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1. Introduction

The space of configurations ΓX over a Riemannian manifold X consists of all lo-

cally finite subsets of X . Such spaces play an important role in the topology, the

theory of point processes, the mathematical physics and several other areas of the

mathematics and its applications. As objects of infinite dimensional analysis, con-

figuration spaces form a class of infinite dimensional manifolds which are not in

the well-known categories of Banach or Fréchet manifolds. Nevertheless, they can

be equipped with a natural differentiable structure (coming from the underlying

manifold X) with quite rich analytic and geometrical properties, see Refs. 1 and 2.

The measure theory on configuration spaces has several specific aspects compar-

ing with the well-developed one in the case of linear spaces. Namely, in the linear

case we have useful relations between such characteristics of measure as moments,
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the Laplace transform, support and integrability properties for some classes of func-

tions on linear spaces, see e.g. Ref. 4 for a review and related historical comments

and references. These characteristics need to be modified properly in configuration

space analysis. Important instructive ideas in this area are coming from the theory

of stochastic processes and statistical physics. In these applications measures on

configuration spaces correspond to point processes and states of continuous sys-

tems respectively and in both areas we already have many deep results concerning

properties of particular classes of such measures.

The point of view developed in the present paper is motivated mainly by results

of classical statistical mechanics of continuous systems. In particular, in pioneer-

ing works of Dobrushin6 and Ruelle24 dedicated to the study of equilibrium states

(Gibbs measures) in the case of pair potentials several properties of these mea-

sures related with analysis of their characteristics were discovered. Namely, the first

characteristic of configuration space measures is the system of correlation functions

(that is the system of reduced moments or coincidence densities in the point process

theory). Correlation functions can be considered as an analog of the moments of

measures in the linear space analysis. In the case of superstable pair potentials they

satisfy the so-called Ruelle bound (RB)24 which is very useful in applications. An-

other important bound obtained in the same paper is related to the density of finite

volume projections of Gibbs measures (Ruelle probability bound (RPB)) which also

became a standard technical tool in the equilibrium statistical physics. In partic-

ular, (RPB) gives information about the support of Gibbs measures. Dobrushin6

proved exponential integrability w.r.t. Gibbs measures of some local functions on

configuration spaces (Dobrushin exponential bound (DEB)) which also gives useful

information about these measures.

In the present paper we consider measures on configuration spaces which satisfy

(some generalizations of) the mentioned bounds. We have shown that these bounds,

in fact, are related among each other and do not need to be restricted to the class of

Gibbs measures. This is important, in particular, in applications to non-equilibrium

problems. More precisely, in the study of the dynamics (e.g. Hamiltonian or stochas-

tic) of continuous systems we need, typically, to restrict the class of initial states

assuming one or another kind of a priori bounds on them. Actually, the necessity

to transport the description of the time evolution from the traditional classical me-

chanics point of view (in terms of particle trajectories) to the evolution of states is

a specific point in the rigorous statistical physics of continuous systems. We refer

the reader to the excellent discussion of this concept in the review by Dobrushin,

Sinai and Suhov.7 In concrete examples we can see that the possibility to construct

the time evolution of an initial state depends on the level of the deviation from the

equilibrium state (i.e. on the information about “how non-equilibrium is the initial

state”).

Moreover, even in the case when the initial state is a Gibbs measure, the time

evolution usually does not preserve the Gibbs property (at least, in the class of

Gibbs measures with interactions of a finite order). But we can expect that the
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time evolution can be realized in a class on configuration space measures with

certain a priori bounds. This hope is supported, in particular, by recent results

on the stochastic dynamics of infinite particle systems.15 One of the aims of this

paper is to clarify which kinds of a priori bounds can be reasonable, in principle, for

measures in the configuration space analysis and how modifications of these bounds

are reflected in the properties of the measures (e.g., support properties etc.).

Note that even in the case of Gibbs measures with pair potentials, modifications

of classical bounds are useful. For example, a generalization of the Ruelle bound

for correlation functions, which we discussed in this paper, was already used es-

sentially in Ref. 2 for the construction of equilibrium gradient stochastic dynamics

of continuous systems with pair singular interactions. An additional motivation for

the analysis developed in this paper is related with an important class of so-called

fermion and boson measures, see e.g. Ref. 21 and references therein. Such measures

are defined via explicitly given correlation functions and do not admit clear Gibbs

type descriptions. The only way to study the properties of such measures is to use

the bounds on correlation functions and their consequences.

2. General Facts and Notations

Let Rd be the d-dimensional Euclidean space. By O(Rd), B(Rd) we denote the

family of all open and Borel sets, respectively. Oc(R
d), Bc(R

d) denote the system

of all sets in O(Rd), B(Rd), respectively, which are bounded. The space of n-point

configuration is

Γ
(n)
0 = Γ

(n)

0,Rd := {η ⊂ Rd| |η| = n} , n ∈ N0 := N ∪ {0} ,

where |A| denotes the cardinality of the set A. Analogously the space Γ
(n)
0,Λ is defined

for Λ ∈ Bc(R
d), which we denote for short by Γ

(n)
Λ .

For every Λ ∈ Bc(R
d) one can define a mapping NΛ : Γ

(n)
0 → N0; NΛ(η) := |η ∩

Λ|. For short we write ηΛ := η∩Λ. As a set, Γ
(n)
0 is equivalent to the symmetrization

of

(̃Rd)n = {(x1, . . . , xn) ∈ (Rd)n|xk 6= xl if k 6= l} ,

i.e. (̃Rd)n/Sn, where Sn is the permutation group over {1, . . . , n}. Hence Γ
(n)
0 inher-

its the structure of an n · d-dimensional manifold. Applying this we can introduce

a topology O(Γ
(n)
0 ) on Γ

(n)
0 . The corresponding Borel σ-algebra B(Γ

(n)
0 ) coincides

with σ(NΛ|Λ ∈ Bc(R
d)). The space of finite configurations Γ0 :=

⊔

n∈N0
Γ

(n)
0 is

equipped with the topology of disjoint union O(Γ0). A set B ∈ B(Γ0) (the corre-

sponding Borel σ-algebra) is called bounded if there exists a Λ ∈ Bc(R
d) and an

N ∈ N such that B ⊂
⊔N

n=0 Γ
(n)
Λ .

The configuration space

Γ := {γ ⊂ Rd| |γ ∩ Λ| <∞ , for all Λ ∈ Bc(R
d)}
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is equipped with the vague topology. The Borel σ-algebra B(Γ) is equal to the

smallest σ-algebra for which all the mappings NΛ : Γ → N0, NΛ(γ) := |γ ∩ Λ| are

measurable, i.e.

B(Γ) = σ(NΛ|Λ ∈ Bc(R
d))

and filtration on Γ given by

BΛ(Γ) := σ(NΛ′ |Λ′ ∈ Bc(R
d), Λ′ ⊂ Λ) .

For every Λ ∈ Bc(R
d) one can define a projection pΛ : Γ → ΓΛ; pΛ(γ) := γΛ

and w.r.t. this projections Γ is the projective limit of the spaces {ΓΛ}Λ∈Bc(Rd).

The following classes of function are used in the following: L0(Γ0) is the set of all

measurable functions on Γ0, L
0
ls(Γ0) is the set of functions which have additionally

a local support, i.e. G ∈ L0
ls(Γ0) if there exists Λ ∈ Bc(R

d) such that G �Γ0\ΓΛ
= 0.

L0
bs(Γ0) denotes the measurable functions with bounded support, B(Γ0) the set of

bounded measurable functions. On Γ we consider the set of a cylinder functions

FL0(Γ), i.e. the set of all measurable function G ∈ L0(Γ) which are measurable

w.r.t. BΛ(Γ) for some Λ ∈ Bc(R
d). These functions are characterized by the following

relation: F (γ) = F �ΓΛ (γΛ).

Next we would like to describe some facts from Harmonic analysis on configu-

ration space based on Refs. 11 and 13.

The following mapping between functions on Γ0, e.g. L0
ls(Γ0), and functions on

Γ, e.g. FL0(Γ), plays a key role in our further considerations:

KG(γ) :=
∑

ξbγ

G(ξ) , γ ∈ Γ ,

where G ∈ L0
ls(Γ0), see e.g. Refs. 18 and 19. The summation in the latter expression

is extended over all finite subconfigurations of γ, in symbols ξ b γ. K is linear,

positivity preserving, and invertible, with

K−1F (η) :=
∑

ξ⊂η

(−1)|η\ξ|F (ξ) , η ∈ Γ0 . (1)

It is easy to see that for all Λ ∈ Bc(R
d), F ∈ FL0(Γ,BΛ(Γ))

K−1F (η) =1lΓΛ (η)K−1F (η) , ∀ η ∈ Γ0 . (2)

Let M1
fm(Γ) be the set of all probability measures µ which have finite local moments

of all orders, i.e.
∫

Γ |γΛ|nµ(dγ) < +∞ for all Λ ∈ Bc(R
d) and n ∈ N0. A measure

ρ on Γ0 is called locally finite iff ρ(A) < ∞ for all bounded sets A from B(Γ0),

the set of such measures is denoted by Mlf(Γ0). One can define a transform K∗ :

M1
fm(Γ) → Mlf(Γ0), which is dual to the K-transform, i.e. for every µ ∈ M1

fm(Γ),

G ∈ Bbs(Γ0) we have
∫

Γ

KG(γ)µ(dγ) =

∫

Γ0

G(η) (K∗µ)(dη) .

ρµ := K∗µ we call the correlation measure corresponding to µ.
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As shown in Ref. 11 for µ ∈ M1
fm(Γ) and any G ∈ L1(Γ0, ρµ) the series

KG(γ) :=
∑

ηbγ

G(η) , (3)

is µ-a.s. absolutely convergent. Furthermore, KG ∈ L1(Γ, µ) and
∫

Γ0

G(η)ρµ(dη) =

∫

Γ

(KG)(γ)µ(dγ) . (4)

Fix a non-atomic and locally finite measure σ on (Rd,B(Rd)). For any n ∈ N

the product measure σ⊗n can be considered by restriction as a measure on (̃Rd)n

and hence on Γ
(n)
0 . The measure on Γ

(n)
0 we denote by σ(n).

The Lebesgue–Poisson measure λzσ on Γ0 is defined as λzσ :=
∑∞

n=0
zn

n! σ
(n).

Here z > 0 is the so-called activity parameter. The restriction of λzσ to ΓΛ will also

be denoted by λzσ .

The Poisson measure πzσ on (Γ,B(Γ)) is given as the projective limit of the

family of measures {πΛ
zσ}Λ∈Bc(Rd), where πΛ

zσ is the measure on ΓΛ defined by

πΛ
zσ := e−zσ(Λ)λzσ .

A measure µ ∈ M1
fm(Γ) is called locally absolutely continuous w.r.t. πzσ iff

µΛ := µ ◦ p−1
Λ is absolutely continuous with respect to πΛ

zσ = πzσ ◦ p−1
Λ for all

Λ ∈ BΛ(Rd). In this case ρµ := K∗µ is absolutely continuous w.r.t λzσ . We denote

by kµ(η) :=
dρµ

dλσ
(η), η ∈ Γ0.

The functions

k
(n)
µ : (Rd)n −→ R+

k
(n)
µ (x1, . . . , xn) :=







kµ({x1, . . . , xn}) , if (x1, . . . , xn) ∈ (̃Rd)n

0 , otherwise

(5)

are well-known correlation functions of statistical physics, see e.g. Refs. 24 and 25.

3. A Priori Bounds

Let σ be Lebesgue measure and ‖x‖ = maxk |xk |, x ∈ Rd. For Λ ∈ Bc(R
d), let

lΛ = sup
x,y∈Λ

‖x− y‖

and |Λ| denote the Lebesgue measure of Λ. The symbol | · | may therefore represent

cardinality or Lebesgue measure, but the meaning will always be clear from the

context.

Let V : Γ
(2)
0 → R be a pair potential.

Definition 3.1. A potential V is called stable (see Ref. 25) iff there exists a con-

stant B ≥ 0 such that for any Λ ∈ Bc(R
d) and any configuration γ ∈ ΓΛ holds

∑

{x,y}⊂γ

V (x, y) ≥ −B|γ| . (6)

In the following we assume that all potentials under consideration are stable.
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Consider µ ∈ M1
fm(Γ) locally absolutely continuous w.r.t. πzσ and three types

of bounds on it.

We will say that a measure µ satisfies the generalized Ruelle bound with poten-

tial V if the following holds:

• (GRB)V : The correlation function kµ(η) satisfies the inequality

kµ(η) ≤ C |η| exp



−
∑

{x,y}⊂η

V (x, y)



 , η ∈ Γ0 , (7)

with some C > 0.

We will say that a measure µ satisfies the Ruelle’s probability bound if the

following holds:

• (RPB): For any g > 0 there exist constants α > 0 and δ ∈ R (may be g dependent)

such that for any Λ ∈ Bc(R
d), lΛ ≥ g and N ∈ N0

µ({γ| |γΛ| ≥ N}) ≤ exp

{

−α
N2

ldΛ
+ δldΛ

}

. (8)

We will say that a measure µ satisfies the Dobrushin’s exponential bound of

type λ > 0 and order p > 0 if the following holds:

• (DEB)(λ, p): For every Λ ∈ Bc(R
d) there exists a constant CΛ > 0 such that

∫

Γ

eλ|γΛ|pµ(dγ) < CΛ . (9)

Remark 3.1. Obviously, for any Λ ∈ Bc(R
d) with lΛ = 0 the bound (9) holds

automatically. Therefore, in the sequel we will consider (DEB)(λ, p) only for Λ ∈

Bc(R
d), lΛ > 0.

Definition 3.2. A potential V is called superstable in the sense of Ginibre (see

Refs. 9 and 20) iff for any g > 0 there exist A > 0 and B ≥ 0 (may be g dependent)

such that for any Λ ∈ Bc(R
d), lΛ ≥ g and any configuration γ ∈ ΓΛ holds

∑

{x,y}⊂γ

V (x, y) ≥ A
|γ|2

ldΛ
−B|γ| . (10)

In the sequel, we will sometimes write αg , δg , Ag , Bg, instead of α, δ, A, B, to

emphasize that these constants depend on g.

Theorem 3.1. (a) For any λ > 0 and p ∈ (0, 1]

(GRB)V ⇒ (DEB)(λ, p) .

(b) Let V be superstable in the sense of Ginibre. Then

(i) (GRB)V ⇒ (RPB) ,
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(ii) for any λ > 0 and p ∈ (1, 2)

(GRB)V ⇒ (DEB)(λ, p) ,

(iii) for any λ > 0 and Λ ∈ Bc(R
d), 0 < ldΛ ≤ AlΛλ

−1

(GRB)V ⇒ (DEB)(λ, 2) .

(c) For any λ > 0 and p ∈ (0, 2)

(RPB) ⇒ (DEB)(λ, p) .

(d) For any λ > 0 (DEB)(λ, 2) with CΛ ≤ eδldΛ ,Λ ∈ Bc(R
d), δ > 0 implies (RPB).

Proof. (a) Using (1), stability of V and according to the bound on the correlation

functions we have
∫

ΓΛ

|K−1[eλ|η|p ]|ρµ(dη)

=

∫

ΓΛ

∣

∣

∣

∣

∣

∑

ξ⊂η

(−1)|η\ξ|eλ|ξ|p

∣

∣

∣

∣

∣

ρµ(dη)

≤
∞
∑

n=0

zn

n!

∫

Λn

∑

ξ⊂{x1,...,xn}

eλ|ξ|pCne−
∑

{x,y}⊂{x1,...,xn} V (x,y)dx1 · · · dxn

≤
∞
∑

n=0

zn

n!

∫

Λn

∑

ξ⊂{x1,...,xn}

eλ|ξ|CneBndx1 · · · dxn = exp {2zC|Λ|eλ+B} .

Due to (2) and (4) we conclude that
∫

Γ

eλ|γΛ|
p

µ(dγ) =

∫

ΓΛ

K−1[eλ|η|p ]ρµ(dη) ≤ exp{2zC|Λ|eλ+B} .

(b) Now suppose that V is superstable in the sense of Ginibre.

(i) Define SΛ := {γ ∈ Γ| |γΛ| ≥ N}, Λ ∈ Bc(R
d). Let g > 0 be any given variable.

Then, using (1) for any Λ ∈ Bc(R
d), lΛ ≥ g we have

∫

ΓΛ

|K−1[1lSΛ (η)]|ρµ(dη)

=

∫

ΓΛ

∣

∣

∣

∣

∣

∑

ξ⊂η

(−1)|η\ξ| 1lSΛ (ξ)

∣

∣

∣

∣

∣

ρµ(dη) =

∫

ΓΛ

∣

∣

∣

∣

∣

1lSΛ (η)
∑

ξ⊂η,|ξ|≥N

(−1)|η\ξ|

∣

∣

∣

∣

∣

ρµ(dη) .

According to the bound on the correlation functions and the superstability for given

g, the latter expression can be estimated by
∫

ΓΛ

1lSΛ (η)C |η|
∑

ξ⊂η,|ξ|≥N

e−
∑

{x,y}⊂η V (x,y)λzσ(dη)

≤

∫

ΓΛ

1lSΛ (η)(2C)|η|e−A|η|2l−d
Λ +B|η|λzσ(dη) ≤ exp

{

−A
N2

ldΛ
+ 2zCeBldΛ

}

.
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In the last inequality we have used the fact that integration actually extends only

over all η ∈ ΓΛ : |η| ≥ N .

Finally, (2) and (4) give us

µ({γ| |γΛ| ≥ N}) =

∫

ΓΛ

K−1[1lSΛ (η)]ρµ(dη) ≤ exp

{

−A
N2

ldΛ
+ 2zCeBlΛ

}

.

(ii) Let Λ ∈ Bc(R
d), lΛ > 0 be arbitrary and fixed. Using (1) we have

∫

ΓΛ

|K−1[eλ|η|p ]|ρµ(dη) ≤

∫

ΓΛ

∑

ξ⊂η

exp{λ|ξ|p}ρµ(dη) .

The estimation for the correlation functions and the superstability of V for g = lΛ
imply the following bound for the latter integral

∫

ΓΛ

∑

ξ⊂η

eλ|ξ|p−Al−d
Λ |η|2+B|η|C |η|λzσ(dη)

≤

∫

ΓΛ

(2C)|η|eB|η|eλ|η|p−Al−d
Λ |η|2λzσ(dη) ≤ e2zC|Λ|eB+C?

Λ , (11)

where C?
Λ > 0 is some constant such that

λ|η|p −
A

ldΛ
|η|2 ≤ C?

Λ .

Therefore, using (2) and (4) we have
∫

Γ

eλ|γΛ|pµ(dγ) =

∫

ΓΛ

K−1[eλ|η|p ]ρµ(dη) ≤ e2zC|Λ|eB+C?
Λ .

(iii) Doing the same as in (ii) for any Λ ∈ Bc(R
d), 0 < lΛ ≤ AlΛλ

−1 we obtain
∫

ΓΛ

|K−1[eλ|η|2 ]|ρµ(dη)

≤
∞
∑

n=0

(zC)n

n!

∫

Λn

∑

ξ⊂{x1,...,xn}

eλ|ξ|2−AlΛ
l−d
Λ n2+BlΛ

ndx1 · · · dxn . (12)

Since ldΛ ≤ AlΛλ
−1, (12) is bounded by

∞
∑

n=0

(zC)n

n!

∫

Λn

∑

ξ⊂{x1···xn}

eλ[|ξ|2−n2]+BlΛ
ndx1 · · · dxn ≤ e2zC|Λ|e

BlΛ .

The statement is now a direct consequence of (2) and (4).

(c) To prove this part of the theorem we need the following lemma which follows

directly from the definition of distribution function for a random variable.

Lemma 3.1. For any measurable ξ : Γ → R+ and differentiable f : R+ → R+ such

that f(0) = 0 we have
∫

Γ

f ◦ ξ(γ)µ(dγ) =

∫ ∞

0

f ′(x)µ({γ ∈ Γ|ξ(γ) > x})dx .
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Using Lemma 3.1 for any Λ ∈ Bc(R
d), lΛ > 0 we have

∫

Γ

eλ|γΛ|pµ(dγ) =

∫ ∞

0

µ

({

γ

∣

∣

∣

∣

∣

|γΛ| >
(ln y)

1
p

λ
1
p

})

dy . (13)

Due to (RPB) for g = lΛ we bound (13) by

∫ exp[(2λ2/pldΛα−1)
p

2−p ]

0

1dy +

∫ ∞

exp[(2λ2/pldΛα−1)
p

2−p ]

exp

{

−α
(ln y)2/p

λ2/pldΛ
+ δldΛ

}

dy .

A direct computation gives the following estimation for the latter expression:

2 exp[δldΛ + (2λ2/pldΛα
−1)

p
2−p ] .

(d) Let (DEB)(λ, 2) holds for some λ > 0 with CΛ ≤ eδldΛ , Λ ∈ Bc(R
d), δ > 0

and g > 0 be arbitrary and given.

For every Λ ∈ Bc(R
d), lΛ ≥ g consider a function gΛ(x) = eαl−d

Λ x2

, x ≥ 0,

0 ≤ α ≤ λgd. This function is increasing and
∫

Γ gΛ(|γΛ|)µ(dγ) ≤ CΛ (it follows

from (DEB)(λ, 2) and inequality lΛ ≥ g).

Thus, the generalized Chebyshev inequality shows that for any Λ ∈ Bc(R
d),

lΛ ≥ g:

µ({γ| |γΛ| ≥ N}) ≤

∫

Γ gΛ(|γΛ|)µ(dγ)

eαN2l−d
Λ

≤ CΛe
−αN2l−d

Λ ≤ e−αN2l−d
Λ +δldΛ .

For each i ∈ Zd, let

Qi = {r ∈ Rd|ik − 1/2 < rk ≤ ik + 1/2, k = 1, . . . , d} .

Define |γi| = |γ∩Qi|. For k ∈ N, let Λk be the hypercube of the sidelength 2k−1

centered at the origin in Rd. Note that |Λk| = ldΛk
= (2k − 1)d, k ∈ N. Sometimes

we will also regard Λk as a subset of Zd by letting Λk represent Λk ∩Zd. For i ∈ Zd

let ln+ ‖i‖ = max{1, ln ‖i‖}.

Following Ruelle25 a measure µ is called tempered if µ is supported by the set

R∞ =
∞
⋃

N=1

RN ,

where RN = {γ ∈ Γ|
∑

i∈Λk
|γi|2 ≤ N2|Λk|, ∀ k ≥ 1}.

Consider two subsets of the configuration space:

P∞ =

∞
⋃

N=1

PN ,

where PN = {γ ∈ Γ| |γΛk
| ≤ N |Λk|, ∀ k ≥ 1} and

U∞ =

∞
⋃

n=1

Un ,

where Un = {γ ∈ Γ| |γi| ≤ n(ln+ ‖i‖)
1
2 , ∀ i ∈ Zd}.
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Obviously, R∞ ⊂ P∞ and for any tempered measure µ with (RPB), it is also

possible to show that µ(U∞) = 1 (see Refs. 10 and 16).

Proposition 3.1. (RPB) implies µ(P∞) = 1.

Proof. Obviously,

Γ\P∞ =
⋂

N≥1

⋃

k≥1

{γ ∈ Γ| |γΛk
| > N |Λk|} .

Using σ-semi-additivity and monotonicity of the measure µ we have

µ(Γ\P∞) ≤ lim
N→∞

∑

k≥1

µ({γ ∈ Γ| |γΛk
| > N |Λk|}) . (14)

Due to (RPB) one can show that the right-hand side of (14) equals to 0.

Remark 3.2. Proposition 3.1 holds, if (RPB) is replaced by the following weaker

probability bound:

there exist constants α > 0 and δ ∈ R such that for any N ≥ N0, N0 ∈ N and

k ∈ N

µ({γ| |γΛk
| ≥ N |Λk|}) ≤ exp{−(αN − δ)|Λk|} . (15)

Proposition 3.2. (RPB) implies µ(U∞) = 1.

Proof. Using

Γ\U∞ =
⋂

n≥1

⋃

i∈Zd

{γ ∈ Γ| |γi| > n(ln+ ‖i‖)
1
2 } ,

σ-semi-additivity and monotonicity of the measure µ we have

µ(Γ\U∞) ≤ lim
n→∞

∑

i∈Zd

µ({γ ∈ Γ| |γi| > n(ln+ ‖i‖)
1
2 }) . (16)

Due to (RPB) we estimate (16) by

lim
n→∞

∑

i∈Zd

e−(αn2(ln+ ‖i‖)−δ) ≤ lim
n→∞

22d−1deδ
∞
∑

i=3

id−1e−αn2 ln i = 0 .

Remark 3.3. We will say that a measure µ satisfy (RPB)p, p > 0 if the following

holds:

• (RPB)p: For any g > 0 there exist constants α > 0 and δ ∈ R (may be g-

dependent) such that for any Λ ∈ Bc(R
d), lΛ ≥ g and N ≥ N0 for some N0 ∈ N

µ({γ| |γΛ| ≥ N}) ≤ exp

{

−α
Np

ldΛ
+ δldΛ

}

. (17)
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Similar to the proof of Proposition 3.2 one can show that for any p > 0 the

fulfillment of (RPB)p on the sets Qi, i ∈ Zd implies µ(Up
∞) = 1. Here

Up
∞ =

∞
⋃

n=1

Up
n ,

Up
n = {γ ∈ Γ| |γi| ≤ n(ln+ ‖i‖)

1
p , ∀ i ∈ Zd} .

4. Stronger Consequences of Generalized Ruelle Bound

In this section we describe further conclusions which follow from (GRB)V .

As before one can consider the partition of Rd on cubes, but now with sidelength

equal to g > 0. Namely, for each i ∈ Zd and any g > 0 let

Qg
i = {r ∈ Rd|g(ik − 1/2) < rk ≤ g(ik + 1/2), k = 1, . . . , d}

and |γi,g | = |γ ∩Qg
i |.

By Jg(R
d) we denote all finite unions of cubes of the form Qg

i (such sets are used

in the construction of the Jordan measure). Sometimes we will regard Λ ∈ Jg(R
d)

as a subset of Zd by letting Λ represent {i ∈ Zd|Qg
i ⊂ Λ}.

Let W : Γ0 → R be a measurable increasing function, i.e. for γ, γ ′ ∈ Γ0 such

that γ ⊂ γ′: W (γ) ≤W (γ′).

We will say that a measure µ satisfies the (RPB)W
V if the following holds:

• (RPB)W
V : For any g > 0 there exist constants B > 0 and δ ∈ R (may be g-

dependent) such that for any Λ ∈ Jg(R
d), any configuration γ ∈ ΓΛ and L ∈ R+

µ({γ|W (γΛ) ≥ L}) ≤ exp{−L+ δ|Λ|} , (18)

and
∑

{x,y}⊂γ

V (x, y) −W (γ) ≥ −B|γ| . (19)

Proposition 4.1. Suppose that there exists a measurable increasing function W :

Γ0 → R which satisfies (19). Then (GRB)V implies (RPB)W
V .

Proof. Let g > 0 and Λ ∈ Jg(R
d) be arbitrary. Define S := {γ ∈ Γ|W (γΛ) ≥ L}.

Then using (19) we have

1lS (η)e−
∑

{x,y}⊂η V (x,y) ≤1lS (η)e−W (η)+B|η| ≤ e−L+B|η|, η ∈ ΓΛ .

Therefore, similarly to the proof of Theorem 3.1(i) we obtain

µ({γ|W (γΛ) ≥ L}) ≤ e−L

∫

ΓΛ

(2C)|η|eB|η|λzσ(dη) = e−L+2zCeB|Λ| .

Remark 4.1. For any 0 ≤ ε < 1 inequality (18) implies
∫

Γ

eW (γΛ)1−ε

µ(dγ) < CΛ,Λ ∈ Bc(R
d)

with some CΛ > 0.
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Indeed, let g > 0 be given. We increase any Λ ∈ Bc(R
d) to a set ΛJ ∈ Jg(R

d)

which is a union of all cubes Qi,g, which have nonempty intersection with Λ. Then

using Lemma 3.1 and the fact that the function W is increasing we have
∫

Γ

eW (γΛ)1−ε

µ(dγ) ≤

∫ ∞

0

µ({γ|W (γΛJ ) > (ln y)
1

1−ε })dy .

Inequality (18) implies the following bound for the latter integral:

∫ exp[2(1−ε)ε−1
]

0

1dy +

∫ ∞

exp[2(1−ε)ε−1]

e−(ln y)(1−ε)−1

+ δ|ΛJ |dy . (20)

A direct calculation gives us bound for (20):

2 exp[δ|ΛJ | + 2(1−ε)ε−1

] .

In the literature different non-equivalent versions of the Ruelle’s probability

bound are known. The definition of (RPB) we used here can be found in Refs. 10

and 16. Besides this bound, Ruelle in Ref. 25 used also another one. Namely, we will

say that a measure µ satisfies the strong Ruelle’s probability bound if the following

holds:

• (SRPB): For any g > 0 there exist constants α > 0 and δ ∈ R (may be g-

dependent) such that for any Λ ∈ Jg(R
d) and N ∈ N

µ

({

γ

∣

∣

∣

∣

∣

∑

i∈Λ

|γi,g |
2 ≥ N2|Λ|

})

≤ exp{−(αN2 − δ)|Λ|} . (21)

As shown in Ref. 25 (SRPB) implies (RPB).

Definition 4.1. A potential V is called superstable in the sense of Ruelle25 if for

any g > 0 there exist A > 0, B ≥ 0 (may be g-dependent) such that for any

Λ ∈ Jg(R
d) and any γ ∈ ΓΛ

∑

{x,y}⊂γ

V (x, y) ≥
∑

i∈Λ

[A|γi,g |
2 −B|γi,g |] .

Lemma 4.1. Ruelle’s superstability implies Ginibre’s superstability.

Proof. Let g > 0 be given. We first increase, as before, any Λ ∈ Bc(R
d), lΛ ≥ g

to a set ΛJ ∈ Jg(R
d) which is a union of all cubes Qi,g , which have nonempty

intersection with Λ. Then for any γ ∈ ΓΛ ⊂ ΓΛJ , Ruelle’s superstability gives

∑

{x,y}⊂γ

V (x, y) ≥
∑

i∈ΛJ

A|γi,g |
2 −B|γ| ≥ A

gd|γ|2

|ΛJ |
−B|γ| .

Because lΛ ≥ g, one can show that for large κ > 1 the following inequality holds

|ΛJ | ≤ κldΛ

and the assertion of the lemma is now obvious.
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Proposition 4.2. Let V be superstable in the sense of Ruelle. Then

(GRB)V → (SRPB) .

Proof. It follows immediately from Proposition 4.1 by choosing W (γ) =

A
∑

i∈Λ |γi,g |2.

Proposition 4.3. (SRPB) implies µ(R∞) = 1.

Proof. Let, as above, Λk denote the hypercube of sidelength 2k − 1 centered at

the origin in Rd. Using the equality

Γ\R∞ =
⋂

N≥1

⋃

k≥1

{

γ ∈ Γ|
∑

i∈Λk

|γi|
2 > N2|Λk|

}

,

σ-semi-additivity and monotonicity of the measure µ, we have

µ(Γ\R∞) ≤ lim
N→∞

∑

k≥1

µ

({

γ ∈ Γ|
∑

i∈Λk

|γi|
2 > N2|Λk|

})

. (22)

Due to (SRPB) for g = 1 we bound (22) by

lim
N→∞

∑

k≥1

e−(αN2−δ)|Λk | = lim
N→∞

∑

k≥1

e−(αN2−δ)(2k−1)d

= 0 .

Remark 4.2. Proposition 4.3 holds if in (SRPB) we substitute (21) by the follow-

ing weaker probability bound:

for any N ≥ N0, N0 ∈ N,

µ

({

γ

∣

∣

∣

∣

∣

∑

i∈Λ

|γi,g |
2 ≥ N2|Λ|

})

≤ exp{−(αN − δ)|Λ|} . (23)

Corollary 4.1. Let V be superstable in the sense of Ruelle. Then

(GRB)V ⇒ µ(R∞) = µ(P∞) = µ(U∞) = 1 .

5. Examples

In this section we consider some class of examples known from the statistical physics

to which the results of this paper can be applied. One of them is related to the so-

called Gibbs states (see Ref. 8 for more details) and another with states constructed

by a given family of correlation functions (see Ref. 3).

Example 5.1. (Gibbs states with pair potentials). The Hamiltonian EV : Γ0 → R

which corresponds to the potential V (even function on Rd) is defined by

EV (η) =
∑

{x,y}⊂η

V (x − y), η ∈ Γ0, |η| ≥ 2 .
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Having in mind applications in mathematical physics, we will always assume

positivity of V for small distances. More precisely, we suppose that there exists

g, 0 < g <∞, such that V (x) ≥ 0 for |x| ≤ g.

For fixed V we will write for short E = EV and for Λ ∈ Bc(R
d), η ∈ ΓΛ we will

sometimes write EΛ(η) instead of E(η).

For a given γ̄ ∈ Γ define the interaction energy between η ∈ ΓΛ and γ̄Λc = γ̄∩Λc,

Λc = Rd\Λ as

WΛ(η|γ̄) =
∑

x∈η,y∈γ̄∩Λc

V (x − y) . (24)

Define

EΛ(η|γ̄) = EΛ(η) +WΛ(η|γ̄) .

Let Λ ∈ Bc(R
d) and let γ̄ ∈ Γ. The finite volume Gibbs state with boundary

configuration γ̄ for E and z > 0 is

µΛ(dη|γ̄) =
exp{−EΛ(η|γ̄)}

ZΛ(γ̄)
λzσ(dη) ,

where

ZΛ(γ̄) =

∫

ΓΛ

exp{−EΛ(η|γ̄)}λzσ(dη) .

This finite volume Gibbs state is well defined if for any Λ ∈ Bc(R
d), η ∈ ΓΛ and

γ̄ ∈ Γ the interaction energy WΛ(η|γ̄) does not become −∞ and partition function

ZΛ(γ̄) is finite. The assumptions, under which these conditions hold true will be

introduced later.

When γ̄ = ∅, let µΛ(dη|∅) ≡ µΛ(dη).

Let {πΛ} denote the specification associated with z and the Hamiltonian E (see

Ref. 23), which is defined on Γ by

πΛ(A|γ̄) =

∫

A′

µΛ(dη|γ̄) ,

where A′ = {η ∈ ΓΛ : η ∪ (γ̄Λc) ∈ A}, A ∈ B(Γ).

A probability measure µ on Γ is called a Gibbs state for E and z if

µ(πΛ(A|γ̄)) = µ(A)

for every A ∈ B(Γ) and every Λ ∈ Bc(R
d).

This relation is the well-known (DLR)-equation (Dobrushin–Lanford–Ruelle

equation), see Ref. 8 for more details. We denote the class of all Gibbs states by

G(V, z).

About the potential V we will assume:

Assumption 5.1. 1. Regularity:
∫

Rd

|1 − e−V (x)|σ(dx) <∞ .



May 21, 2004 9:2 WSPC/102-IDAQPRT 00157

On Relations Between a priori Bounds 209

2. V is superstable in the sense of Ruelle.

3. V is lower regular, e.g. there exists a positive function ψ on the non-negative

integers such that ψ(m) ≤ Km−λ for m ≥ 1, and for any Λ1 and Λ2 which are each

finite unions of unit cubes of the form Qi, with γ ⊂ Λ1 and γ̄ ⊂ Λ2,

W (γ|γ̄) ≥ −
∑

i∈Λ1

∑

j∈Λ2

ψ(‖i− j‖)|γi| |γ̄j |

where K > 0, λ > d are fixed.

Let

V +(x) = inf
x̃:0<|x̃|≤|x|

V (x̃) , V −(x) = min

(

0, inf
x̃:|x−x̃|≤ 3

2 g
V (x̃)

)

,

V̄ (x) = max

(

0, sup
x̃:|x−x̃|≤ 3

2 g

V (x̃)

)

,

where the symbol | · | represents Euclidean norm in Rd, and let

C1 =
1

2
(vd)−1

∫

0<|x|<g

V +(x)[1 + g−1|x|]−d−1dx ,

C2 = −nn/2

∫

Rd

V −(x)dx ,

where vd is the volume of a d-dimensional sphere of radius 1.

Assumption 5.2.6 1. The inequalities C2 < C1, C2 <∞ hold.

2. For some D <∞ :
∫

x:|x|≥D V̄ (x)dx <∞.

It is well known from Ref. 25 that under Assumption 5.1 the set of tempered

Gibbs states is nonempty. Let us denote this set by Gt(V, z).

Analogous existence result for Gibbs states under Assumption 5.2 can be found

in Ref. 6.

The following propositions collect some known results concerning Gibbs mea-

sures.

Proposition 5.1.2 Suppose that Assumption 5.1 is fulfilled. Then for any µ ∈

Gt(V, z) the correlation functions k
(n)
µ (x1, . . . , xn) satisfy the following inequality:

k(n)
µ (x1, . . . , xn) ≤ Cn exp



−
∑

i<j

V (xi − xj)



 (25)

with some C > 0.

Proposition 5.2.10 Suppose that Assumptions 5.1.2, 5.1.3 hold. Let Λ be a finite

union of unit cubes of the form Qi. Suppose Λ̃ ⊃ Λ, Λ̃ ∈ Bc(R
d). For any µ ∈

Gt(V, z) there exist constants α > 0 and δ, depending only on z (independent of Λ̃

and Λ), such that for any N ∈ N0

µΛ̃({γ| |γΛ| ≥ N |Λ|}) ≤ exp{−(αN2 − δ)|Λ|} . (26)
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Proposition 5.3.6 Suppose that Assumption 5.2 holds and let ϕ(y), 0 < y < ∞,

be a positive monotonically increasing convex function is such that for some h > 0,

L <∞

ϕ(m) ≤ L exp{m2(H(m) − g−dC2 − h)} , m = 0, 1, . . . ,

where

H(m) =
1

2
g−d(vd)

−1

∫

x:g(m
1
d −1)−1≤|x|≤g

V +(x)[1 + g−1|x|]−d−1dx .

Then for any µ ∈ G(V, z) there exists a constant CΛ(ϕ) such that for any Λ̃ ∈

Bc(R
d) the following inequality holds

∫

ΓΛ̃

ϕ(|γΛ|)µΛ̃(dγ) < CΛ(ϕ), for all Λ ⊂ Λ̃, Λ ∈ Bc(R
d) . (27)

The conditions on function ϕ are satisfied if

ϕ(m) = exp{dm2} , 0 < d < (C1 − C2g
−d) .

Corollary 5.1. Under Assumption 5.1 for any µ ∈ Gt(V, z) we have:

• (RPB) (Ruelle’s probability bound (26)).

• Dobrushin’s bound (27) for all bounded Λ ⊂ Λ̃ such that lΛ ≤ gd−
1
2 ,

• Dobrushin’s bound (27) for function ϕ(x) = eλxp

, λ > 0, p ∈ (0, 2).

Under Assumptions 5.1.2, 5.1.3 for any µ ∈ Gt(V, z) we have Dobrushin’s bound

for function ϕ(x) = eλxp

, λ > 0, p ∈ (0, 2).

The conditions of Proposition 5.3 imply (RPB).

Proof. We will prove only that under Assumption 5.1 for any µ ∈ Gt(V, z) we have

Dobrushin’s bound for every bounded Λ ⊂ Λ̃ such that lΛ ≤ gd−
1
2 and that the

conditions of Proposition 5.3 imply (RPB). The proof of the remaining statements

in this corollary is a direct consequence of Theorem 3.1 for measure µ = µΛ̃.

Using (1) and an estimate of the function ϕ we have
∫

ΓΛ

|K−1[ϕ(|η|)]|ρµ(dη) ≤

∫

ΓΛ

∑

ξ⊂η

ϕ(|ξ|)ρµΛ (dη)

≤ L

∫

ΓΛ

∑

ξ⊂η

exp{|ξ|2H(|ξ|) − g−dC2 − h}ρµΛ(dη) . (28)

The estimate on the correlation functions implies the bound for (28)

L

∞
∑

n=0

zn

n!

∫

Λn

∑

ξ⊂{x1,...,xn}

e|ξ|
2H(|ξ|)−

∑

i<j V (xi−xj)Cndx1 · · · dxn . (29)

We bound e−
∑

i<j V (xi−xj) using the following result from Ref. 6: there exists m0 ≥

2d s.t. for any Λ ∈ Bc(R
d), lΛ ≤ gd−

1
2 and η ∈ ΓΛ, |η| ≥ m0 holds

EV (η) ≥ |η|2H(|η|) .
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Therefore, we can estimate (29) by

Lem2
0H(|m0|)

m0
∑

n=0

(2zC|Λ|)n

n!
+ L

∞
∑

n=m0+1

(2zC|Λ|)n

n!
≤ Le2zC|Λ|+m2

0H(|m0|) .

The equalities (2) and (4) give
∫

ΓΛ̃

ϕ(|ηΛ|)µΛ̃(dη) =

∫

ΓΛ

K−1[ϕ(|ηΛ|)]ρµ(dη) ≤ Le2zC|Λ|+m2
0H(|m0|) .

To show that conditions of Proposition 5.3 imply (RPB) one should take in the

proof of Theorem 3.1(d) the constant λ = C1 −C2g
−d and use the fact from Ref. 6

that CΛ ≤ eδ|Λ| for some δ > 0.

Remark 5.1. Let us note that the Poisson measure πzσ satisfy (15). Really, we

have

πzσ({γ| |γΛ| ≥ N |Λ|})

=
∑

n≥N |Λ|

e−z|Λ| (z|Λ|)
n

n!
= e−z|Λ|(z|Λ|)n0

∞
∑

n=0

(z|Λ|)n

n!

n!

(n+ n0)!
, (30)

where n0 is the smallest integer greater than or equal toN |Λ|. Using Stirling formula

and considering N ≥ e2z we can bound (30) by e−N |Λ|.

Moreover, this implies πzσ(P∞) = πzσ(U1
∞) = 1.

Remark 5.2. The Poisson measure πzσ does not satisfy (RPB). Indeed, sup-

pose that (RPB) for πzσ holds. Then from Theorem 3.1 we have that πzσ satisfy

(DEB)(1,2−ε), where 0 < ε < 1. But by the definition of the Poisson measure

∫

Γ

e|γΛ|
2−ε

πzσ(dγ) = e−z|Λ|
∞
∑

n=0

en2−ε (z|Λ|)n

n!
,

where the latter series obviously diverges.

So, our assumption that the Poisson measure satisfies (RPB) is false.

Example 5.2. Let V : Rd × Rd → R ∪ {∞} be a non-negative pair potential and

the function kV
α : Γ0 → R defined by

kV
α (η) = α|η|e−EV (η) = α|η|e−

∑

{x,y}⊂η V (x,y), η ∈ Γ0, |η| ≥ 2 , (31)

kV
α (η) = α, |η| = 1 ,

kV
α (∅) = 1 ,

with some constant α > 0.

Assume that c := supx∈Rd

∫

Rd(1 − e−V (x,y))dy < ∞. As shown in Ref. 3 under

assumption αce < 1 there exists probability measure µ on B(Γ) s.t.

kµ(η) =
dρµ

dλσ
(η) = kV

α (η), η ∈ Γ0 ,
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where σ denotes the Lebesgue measure on Rd. Moreover, the bound 0 ≤ kµ(η) ≤

α|η|, η ∈ Γ0 implies the uniqueness (c.f. Ref. 11).

The measure µ is not Gibbs state associated with a pair potential. Moreover,

it is difficult to show that µ corresponds to a potential in an explicit form. Even

if this is true, such a potential should include interactions of all orders. In spite of

this, we know that correlation functions of µ satisfy (GRB)V . Therefore, all results

of this paper connected with (GRB)V are applicable to this measure. In particular,

we have information about support properties and probability bounds depending

on the behavior of V on the diagonal.
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