays a key role in our further considerations:

KG(y)=) G, ~el,
ey

where G € LY. (T'p), see e.g. Refs. 18 and 19. The summation in the latter expression
is extended over all finite subconfigurations of ~, in symbols £ € v. K is linear,
positivity preserving, and invertible, with

K™'F(n) =Y (-DIMIF(), neTy. (1)
£Cn
It is easy to see that for all A € B.(R?), F € FL(T, BA(T))
K~'F(n) =Ir, ()E~'F(n), VneTy. (2)

Let M}, (') be the set of all probability measures y which have finite local moments
of all orders, i.e. [n|ya|"u(dy) < +oo for all A € B.(R?) and n € Ng. A measure
p on Ty is called locally finite iff p(A) < oo for all bounded sets A from B(Ty),
the set of such measures is denoted by Mj¢(T'g). One can define a transform K* :
M (T) — My¢(Tg), which is dual to the K-transform, i.e. for every p € M} (T),
G € Bps(To) we have

/F KG(uldy) = [ Gln) (5 ) (dn)

To

pu = K*p we call the correlation measure corresponding to .
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As shown in Ref. 11 for g € M} (T') and any G € L*(Ty, p,,) the series
KG(7) =) G(n), (3)

ney

is pi-a.s. absolutely convergent. Furthermore, KG € L'(T, 1) and

G(n)pp (dn) = / (KG)()u(dn). (4)

o
Fix a non-atomic and locally finite measure o on (R¢, B(R?)). For any n € N

the product measure c®™ can be considered by restriction as a measure on (R4)"
and hence on T, The measure on ') we denote by o(™.

The Lebesque—Poisson measure X,, on Ty is defined as Ao == > oo, %U(").

Here z > 0 is the so-called activity parameter. The restriction of A, to I'y will also
be denoted by A.,.
The Poisson measure 7., on (I', B(T")) is given as the projective limit of the

family of measures {72} AEB,(R4), Where 72 is the measure on I'y defined by

zo

71.A — efzo(A))\
zo T zZ0 -

A measure y € M} (T) is called locally absolutely continuous w.r.t. m,, iff
LA = [ o pxl is absolutely continuous with respect to 72 = 7., o pxl for all

Ae BA(Rd). In this case p, := K*p is absolutely continuous w.r.t A.,. We denote

d
by ku(n) == gx=(n), n € Lo.
The functions

kY (R — RY

bu({se ey n})s O (@1, an) € (R (5)

0, otherwise

k,(tn) (T1,...,2pn) =
are well-known correlation functions of statistical physics, see e.g. Refs. 24 and 25.

3. A Priori Bounds
Let o be Lebesgue measure and ||z|| = maxy, |z|, * € R%. For A € B.(R%), let
Ia= sup [z -yl
z,yeA
and |A| denote the Lebesgue measure of A. The symbol | -| may therefore represent
cardinality or Lebesgue measure, but the meaning will always be clear from the

context.
Let V. I‘gQ) — R be a pair potential.

Definition 3.1. A potential V is called stable (see Ref. 25) iff there exists a con-
stant B > 0 such that for any A € B.(R?) and any configuration v € I'y holds

> V(x,y) = -Bhl. (6)
{zy}Cy

In the following we assume that all potentials under consideration are stable.
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Consider u € M} (T) locally absolutely continuous w.r.t. 7., and three types
of bounds on it.

We will say that a measure p satisfies the generalized Ruelle bound with poten-
tial V if the following holds:

e (GRB)y: The correlation function k,(n) satisfies the inequality

ku(n) <CMexp | = > V(z,y)| , neTlo, (7)
{I’y}CU

with some C > 0.

We will say that a measure p satisfies the Ruelle’s probability bound if the
following holds:

e (RPB): For any g > 0 there exist constants « > 0 and § € R (may be g dependent)
such that for any A € B.(R%), [y > g and N € Ny

N2
u({yl lval = N}) < exp {_al_d + 51‘,{} : (8)
A
We will say that a measure p satisfies the Dobrushin’s exponential bound of

type A > 0 and order p > 0 if the following holds:

e (DEB)(y, p): For every A € B.(R?) there exists a constant Cy > 0 such that
/pekm‘pu(dv) <Ch. 9)

Remark 3.1. Obviously, for any A € B.(R%) with [y = 0 the bound (9) holds
automatically. Therefore, in the sequel we will consider (DEB)(y, ) only for A €
Bc(Rd), Ia > 0.

Definition 3.2. A potential V is called superstable in the sense of Ginibre (see
Refs. 9 and 20) iff for any g > 0 there exist A > 0 and B > 0 (may be g dependent)
such that for any A € B.(R?), [, > g and any configuration v € I'5 holds

|v]?
> Vi) > AT - Bly|. (10)
{w,y}C’y A

In the sequel, we will sometimes write «g, d4, Ay, By, instead of «, §, A4, B, to
emphasize that these constants depend on g.

Theorem 3.1. (a) For any A > 0 and p € (0,1]
(CRB), = (DEB),, ,, -
(b) Let V' be superstable in the sense of Ginibre. Then
(1) (GRB),, = (RPB),
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(ii) for any A >0 and p € (1,2)
(GRB), = (DEB);
(iil) for any A >0 and A € B.(R%), 0 <13 < A, A1
(GRB),, = (DEB), » .
(¢) For any A >0 and p € (0,2)
(RPB) = (DEB),_ -
(d) For any A >0 (DEB), ) with Cx < VN A € B.(R%), § > 0 implies (RPB).

Proof. (a) Using (1), stability of V' and according to the bound on the correlation
functions we have

/ KN p, ()
T'a

“hIZ

£Cn

X _n

< Z = Z M e L mancorant V@D go o dg,

Tl' Am
n=0 EC{z1,....,xn}

(—1)ImeleAler” pu(dn)

< Z % / Z MelCmeBrdy, - - - da,, = exp {22C|Ale* TP}
n=0 " A" ec{ar,an}
Due to (2) and (4) we conclude that
/pek'“'puwv) = | KN pu(dn) < exp{2:C1AJ* Y
A

(b) Now suppose that V' is superstable in the sense of Ginibre.

(i) Define Sy := {7y € T'| |ya| = N}, A € B.(R9). Let g > 0 be any given variable.
Then, using (1) for any A € B.(R9), Iy > g we have

/F K115, (1)]]o, (dn)

SR> I, () Y ()

putan) = |
¢cn Ta £Cn,|é1>N

According to the bound on the correlation functions and the superstability for given
g, the latter expression can be estimated by

[ tsmot 3 e Seme Ve )
A

£Cn,lE|=N

(-1 g, () pu(dn) .

2,— N2
< / 1s, (n)(2C)IMe=Am lAd+B|n|)\za(d77) < exp {_Al_d +2zC’eBlj‘{} .
Ca A
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In the last inequality we have used the fact that integration actually extends only
overallp €Ty : |n| > N.
Finally, (2) and (4) give us

N2
W1l = 89 = [ K7 s, Gl < exp {5 + 25071}
A A

(ii) Let A € B.(R%),15 > 0 be arbitrary and fixed. Using (1) we have
| ptan) < [ S exoller o).
A

Taecn

The estimation for the correlation functions and the superstability of V' for g = [
imply the following bound for the latter integral

/ S NP AL Bl il (d)
Taecy

< [ @opleBm A A () < NG )
T'a

where Cy > 0 is some constant such that

A
Alml? = Znl* < €.

A

Therefore, using (2) and (4) we have

/ A pdy) = [ KN pu(dy) < AT
r Ta

(iii) Doing the same as in (ii) for any A € B.(R%), 0 < Iy < A;, A\~! we obtain

[ 1A )
T'a

i 2C\" 2 —d,2 n

EC{z1,..0smn}

Since 14 < A;, A1, (12) is bounded by

> (ZC)” 22 By
> / S M Bungy, . dg, < 2O
n—0 . An

EC{z1xn}

The statement is now a direct consequence of (2) and (4).
(¢) To prove this part of the theorem we need the following lemma which follows
directly from the definition of distribution function for a random variable.

Lemma 3.1. For any measurable £ : I' — R and differentiable f : Ry — R such
that f(0) = 0 we have

[ secmtan = [ T F@ul{y e TIER) > a))de.
I 0
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Using Lemma 3.1 for any A € B.(R%), [y > 0 we have

eMyal? _ [ (lny)%
/F u(dv)—/o u({vlm> \ })dy- (13)

1
Due to (RPB) for g =I5 we bound (13) by

/exp[(mplxal)%] 1d +/oo e { o I +6ld}d
X — 7 .
0 v exp[(2/\2/Pl7\a—1)7—LP] P )‘2/1717\ A Y

A direct computation gives the following estimation for the latter expression:
2expldld + (2A¥/Plia~1) 7).

(d) Let (DEB), ) holds for some A > 0 with C < eSh A € Bo(RY), § > 0
and g > 0 be arbitrary and given.

For every A € B.(R%), Iy > g consider a function gx(z) = e®a"e* z > 0,
0 < a < Ag?. This function is increasing and [ ga(|yal)u(dy) < Ca (it follows
from (DEB), ,) and inequality lx > g).

Thus, the generalized Chebyshev inequality shows that for any A € B.(R9),
Ih =g

Jr 9a(lyal)p(dy) < Cpe—oN*I3" < gmaN ol

p({rlal = N}) < TR O
e A

For each i € Z4, let
Qi={reRYi, —1/2<r, <ir+1/2,k=1,...,d}.

Define |y;| = |[yNQ;|. For k € N, let A;, be the hypercube of the sidelength 2k —1
centered at the origin in R?. Note that |Ay| = lf{k = (2k — 1), k € N. Sometimes
we will also regard Ay, as a subset of Z¢ by letting Ay, represent A, NZ<. For i € Z¢
let Iny ||i]| = max{1,1n |||}

Following Ruelle?® a measure  is called tempered if 4 is supported by the set

Ry = Loj RN»
N=1

where Ry = {y € T| Y ;cp, [nil> < N?[Ag|, V k> 1}
Consider two subsets of the configuration space:

Poo = U PNa

N=1
where Py = {v € | |ya,| < N|Ag|,¥ k > 1} and
UOO = U UTL7

n=1

where U,, = {y € T'| |y < n(iny |i])2,V i € Z4}.
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Obviously, Ro C Py and for any tempered measure p with (RPB), it is also
possible to show that (U ) =1 (see Refs. 10 and 16).

Proposition 3.1. (RPB) implies u(Ps) = 1.

Proof. Obviously,

N\Py = [ (J{v €T ha.l > NAkl}

N>1k>1

Using o-semi-additivity and monotonicity of the measure p we have

p(P\Pso) < lim 3 7 p({y € T| s | > NIAw]}) - (14)
k>1
Due to (RPB) one can show that the right-hand side of (14) equals to 0. m|

Remark 3.2. Proposition 3.1 holds, if (RPB) is replaced by the following weaker
probability bound:

there exist constants > 0 and § € R such that for any N > Ny, Ny € N and
keN

p({ el = NIAR[}) < exp{—(aN —d)|Ax[}. (15)

Proposition 3.2. (RPB) implies p(Us) = 1.

Proof. Using
AL
NUso = () U {v €Tl > nling li])2}
n>14ezd
o-semi-additivity and monotonicity of the measure y we have
. L
#(M\Uso) < lim Y u({y € Tl [yl > n(lng [[i])23). (16)
€74
Due to (RPB) we estimate (16) by
lim Z e—(an2(1n+ [|2]])—9) < lim 22d—1de5 Zid—le—anz Ini _ 0.

n—oo
i€Z4 i=3 O

Remark 3.3. We will say that a measure u satisfy (RPB)P, p > 0 if the following
holds:

e (RPB)P: For any g > 0 there exist constants « > 0 and 6 € R (may be g-
dependent) such that for any A € B.(R%), Iy > g and N > Ny for some Ny € N

(] al = V) < exp {—a"f—; n &x} . a7)
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Similar to the proof of Proposition 3.2 one can show that for any p > 0 the
fulfillment of (RPB)? on the sets Q;, i € Z? implies pu(UZ)) = 1. Here

v = Jur,
n=1
U? = {y €T\ [yl < n(lny ||i])7, Vi€ Z%}.

4. Stronger Consequences of Generalized Ruelle Bound

In this section we describe further conclusions which follow from (GRB)y .
As before one can consider the partition of R? on cubes, but now with sidelength
equal to g > 0. Namely, for each i € Z? and any g > 0 let

Qf = {r e RYg(ir —1/2) < < g(ix +1/2),k=1,....d}

and || = [y N Q7.

By J,(R%) we denote all finite unions of cubes of the form Q¢ (such sets are used
in the construction of the Jordan measure). Sometimes we will regard A € J,(R9)
as a subset of Z? by letting A represent {i € Z¢|QY C A}.

Let W : Ty — R be a measurable increasing function, i.e. for v, v/ € T'g such
that v C v+ W(y) < W(y).

We will say that a measure p satisfies the (RPB){Y if the following holds:

e (RPB)Y: For any g > 0 there exist constants B > 0 and § € R (may be g-
dependent) such that for any A € J,(R?), any configuration v € 'y and L € R

p({v[W(va) > L}) < exp{—L + 0|A[}, (18)
and
> V(z,y)—W(y) > -Blyl. (19)
{zy}Cy

Proposition 4.1. Suppose that there exists a measurable increasing function W :
Lo — R which satisfies (19). Then (GRB)y implies (RPB)W .

Proof. Let g > 0 and A € J,(R%) be arbitrary. Define S := {y € ['|W(ya) > L}.
Then using (19) we have

1 (n)e*Z{m,y}c”V(%y) <lg (n)e—W(n)JrB\n\ < e—L+B|77|777 2V

Therefore, similarly to the proof of Theorem 3.1(i) we obtain

n({y[W(ya) > L}) < e—L/F 20) MBI\, (dy) = e~ LT220"IAl a

Remark 4.1. For any 0 < £ < 1 inequality (18) implies
/FeWm)“m(dy) < Oz, A € B.(RY)

with some Cy > 0.



206 Yu. Kondratiev, T. Kuna & O. Kutoviy

Indeed, let g > 0 be given. We increase any A € B.(R%) to a set Ay € J,(RY)
which is a union of all cubes @; 4, which have nonempty intersection with A. Then
using Lemma 3.1 and the fact that the function W is increasing we have

/GW("/A)l_Eu(dfy) < /oo p{y|W(ya,) > (lny)ﬁ})dy.
r 0

Inequality (18) implies the following bound for the latter integral:

ex [2(175)5_1] oo
p 1 (1—e)~ 1
/ 1dy+/ e~y + 6|Ag|dy. (20)
0 e

xp[2(1—e)e 1]

A direct calculation gives us bound for (20):
2exp|d|As| + 2079

In the literature different non-equivalent versions of the Ruelle’s probability
bound are known. The definition of (RPB) we used here can be found in Refs. 10
and 16. Besides this bound, Ruelle in Ref. 25 used also another one. Namely, we will
say that a measure u satisfies the strong Ruelle’s probability bound if the following
holds:

e (SRPB): For any g > 0 there exist constants & > 0 and § € R (may be g-
dependent) such that for any A € J,(R%) and N € N

«({

As shown in Ref. 25 (SRPB) implies (RPB).

> gl > N2A|}> < exp{—(aN* - §)[A]}. (21)

i€EA

Definition 4.1. A potential V is called superstable in the sense of Ruelle® if for
any g > 0 there exist A > 0, B > 0 (may be g-dependent) such that for any
A € J,(RY) and any v € Ty

> Vi) =D [Alig

{z,y}Cv i€A

2 - B|’7i,gH .

Lemma 4.1. Ruelle’s superstability implies Ginibre’s superstability.

Proof. Let g > 0 be given. We first increase, as before, any A € B.(R?), [y > g
to a set Ay € Jg(Rd) which is a union of all cubes @); 4, which have nonempty
intersection with A. Then for any v € I'a C I'y;, Ruelle’s superstability gives

ST Vi) = Y Ahig

{z,y}Cv icAy

d 2
19 el

>~ Bly| > Ayl

— Bly|.

Because I5 > g, one can show that for large x > 1 the following inequality holds
Ag| <RI}

and the assertion of the lemma is now obvious. O
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Proposition 4.2. Let V' be superstable in the sense of Ruelle. Then
(GRB),, — (SRPB).

Proof. It follows immediately from Proposition 4.1 by choosing W(y) =
AYien gl O

Proposition 4.3. (SRPB) implies p(Rs) = 1.

Proof. Let, as above, Ay denote the hypercube of sidelength 2k — 1 centered at
the origin in R?. Using the equality

MR =1 U {vefl > %2>N2Ak|},

N>1k>1 i€y

o-semi-additivity and monotonicity of the measure p, we have

p(T\Roo) < Nhinooz“ ({7 e Z Ivi|? > N2|Ak}> . (22)

k>1 i€EA

Due to (SRPB) for g = 1 we bound (22) by
lim 3" e (NI = iy 37 m (N @D g

N—oo N—oo

k>1 E>1 O

Remark 4.2. Proposition 4.3 holds if in (SRPB) we substitute (21) by the follow-
ing weaker probability bound:
for any N > Ny, Ny € N,

«({

Corollary 4.1. Let V be superstable in the sense of Ruelle. Then
(GRB)y = p(Roc) = p(Poc) = p(Usc) = 1.

> gl > N2A|}> < exp{—(aN —§)[A}. (23)

i€EA

5. Examples

In this section we consider some class of examples known from the statistical physics
to which the results of this paper can be applied. One of them is related to the so-
called Gibbs states (see Ref. 8 for more details) and another with states constructed
by a given family of correlation functions (see Ref. 3).

Example 5.1. (Gibbs states with pair potentials). The Hamiltonian EV : 'y — R
which corresponds to the potential V (even function on R?) is defined by

EY()= > V(e—y),neTon >2.
{=,y}Cn
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Having in mind applications in mathematical physics, we will always assume
positivity of V' for small distances. More precisely, we suppose that there exists
g, 0 < g < 00, such that V(z) > 0 for |z|] < g.
For fixed V we will write for short E = EV and for A € B.(R%), n € T'5 we will
sometimes write E(n) instead of E(n).
For a given 4 € T define the interaction energy between n € I'y and x. = YNAC,
A¢ = RNA as
Wit = Y Viz-y). (24)
e, yeEJNA°
Define

Ex(nly) = Ea(n) + Wa(n]7) .-
Let A € B.(R%) and let ¥ € T. The finite volume Gibbs state with boundary
configuration 4 for £ and z > 0 is

— _ exp{—Ea(nl7)}
MA(d77|’Y) = T@Aza(dn)a

where

Za(7) = / exp{—Ex(1]7)}Aeo (dn)

This finite volume Gibbs state is well defined if for any A € B.(R%), n € I'y and
7 € T the interaction energy Wi (n|¥) does not become —oo and partition function
ZA(%) is finite. The assumptions, under which these conditions hold true will be
introduced later.

When 5 = 0, let pa(dn|0) = ua(dn).

Let {ma} denote the specification associated with z and the Hamiltonian E (see
Ref. 23), which is defined on T" by

(A1) = [ nlanl).

where A’ ={n € Tx :nU(Hac) € A}, A € B(I).
A probability measure p on T is called a Gibbs state for F and z if
u(ma(Al7)) = n(A)

for every A € B(I') and every A € B.(R?).

This relation is the well-known (DLR)-equation (Dobrushin-Lanford-Ruelle
equation), see Ref. 8 for more details. We denote the class of all Gibbs states by
G(V, ).

About the potential V' we will assume:
Assumption 5.1. 1. Regularity:

11— e V@|o(dr) < oo.
Rd



On Relations Between a priori Bounds 209

2. V is superstable in the sense of Ruelle.

3. V is lower regular, e.g. there exists a positive function 1 on the non-negative
integers such that ¢ (m) < Km~> for m > 1, and for any A; and Ay which are each
finite unions of unit cubes of the form Q;, with v C A; and 4 C As,

WHR) == > e(lli = i)l 1]

i€A] JEA2
where K > 0, A > d are fixed.
Let
V@)= inf V(@), V (z)=min|0, inf V(2)],
7:0<|Z|<|z| i:|m—i\§%g
V(z) = max (0, sup V(:E)) ,
#:|le—&<3g
where the symbol | - | represents Euclidean norm in R?, and let
1
Cr= ) [ VE@IL g el e,
2 0<|z|<g

Cy=—n"? [ V™ (x)dz,
]Rd

where vy is the volume of a d-dimensional sphere of radius 1.

Assumption 5.2.% 1. The inequalities Cy < C;, C3 < oo hold.

2. For some D < oo : fw:\w\>D V(z)dr < oo.

It is well known from Ref. 25 that under Assumption 5.1 the set of tempered
Gibbs states is nonempty. Let us denote this set by G¢(V, z).

Analogous existence result for Gibbs states under Assumption 5.2 can be found
in Ref. 6.

The following propositions collect some known results concerning Gibbs mea-
sures.

Proposition 5.1.2 Suppose that Assumption 5.1 is fulfilled. Then for any u €
Gi(V, 2) the correlation functions k:an) (x1,...,2n) satisfy the following inequality:

kﬁ”)(xl,...,xn) < C"exp —ZV(xi — ;) (25)
i<j

with some C > 0.

Proposition 5.2.1° Suppose that Assumptions 5.1.2, 5.1.3 hold. Let A be a finite
union of unit cubes of the form Q;. Suppose A D A, A € B.(R?). For any p €
Gi(V, z) there exist constants a > 0 and ¢, depending only on z (independent of A
and A), such that for any N € Ny

px ({7 lval = NAJ}) < exp{—(aN? — §)|A[}. (26)
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Proposition 5.3.% Suppose that Assumption 5.2 holds and let o(y), 0 < y < oo,
be a positive monotonically increasing convex function is such that for some h > 0,
L < o0

@(m) < Lexp{m?(H(m) — g~ %Cy —h)}, m=0,1,...,

where
1 _ _ _ —d—
) = 3o~ [ V@)L + g ol e
zig(m¥ —1)-1<|z|<g

Then for any p € G(V, z) there exists a constant Cx(p) such that for any A €
B.(R?) the following inequality holds

| ellnhina@) < Cal). foral Ac &, A€ B(RY. (1)

The conditions on function ¢ are satisfied if
o(m) = exp{dm?}, 0<d< (C;—Cag™ %,
Corollary 5.1. Under Assumption 5.1 for any u € G¢(V, z) we have:

e (RPB) (Ruelle’s probability bound (26)).
e Dobrushin’s bound (27) for all bounded A C A such that In < gd_%,
e Dobrushin’s bound (27) for function o(x) = e " X >0, p € (0,2).

Under Assumptions 5.1.2, 5.1.3 for any p € G4(V, z) we have Dobrushin’s bound
for function ¢(z) = ", X >0, p € (0,2).
The conditions of Proposition 5.3 imply (RPB).

Proof. We will prove only that under Assumption 5.1 for any p € G¢(V, z) we have

Dobrushin’s bound for every bounded A C A such that I, < gd_% and that the

conditions of Proposition 5.3 imply (RPB). The proof of the remaining statements

in this corollary is a direct consequence of Theorem 3.1 for measure p = 3.
Using (1) and an estimate of the function ¢ we have

/F Kol (dn) < / S 0(1€0)ppn ()

Faecy
<L [ Y exp{IgPHE) - g7Ca ~ hpy ). (28)
Taecn
The estimate on the correlation functions implies the bound for (28)
- 2" 2 =N Ti—Tj n
LZE/M S P E e Ve ongy, - day (29)
n=0 @1, mnt

We bound e~ 2i<s V(#i=25) using the following result from Ref. 6: there exists mg >
24 s t. for any A € B.(R%), [y < gd~% and n € T'y, |n| > my holds

EY (n) = [nl*H(|n]).
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Therefore, we can estimate (29) by

LemgH(\mo\)Z (2ZC|A| i Z 220\A| < Le2CIA+mEH(jmo])
n=0 n=mo-+1

The equalities (2) and (4) give
/ e(Inal)px (dn) = / K o(Ina])]pu(dn) < Le2=CIAImaH (mol)

To show that conditions of Proposition 5.3 imply (RPB) one should take in the
proof of Theorem 3.1(d) the constant A\ = C; — Cog~¢ and use the fact from Ref. 6
that Cy < €®IA for some & > 0. O

Remark 5.1. Let us note that the Poisson measure 7., satisfy (15). Really, we
have

7720({’” "7A| 2 N‘A|})

_aa (ZIAD™ . > (z|A)) n!
Yoo im A |n,‘) = e M (2] AD" Z ‘.| . (30)

! (n +mno)!
n>NIA| = +70)

where ng is the smallest integer greater than or equal to N|A|. Using Stirling formula
and considering N > €2z we can bound (30) by e~ NIAl,
Moreover, this implies 7., (Ps) = .0 (UL) = 1.

Remark 5.2. The Poisson measure 7., does not satisfy (RPB). Indeed, sup-
pose that (RPB) for 7., holds. Then from Theorem 3.1 we have that 7., satisfy
(DEB)(1,2—¢), where 0 < &£ < 1. But by the definition of the Poisson measure

A|
AP (dy) = eI GAp™
| >

where the latter series obviously diverges.
So, our assumption that the Poisson measure satisfies (RPB) is false.

Example 5.2. Let V : R? x R? — R U {oo} be a non-negative pair potential and
the function kY : Ty — R defined by

BV () = alleBY 0 = gl T e Vo0 ety 22, (31)
kx(ﬂ) 2047|77| =1,
kY (0) =1,

with some constant a > 0.
Assume that ¢ := sup,cga [pa(1 — e=V(@¥))dy < co. As shown in Ref. 3 under
assumption ace < 1 there exists probability measure p on B(T) s.t.

d
ku(n) = () = k(). € T,
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where o denotes the Lebesgue measure on R<. Moreover, the bound 0 < ku(n) <
all, n € Ty implies the uniqueness (c.f. Ref. 11).

The measure p is not Gibbs state associated with a pair potential. Moreover,
it is difficult to show that p corresponds to a potential in an explicit form. Even
if this is true, such a potential should include interactions of all orders. In spite of
this, we know that correlation functions of p satisfy (GRB)y . Therefore, all results
of this paper connected with (GRB)y are applicable to this measure. In particular,
we have information about support properties and probability bounds depending
on the behavior of V' on the diagonal.
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