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Abstract We consider an equilibrium stochastic dynamics of spatial spin systems in R?
involving both a birth-and-death dynamics and a spin flip dynamics as well. Using a gen-
eral approach to the spectral analysis of corresponding Markov generator, we estimate the
spectral gap and construct one-particle invariant subspaces for the generator.

Keywords Birth-and-death process - Continuous system - Gibbs measure - Glauber
dynamics - Continuous Ising model

1 Introduction

In this paper we study an equilibrium stochastic dynamics of continuous spin systems in-
volving a birth-and-death process as well as a spin flip dynamics. The dynamics is a natural
generalization of the stochastic Ising model and a Glauber-type dynamics of continuous gas
which has been under consideration in [2, 4, 6]. The generator of this dynamics is a self-
adjoint operator in L2-space w.r.t. an equilibrium measure. The main goal of the present
paper is to study the structure of the low-lying spectrum of the infinite volume dynam-
ics generator: to estimate the spectral gap, to construct leading invariant subspaces of the
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generator and to find the location of the corresponding isolated branches of the generator
spectrum. We prove that involving in the dynamics a new spin flip action does not change
essentially the structure of the low-lying spectrum of the generator if the intensity of spin
flips is small enough. When the intensity of spin flips is increasing, the first spectral gap
(a gap between 0 and an one-particle branch of the spectrum o) is still preserved while the
second gap (a gap between an one particle branch o, and the rest of the spectrum o,) could
vanish. That means that we can estimate from above and from below the decay of auto-
correlation functions when the intensity of the spin flip is small enough, but for large values
of the intensity we have only the upper bound. We use here general approaches from [1, 3,
8, 9, 14] to the spectral analysis of the generators of stochastic dynamics systems together
with modifications of methods developed in [4, 5] for the study of spatial dynamics.

Theorem 2 contains the main result of this paper on the existence of an one-particle
invariant subspace of the generator and the corresponding isolated one-particle branch of the
spectrum in a low activity—high temperature regime when the spin flip intensity is small
enough. We also show—it is a statement of Theorem 1—that for any value of the spin flip
intensity an infinite volume dynamics generator has a spectral gap, and we found a lower
estimate on the spectral gap. We note that a lower estimate on the spectral gap has been
also found using other technique (for instance, coercitivity identity), see [6, 13]. We exploit
here an approach which is also applicable for the separation of low-lying branches of the
generator spectrum. One of the goal of the paper is to show the universality of the general
scheme of the spectral analysis of infinite-particle operators developed in numerous papers
of R.A. Minlos and his collaborators, see for instance [1, 3, 4, 7-9].

2 Glauber Dynamics for Continuous Multi-Component Models
2.1 Glauber Dynamics of Continuous Gas

In this section we shortly remind main constructions of a Glauber-type dynamics of contin-
uous gas. The configuration space I" := I"(R?) is the set of all locally finite subsets of R?.
We consider in the space I a topology with respect to which all maps I" >y — (f,y) :=
ery f(x), f €D, are continuous (here, D := C¢° (R?) is the space of all infinitely dif-
ferentiable real-valued functions on R with compact support). We will denote by B(I")
the Borel o-algebra on I" generated by this topology. Then the Poisson measures m, with
activity z, z > 0, are defined on (I, B(I")) by the following properties:

(1) For any family of mutually disjoint bounded measurable domains Ay, ..., Ay, A; C R4
random variables

NAj(y)=|ij|, j=1,...k

are independent. Here | A| denotes the cardinality of a set A, y, =y N A.
(2) Each random variable N Y has the Poisson distribution

Pr(Na;(y)=n) =

M A" A .
Mé JA/" ]:l,...,kv
|

where |A;]| is the volume of A; in R4, [10].

In other words, 7, is the Poisson white noise measure on I” corresponding to the intensity
measure zdx on RY.
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The Gibbs reconstruction of the Poisson measure 7, is defined by a formal Hamiltonian

Uy)= ) ¢(x—y)

x,y€y

and the inverse temperature 8 > 0. Here and later on the sum is taken over unordered pairs
of points x, y € y. The Gibbs measure 114 ; is constructed as a limit when A R? of finite
volume Gibbs measures corresponding to empty boundary conditions:

= lim w4 .. 2.1
Hoe= Tpatbs @D

The measure u/g‘ is defined by the following density w.r.t. the Poisson measure:

d A
SPi o exp(—UG). ACRY,
dn z zZ A
where Z, is the normalizing factor. We will use below general assumptions on the pair
potential ¢ (u) and on the parameters 8, z guaranteeing the existence of the limit (2.1), see
for instance [11].
We will consider next a stationary Markov process on the state space I" with the invariant
measure g .. The generator of the corresponding stochastic semigroup in the functional
space L*(T, 1g,7) has following form:

(HF)(y)=) (F(y\x) = F(y)+z fR (PN Ux) = F(y)dx,  (22)

xey
where E(x,y) is the relative energy of interaction between a particle located at x and the
configuration y:

Ex,y) = {?eymx —) Y, 9=y < oo,

00, otherwise.

This generator is associated with a Dirichlet form

(HE.P) =£F.F) = [ S IF0\D - F0)Pdin. )

r xey
As it was shown in [6], under general conditions on the potential ¢ and the parameters g, z,
there exists a stationary Markov process {y (t), t € R} on I" with the stationary measure jig .,
such that the generator (2.4) of the process can be extended to a self-adjoint operator in
L(T, Wg,;), what is equivalent to the reversibility of the process y (¢). This process is called
the equilibrium Glauber dynamics which corresponds to the Gibbs measure g ;.

2.2 Glauber Dynamics of Continuous Potts Models
In this section we extend the above definition and constructions to the case of two-
component continuous systems. The configuration space is the product of two configuration

spaces associated with each component of the system:

Y= y) el x T
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Both I, and I'_ are defined as above in Sect. 2.1, and we can consider the product of
Poisson measures 7" x (7. A Gibbs measure for considered two-component system is
formally defined as follows

1
dip (s v-) = — exp{=BU v+, yNdr D (y)dr ) (v-)
with a Hamiltonian

Uy y)= Y. ¢:x=0+ Y, ¢ x=n+ Y ¢elx—y).

XEY4,YEV+ XEY—,YEY- XEY4,YEY—

The generator of the birth-and-death dynamics of the stochastic Potts model has the form

(HF)(ys,7-)
= > (Fr\x, v-) = Fre v ) + Y (F (v, y-\x) = Fyp, v-)
XEY4 xXey—

bz [T SO SO Uk ) = Py
”/ e P Trer DB I (F (Y Ux) = Fye, y)dx, (23

and as above the existence of the corresponding stochastic process on Iy x I_ follows from
the relation between H and associated Dirichlet form, see, e.g., [6]:

EPottx(Fa F) =/

Iy xI'_

(Z |F(yi\x,y-) = Fre, vyl

XE€Y+

+ D IF (e, v-\X) — F(ys, V—)|2)dﬂﬂ.z(y+a y-)-

xXey—

The spectral analysis of the generator (2.3) (spectral gap in low density—high tempera-
ture regime, construction of invariant subspaces) could be done in the same way as in the
paper [4].

Let us note, that the presence of many components in the model permits to consider
another action of the dynamics, namely, a change of the component type. However, this
action has no a natural description in the stochastic spatial Potts model setting. In the next
subsection we introduce a marked continuous system which gives a proper framework for
the consideration of mentioned stochastic dynamics.

2.3 Glauber Dynamics of a Continuous Ising Model
We will consider here a Glauber type dynamics of continuous marked system, and will study
the case when the mark takes only two values. Then the mark has a meaning similar to the
spin in classical Ising system and we will name this model a continuous Ising model.

The marked configuration space I" of the model is:

= =0y el o, ={0:(}ey =0 hey, 0n = £1}.
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We consider a reference measure 4 , on I" with the following decomposition:

d,uO,z(];) = dvy (Uy)anZ(y)~

Here we use the Poisson measure m,, on y with activity 2z and the conditional Bernoulli
measure (under given configuration y for positions of marks)

dv,(0,) =[[dv(o:)

xey

that is the product of the Bernoulli measures with parameter p = 1/2 over all points from the
configuration y . Another way to construct this measure is the following one. We consider the
extended underlying space {—1, +1} x R? 53 £ = (0, x) with the measure dX = dv(o)dx.
Then ' C I'({—=1,4+1} x RY) and it is easy to see that the measure dg . (y) is noth-
ing but the Poisson measure with the intensity 2zdx. This measure is defined at first on
I'({—1, +1} x R?) and after may be considered on I" as on a full measure set.

Let us consider a Gibbs measure on the marked configuration space r (marked Gibbs
measure for short). To make our reasoning more clear we assume coupling only between
points with different marks, so that the formal Hamiltonian can be written as

UP)= ) ¢x—y)(o:—oy).

£, yep

Using the reference measure and this Hamiltonian as above we construct the Gibbs measure
Mg,z on ﬁ .

A generator of a Markov stochastic process involving a spatial birth-and-death process
as well as a single-spin flip dynamics on the configurations of spins o, has the following
form in the functional space LT, Hg,z)

(HF)P) =Y (FP\&) —F(}) +z / ¢ P Eier PN () U R) — F(§))di

Xey
- sep P(x—y)(ox ayz A A
A Y e PR SEEEO (F () — F(p)), (24)
xey
where

55X X

_ [0y, ifyFx,yeys
yi=(.0,)=

(x,—0oy), ify=x,xey.

The choice of death and birth rates and spin flip rates depends on a general condition of
symmetry for the operator H in the space L>(I, Hg,2)-
The corresponding Dirichlet form can be written as

(—HF,F)=&(F,F)=&pap(F, F) + AEsp (F, F)

= fr D IFO\E) = F()Pdpp..(7)

ey

A LB e b)Y (r )2 ~ ~ ~
+5 / D¢ PR O OIO F () — F()Pdpp: (7). (2.5)
xey
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We denote by H® the generator of the birth-and-death part of the dynamics (when A = 0
in the expression (2.4)):

HOF)P) =Y (FGP\ &) — FG) +2 f e P T 40O (F(p U R) — F(9))di
xey
so that
(—HOF, F) = Epap(F, F).

Let us note that the Gibbs measure is invariant with respect to the space translations
onl":

Lp=y+s={x+s%€p}, x.,seR’

We denote by U, the corresponding unitary group of the operators of space translations
acting in L>(I", Hg,):

U F) @) =F('P). (2.6)

It easy to see that the operators U; commute with the generator H (2.4).
2.4 Conditions on the Potential ¢ and Parameters §, z

We formulate conditions on the pair potential ¢ and parameters §, z which guarantee the
existence of the Gibbs measure as well as the existence of the first leading invariant subspace
of the generator, see Theorem 2 below.

(Ia) (Integrability):
cp) ;=/ 1 —e #0140y < +o00.
R4

(Ib) (Positivity):
¢u)>0 forallueR?.

(Ic) (Low activity-high temperature regime): We assume that the parameter of the model
e=zC(B) <&
is small enough.
2.5 Main Results
We state now main results of our paper. Let us denote by Gy = {¥' (y) =c} C Lz(ﬁ, g.z)

the subspace of constants. It is easy to see that Gy is an invariant subspace of the operator H
and the corresponding eigenvalue is equal to 0.

Theorem 1 Under assumptions (1a)-(Ic) and for any A > 0
(—HF,F)>go(F, F)
forany F € Lz(f, 1g,2) © Go, where

0 —1—1
80=ICH |2y hogy) " 17 21— 4e.
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Theorem 2 Let conditions (1a)—(Ic) hold, and A > 0 is small enough. Then the space
L*(I", ug.;) can be decomposed into a direct orthogonal sum of subspaces invariant with
respect to the operator H:

LXT, pup2) =Go ® G @ Ga.

Let H, = H|g,, k=0, 1, 2, be restrictions of the operator H on the corresponding invariant
subspaces Gy, Gy, G2, and o, = o (Hy) be their spectra. Then

oo = {0}, o1 Cl=1—=y1,=1+wnl, 03 C (=00, =2+ 2], 2.7)

where y| = 3e + 4A, vy, = 30e 4+ 120X are small under small enough € and ).

Remark The subspace G, has the following structure:

(1) it is invariant with respect to the generator H and the unitary group of the space trans-
lations {U;, s € R¢} acting in L2(I", dig.);
(2) the operators H; = H|g, and U = Uy|g, are unitary equivalent to the operators of
multiplication by a function (or a matrix function).
Then we call a subspace G| C Lz(f ,dig ;) one-particle invariant subspace of the
generator H. In the physical literature the subspace G, is usually associated with states
of “quasi-particles”.

Corollary 1 Under small enough ¢ and X the spectrum of H is decomposed into at least
three isolated parts. As follows from (2.7) at least two gaps exist in the spectrum of H. The
first spectral gap is a gap between 0 and o, which is estimated by 1 — y,. The latter one is
a gap between oy and 0.

Corollary 2 Let F € Lz(ﬁ, dug) N LT, dug,;) be a function with a non-zero projec-
tion on the one-particle invariant subspace G,. Then under conditions of Theorem 2 the
correlation function meets the following sandwich estimate as t — 00:

Cre”' M < (F( 1), F(7(0))p
=(FG®)-FGO))p — (F();, < Coe™' 7.

Here P is the distribution of the process with generator H, constant y is defined in Theo-
rem 2; Cy, C, are constants depending on the function F.
In particular, for any function Fa(y) of the form

Fa(P) =) xa@)oy,

xey

where x4(X) = x4(x) is the characteristic function of a finite volume A C R? the following
decay of the correlation function holds as t — oo:

Cre ' < (F, (5 (1)), FA((0))p

= Z Xa(x)0 - Z XA()’)Uy> < Cre~t-m),

iep () §€7(0) P
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Proof Follows the standard reasoning using the spectral theorem, see for example [3, 4]. O

Remark Theorem 1 implies that the estimate from below on the spectral gap is uniform
over A, and the spectral gap of H is not less then the spectral gap of the generator H® for
the pure birth-and-death dynamics.

On the other hand, we have to impose an additional assumption on the parameter X to
prove the existence of the separated low-lying part of the spectrum ;. We don’t state the
result on o, for any A > O because the approach we used here is based on the perturbation
theory for the free generator of the birth-and-death part of the dynamics. We admit that the
analogous decomposition of the spectrum could be valid for any A, but the analysis of this
conjecture requires some modifications of the developed technique.

2.6 The Space of Quasi-Observables

Here we formulate main constructions for our model. Let us consider the space of finite
configurations

o0
_ (1)
=L7".
n=0
where

[ == W,0,) € lo: il =Inl=n)

is the space associated with all n-point subsets in R? for n € N, and I 0(0) := {{}. Anal-
ogously, we can consider configurations in a finite domain A C RY. For y € r put
Ya ={(x,00)}xey, .AWe will say that y; C y, if ¥ C 2 and o, (1) = o (1), x €.

Denote by By (Ip) the space of all complex-valued bounded 5(1})-measurable functions
with bounded support, i.e.,

G- =0 forsome N €N, and some bounded domain A C R?.

PR (A FW)

For any G € Bbs(f 0) we define a function KG : ' — C on the space r (so-called K-
transform) by the following way:

(KG)P):= Y G(@). (2.8)
iho

Note that for every G € By, (Fo) the sum in (2.8) has only a finite number of terms different
from zero and thus K G is a well-defined function on I°. Moreover, if G € BbS(F 0), then
K G is alocal function:

(KG)(y) = (KG)(Va)

and the function K G is polynomially bounded:
((KG)(P) < L +19aD", forall p e L,
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where the bounded domain A C R? and N € N are defined by the function G, and L =
SUpPg .7, |G (£)]. The inverse mapping of the K -transform is defined by

(KT FY@) =Y (~)NIFE), jel.
éci

The functions of the form (2.8) are known as additive type observables or summator
functions. Summator functions form a commutative algebra, the product of two summator
functions is again a summator function. For every G, G, € By, (1) we have

(KG1) - (KG2) =K(G%G2) (2.9)

where the x-convolution is defined on B(f v)-measurable functions by

Gi*G)@M) = Y GiUMG: (U, fel, (2.10)
(,12,03):
muUmUnz=n

and G| x G, € Bhs(f 0), see [5]. Here the summation in (2.10) is over all three mutually
disjoint subsets (71, 72, 3) of 7 which may be empty, such that n; U7, U3 =1.

2.7 Correlation Functions

Let us consider a probability measure u defined on (f , B(ﬁ)) with finite local moments of
all orders. The latter means that for any bounded domain A C R? holds

[|)9M”du(]?)<00 for all n € N.
r

Then one can define a unique o -finite measure ¢ = o(it) on (ﬁo, B(ﬁo)), such that

f(KG)(?)du(ﬁ):/ G(i)do (). 2.11)
r

Iy

for all G € Bbs(f' 0)- We call o the correlation measure corresponding to p. Assume that o
is absolute continuous with respect to the Lebesgue—Poisson measure dA(17) on I, where

1
dr(f) = —dx®"
n!
on f(f"). Then there exists the Radon—-Nikodym derivative
o _do .
ou(n) = ar (.

and the functions ¢, (1), 7 € I o are called the correlation function of the measure w. In our
case of the Gibbs measure under above assumptions on the potential and the parameters
of the model, the correlation function exists, and moreover, it meets the following Ruelle
bound, see [11, 12]:

Qu(ﬁ) < ZM'-
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2.8 Auxiliary Hilbert Space and Reduced Generator

Using formulas (2.8-2.9) we have the following representation for the scalar product in
L*(I'", pg;) of functions K G1, K G, when G1, G, € By (1p):

(KGI» KGZ)LZ(IA",;L‘:;‘Z)

= /:(KGI)(J?) (KG)(V)dup:(v)
r

= / K(G\+G)(P)dpg. () = | (G x G (o, Mdr@).  (2.12)
r

Iy

Since equality (2.12) determines a positive quadratic form in the space By, (1), we can
accept the relation

(Gl,Gz)Zf(Gl*G_z)(ﬁ)Qu(ﬁ)d}»(f/)a G1, G, € By (Iy)
Iy

as a new scalar product. The closure of By, (ﬁo) by this scalar product is denoted by H.
It was shown in [5], that the K -transform can be extended as a unitary operator

K:H— LI, pg.). (2.13)

Direct calculations give the representation for the unitary image L := K ~'HK of the
Glauber generator H acting in the Hilbert space H:

(LG)() = —InlG (@)

+z Z/ Gy uUx) 1_[ (e_ﬂ(b(-x_}')(ax_ay)z -1 I—[e—ﬁtb(x—y)(ax—ay)zdje

P seiny sep
TG - R T] e
y<h fep Sep\i
X 1_[ (e PPN Exta)? _ 1) o)
yen\y

We call the operator (2.14) the reduced generator, and in what follows we will study the
spectral properties of the operator L in the space . We denote by L® the operator L for
A = 0 (the generator of the pure birth-and-death part of the dynamics):

(LOG)#H) = (K '"HOKG)(H)

A A 2 - x—y)(ox—0y)?
=—|n|G(n>+szG<y Ug) [ eoememar -

yEh yen\p

« ne—ts¢<xﬂv)<nr°y)zd)e. (2.15)

yey
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2.9 Main Results in Terms of the Reduced Generator L

We formulate here the main results in terms of the auxiliary Hilbert space H and the op-
erator L. As follows from the unitary property (2.13) of the K-transform, statements of
Theorems 3 and 4 below are equivalent to Theorems 1 and 2.

Let Hy C H be an one-dimensional subspace, generated by the “vacuum” vector @y:

Bo(7) = { L= (2.16)
0, 7#£0.

It is easy to see, that L&y = 0.

Theorem 3 Under assumptions (1a)-(Ic) and for any A > 0
(-LG,G) > g)(G,G), GeHy=HEH,,
where g is the spectral gap of the operator L©:

80 =L ror) 17" = 1 —4e.

Theorem 4 Let assumptions (1a)—(Ic) be valid and ) is small enough. Then the space H can
be decomposed into a direct orthogonal sum

H=7:(0@7:(1€B7:(2 (2.17)

of the subspaces HO = Ho, Hl, H2 invariant with respect to the operator L. Let L; = L|Hk,

k=0,1,2, be restrictions of the operator L on the corresponding subspaces Ho, H1., Ha,
and oy = o (Ly) be their spectra. Then

oo = {0}, o1 Cl=1 =y, —1+pl, 07 C (=00, =2+ ], (2.18)

where y| = 3e + 4, y, = 30e 4 120A are small under small enough ¢ and ).

3 Proof of Theorems 3, 4. A General Scheme of the Spectral Analysis of
the Generator

We denote by Cbs(ﬁo) the set of all continuous functAions on ﬁo with bounded support, and
let us consider the following norm in the space Cp,(1p):

1 ull R
Gy = sup<(§> (Inl+1&]) sup |G(H us)|M'E‘ds) +1G @)l 3.1)
Ul Iy

%

where G € Cys(I) and dé is the Lebesgue-Poisson measure on the space of finite configu-
rations 1. We take a constant M, such that M > 4z.

We denote by £ a closure of Cbs(ﬁo) with respect to the norm (3.1). Let us note that
the Banach space £ and the norm (3.1) are invariant with respect to the operators U, of the
space translations:

UGeL, |UGlu=IGlu (3.2)
forany G € £ and any ¢ € R".
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Lemma 3.1 Let
M >4z, (3.3)
then L C 'H, the space L is dense in H, and

1Gll# < IGlls, G eL. (3.4)

Proof of Lemma 3.1: see Sect. 4.
We denote the domain of the operator L in H by D, C H. Let us consider the following
set of functions

D, ={GeLND,:LGeL.)

T~hen 52 iithe domain of L as an operator acting in L. Since Cj;(I5) C Dy, and Cy (1)) C
Dy, then D; is dense in L.
Forany k=0, 1, 2, ..., we define the following spaces of functions:

Ly ={G € L:G(7) =0, when |n| #k},
La=EPL;=1GeL:G@H)=0.In| <k},

Jj=k

La=EPL;={GeL:G#H)=0,In>k).

Jj<k

All these subspaces are closed in £. By analogy we can define subspaces Hy, Hxk, H<x C
‘H, which are also closed in the space H.

We describe now a general scheme of the spectral analysis of the generator. Let us con-
sider a decomposition of £ in a direct sum of two subspaces

L=R ®R,. (3.5)
This decomposition implies the following matrix representation for the operator L:
Ly Ly
L= 3.6
(LZI Lzz) (36)
where Li; : Ry — Ry, L1 : Ry = R etc.

We will construct an invariant to the operators L subspace R, as the graph of a bounded
operator S : R| — Ry:

R ={G+SG;GeR}, SGeR,, (3.7)

(see the general description of this approach in [3, 7, 8]). The condition of the invariance
of the subspace R with respect to L could be rewritten as the following equation on the
operator S:

S=—Ly Lo+ L3 SLi; + Ly, SL1»S. (3.8)

The next step of the scheme is to write the representation for L restricted to the invariant
subspace ;. We consider the projection operator

PR — Ry, Pi(G+SG)=G Ry,
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and the inverse operator
PRI >R,  PT'G=G+SG.

According to the construction of the invariant subspace (3.7) the operator L|, can be writ-
ten as

Lig, =P (L + LinS) Py, (3.9)

and analogously, for the inverse operator (L|z )~! we have
(LIg) =P (L +LpS) ' Py (3.10)

It is clear from (3.9-3.10) that the norm of the operator L|z , can be estimated in terms of

the norms of the operators S, P, Pl_l, Ly, L. In many situations it will be more easy
done in the norm of the Banach space L.

The last step is to obtain estimates in the Hilbert space H. Here we used the following
result.

Proposition Let £ be a Banach space with a norm || - || ¢, such that L C H is a dense subset
of a Hilbert space 'H, and for any f € L

I f s =N flle

Let L be a self-adjoint operator in H such that LL C L and the restriction L| is a bounded
operator in L. Then L is a bounded operator in H, and

ILllx <ILlc- (3.11)
Proof See [3, 8]. O

We will apply now this scheme to the proofs of Theorems 3—4. To find the bound on
the spectral gap in Theorem 3 we will estimate the norm of the inverse operator L~! on the
subspace orthogonal to the constant subspace. To do this we consider the decomposition of
L in a direct sum

L=Lo® Lo, (3.12)

then the operator L© has a matrix representation:

LO = <8 i?i) (3.13)

with Loj : L5 — Lo, L1y : L1 — L. The subspace Ly is invariant for L®, and we
construct an invariant subspace L£-; complementary to £y as a graph of an operator
T : Ezl — [:0:

Loy =Ly +TLsy. (3.14)

The condition of the invariance implies that

T=LgLj. (3.15)
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Lemma 3.2 For all small enough ¢

Lotllla <&
where ||| - |||, means the operator norm, generated by the norm || - ||y in the Banach space L.
Proof See Sect. 4. O
Lemma 3.3 For all small enough ¢
WLl < — (3.16)
e '
Proof See Sect. 4. O

Thus, Lemmas 3.2-3.3 and representations (3.14-3.15) imply the following estimates

_ &
o NP =1+ ——, Pl <1,

T s < 1
— e

T 1—e¢

with
P21:£21—>[,21, P;lli,czl—);ézl,
and using these estimates together with (3.10) and (3.13) we have

1—(e—1
L)l ﬁ (3.17)

Then from (3.11) and (3.17) it follows that for any G € H & Hy
(—L”G, G) = g(G, G)
where

80 =LV rere) "l = ML )7 = 1 =4,

and the last bound is valid under small enough e. Finally, using that the operator (2.4) is
associated with tpe sum (2.5) of two Dirichlet forms Egsp(F, F) and Esr(F, F), we have
forany F € L>(I, upo) with < F >, =0

(=LG,G)=(—HF,F);2 =Epgap(F,F)+AEsp(F, F) > Epap(F, F)
=(—HOF, F);2=(-LYG, G) > (G, G).

Theorem 3 is proved completely.
To separate a low-lying part of the spectrum of the operator L (the so-called one-particle
branch of the spectrum) we should consider another decomposition of £ into a direct sum

L=L @ Lo (3.18)

That implies the following matrix representation for the operator L:
Ly Lp
L= 3.19
< Ly Lo ) (.19
where Ly : Loy — L<i, L12: L5p — Lo etc.
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Following the above scheme we construct the invariant subspace
Lo ={G+SG,Ge Ly} (3.20)

as the graph (3.7) of a bounded operator S : £Lo; — L-, that is a solution of the equa-
tion (3.8). To prove the existence of S with a small norm we have to estimate the norms of
the operators from equation (3.8).

Lemma 3.4 For all small enough ¢ and A the operator Ly, is reversible in L,, and the
norm of the operator Lz_zl has the upper bound

1
|||L2_21|||M < E(l + 36 +64). (3.21)

Proof See Sect. 4. O

Lemma 3.5 For small enough & and A we have

MLl <1+ 2e+24, (3.22)

IIL12Mllp <&, (3.23)

L2 llla < 4s +36A. (3.24)

Proof See Sect. 4. O

We denote by F(S) the right-hand side of (3.8) and consider the mapping S — F(S) in
the space of bounded linear operators O, ;, acting from £ to L-,. Let Bs C O, be a ball
in the space O, , of the radius §:

Bs ={S € Oi2:llISlllm <8}
Then estimates (3.21-3.24) imply the following result.

Lemma 3.6 Under small enough ¢ and A the ball Bs with § = 8¢ + 48\ is invariant with
respect to F:

FBs C Bs, (3.25)

and the mapping F(S) is a contraction on Bs:
IIF(SD) — F(S)lm = clliSt — Sallla, - S1, 52 € Bs, (3.26)
with0 < c < 1.

Proof See Sect. 4. O

Lemma 3.6 implies the existence and the uniqueness of the solution S of the equation
(3.8) with a small norm

ISl < 8 = 8 + 48x. (3.27)
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Therefore, we constructed the subspace [251 of the form (3.20), which is invariant with
respect to the operator L. We denote by L<; = L|;_, the restriction of L to this invariant
subspace.

The second “supplementary” invariant subspace 222 of the form

Loy ={G+TG:;G € L)), T:Loy— Lo (3.28)

can be constructed using the same reasoning as above, see also constructions from [4], and
in addition the norm of the operator T can be estimated as

Ty < 8e + 48A. (3.29)
Lemma 3.7 The following decomposition into a direct sum of invariant subspaces holds for
any small enough ¢ and A:

L=Loy+ Lo (3.30)
Proof See Sect. 4. O

We denote by L, = L|£>2.
Lemma 3.8 Let € and A be small enough, then the operator L, is reversible in ﬁzz and
1
|||L2_l|||M < 5(1 + 14¢ + 581). (3.31)

Proof See Sect. 4. O

Estimate (3.31) implies inclusion (2.18) for the location of the spectrum o, . The next step
of the proof of Theorem 4 is to find the location of the first isolated part of the spectrum. As
follows from our constructions, the space £A5 | contains the one-dimensional invariant sub-
space of constants Ly = {®o}, such that LLy = 0. We denote by L, the following subspace
of L;:

Ly=HEN L, (3.32)

where H& is the orthogonal complement in H to H, and ﬁl is invariant with respect to the
operator L as an intersection of two invariant subspaces. Then o is defined as a spectrum
of the operator L| restricted to the invariant subspace L.

The representations (3.20) and (3.32) implies that the subspace ﬁl can be determined
again as a graph

Li={G+5G;GieL) (3.33)

of an operator ' : L1 — L5, @ Ly, where
S/G1 :S|£1G| —I—Co(Gl)(pQE[/Zz@Lo, G] E,C], SI£§1 —>£Zz,

and Cy(G)) is a projection of G| + S|, G to the space Hy:

Co(G1) = —(Gy + S12,Gr, Po) = 0 f G1(§)di — / (Sle, GO (e (R)dA.

n=2
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That implies the following upper bound:
ICo(G DI < (e 4+ ISHNG 1l m, (3.34)
and (3.27), (3.34) come to the estimate
1S llas < 17& + 96. (3.35)
Thus we established the decomposition:
L=Lo+ L1+ L. (3.36)

Using the same reasoning as above we obtain the following representation for the opera-
tor L;:

Li=Lls =P (L}, + Lia(S|g)) P,
where L, : L1 — L4,
P:Li— L, PG=G eL,
and the inverse operator

Pl =L, PT'Gi=G,+SG, +Co(G)Py =G, + S'G.

Then using (3.35) we can estimate the norms of the operators P;, Pl’1 and L, in the space L,
and eventually to find the location of the spectra from Theorem 4, for details, see the proof
of Lemma 3.9. We introduce the subspaces Hi, 7—?22 as the closure in H of the subspaces
L, ﬁzz respectively.

Lemma 3.9 The subspaces H, and 7:122 are invariant with respect to the operator L. To-
gether with the invariant subspace Hy they give the orthogonal decomposition (2.17) of
the space H. In addition, the spectra of L on the corresponding subspaces meet the condi-
tion (2.18).

Proof See Sect. 4. O

4 Proofs of Lemmas
4.1 Proof of Lemma 3.1

To prove estimate (3.4) we follow the similar reasoning as in our paper [4]. We prove (3.4)
first for the functions G € £, such that G() = 0. Using the estimate on the correlation
function p (7, U fiz U fj3) < zIMmHmi+inl we have:

||G||31=///G(ﬁ1 U )G (12 Un3)p (i Uy Unz)dnididns

1 \772\
- [ / / |G(ﬁ2uﬁ3>|z‘"3‘(§> (G (1 U )] (32)™ 2\ d iy dipd i
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1 [m2l z In3l
= Sup((-) /SUPIG(ﬁzUﬁa)I(Inzl+|n3|)<—) M‘”3‘dn3>
2 3 o3 M
3z 'Iz( z )771|
X sup |G Ul = — ) Mmmigy,d
//%ﬁzl (M m)l(M) i mdm

3z 2] z Im1]
s||G||M-fsup|G(é)|( 3 (M) (M) )de. @

nce
e=nUn

In the last inequality we applied the well-known formula, see [10]

/F(ElUEz)(pl(él)wz(Ez)d&dSz:/F(E)Z%(&)(ﬂz(é\él)d%- 4.2)

&1C
Using the equality
Z 3 [l z Ir)zl_ 3_Z+i ISI_ ﬂ le]
M M \M M)  \M)
nyUnp=¢

nNn=9P

and the condition M > 4z (together with the apparent inequality 5 < (%)) we have, that the
expression (4.1) can be estimated from above by

||G||M-/sup|G<é>|M‘£‘ds <IGI3,.

Og

The estimate in the general case, when the function G € £ can be represented as a sum
G = g®y + G, of the “vacuum” vector @, and a function G, such that G| (¥) = 0, easily
follows from the above reasoning and the Cauchy—Schwarz—Bunyakovskii inequality. Thus,
estimate (3.4) holds together with inclusion £ C H. Since the space Cbs(f ) of continuous
functions on fo with bounded support is contained in £, and Cj, is dense in H, then L is
dense in H. Lemma is completely proved.

4.2 Proof of Lemma 3.2

Representations (2.15), (3.13) and (3.1) imply that

(LOIG)OZZ/‘Gl()?)dﬁ,
and

1 - N
Gl = Sup{g sup |G (X)1; / SUP|G1(X)|MdX}-
X Ox

Consequently, taking M = ﬁﬂ) we have

z
WLotllyr = 57 =e.
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4.3 Proof of Lemma 3.3

We refer for the proof to the next section (proof of Lemma 3.4) where the general case is
under consideration. The upper bound on the norm of the operator L,' could be found using
the same reasoning as in Lemma 3.4 for bound (3.21) on the norm of L5, . The operator L}
can be written in the notations of Lemma 3.4. as

Lfll = (L(1)1 + L}l)_l =(Ex + (L(I)l)_lL%l)_l(L(l)l)_l’

and (3.16) immediately follows from the estimate on ||| (L(l)l)*' Lh Il a2, which is the same as
(4.14).

4.4 Proof of Lemma 3.4

We consider the following decomposition for the operator L in the sum of operators:
L=L"+L"+1% (4.3)

where

(L°G) (@) = =InIG(#H) 4.4)

is a “free” generator, and the “perturbations” L' and L? are given as

(LIG)(ﬁ) =z Z/ G()Q Ux) l_[ (e—ﬂrp()c—y)(ax—ay)z 1 1_[ e—ﬂfﬂ(x—y/)(ox—ay/)zd)e’ @.5)

v<h yen\y Vep

and

L)@ =2 Y D (GH) =Gy [] e fenestar?

y<i kep Jep\x
. 2
x 1_[ (e—ﬁw(X—y)(ax-%—ay) - 1. (4.6)
yen\p

Here we assume that [ | sen f(y) = 1. By analogy with the matrix representation (3.19) as-
sociated with the decomposition (3.18) for the operator L we get matrix representations

(L), L’
L-’:( ;1 f) j=0,1,2,
L21 L22

for each operators L/, j =0, 1, 2. Consequently, we can write L2_21 as
Ly = (L9 + Ly +L3) " = (Exa + (L3,) 'Ly, + (L3) ™' L3y~ (L3,) ™ 4.7

with the identity operator E-, acting in £,. Let us estimate now norms of the operators
(L3y) "Ly, and (L3)~'L3,.
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The estimation of |||(L22)_1L;2||| Here we will follow the same lines as in [4]. It follows
from (3.1), (4.4-4.5) that

(L)' L3, Glim

Il
:zsgp(G) s [ Unltieb, <Z/|G(7/1UV2UX)|

i = Al +1n2) o,

2 . 2 .
% 1_[ |(e—ﬁ<ﬂ(x—,v)(ax—ay) -1 1_[ e Pea—y)(ox—oy) dx)Ml'mdr]z)

e \PDU@2\72) yenum
1 Inl p p
<zsu _ su |(e p(x— y)(U’r—U\ _ 1)| e~ @x— V)(UX_U)
w((3) wl{X TI I
P1S01 e\ yer
X sup /sup( /|G(yl Up UX)|.
V1S Ty Npy iy
2 ~
x 1_[ |(e—ﬁ¢(x—y)(0x—<7y) — 1] l_[ e_ﬂw(x_y)("-‘_">’)2dx)Ml'mdng). (4.8)
yem\n yern

The inner sum in (4.8) for any 7, and any X equals to 1:

S [T Hepeereen [ epeniome?

710 Fem\n yen
— 1_[ a1- e—ﬁ<ﬂ(x—y)(ax—ay)2 4 e—ﬁw(x—y)(ax—ay)z) =1. 4.9
Jei

We use here the positivity of the potential ¢ > 0, so that

[P’ <1, (4.10)
yer
and
sup |(e*ﬂ(ﬂ(xfy)(0x*0y)2 —Dl=1- e HPe—y) = Kﬂ(x —y). 4.11)

Ox,0y

We will also use below the following inequality that holds for any non-negative f(y):

1 \'I\ 1 |V)|
Sl}p<(§> {§ugf(39)}>sst}p<<§> f(ﬁ)>.
n Y<n n

Then we can continue (4.8) as follows:

Il
<zsup(< ) Sup// sup(z |G(]91U]92U)?)|> 1_[ K,g(x—y)dxM‘”z‘dm)

P1E01

n T2 N iy yem\n2
Il
<zsup<< ) // Z sup |G(n Uy UX)| l_[ Kﬂ(x—y)M‘nz‘dxdm)
y2Cmp Or2°%% yem\r
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In1l
_zsup(< ) / / / sup |G(1 Uy, U)?)|HKﬁ(x—y)M‘V”M'VZ'dyldyzdx>
Ingan v

Orai0x ye

z 1 [n1] ) . ~ . z
= —eMPsup| | = / sup |G U )| |I7IM71dy ) < —eMCPGlly,  (4.12)
M 3 m\ o M

i

where 7 = §, U £. In the last step we use that for any x:

/ []rsx —yym™lay,
Iy

0 yey

—1+ZM"n’/ / HKﬂ(y,)dyl dy, =eMP), (4.13)

n=1

with C(B) = [ kg(y)dy. Taking M = Wi’v) we have

Z
|||(L 2) 1Lzz”'M MeMC(ﬁ) =¢&-e. 4.14)

The estimation of |||(L9,)"'L3, |, Here we will use again relations (4.9), (4.10), (4.11)
and (4.13).

I(LY,) L3, Fllm

1\ /ml
:Asup«_) )3 (|m|+|nz|)S
i \\3 = Jry (Iml+1m2D) o,
PSin

Yo (FGUm)) = FGiUm))

c P2Ci R€P1UP
X l_[ (e*ﬂV’(X*y)(rrer(ry)z _ 1) 1_[ e*ﬂ(p(xa\*)(nxﬂr)-)z M‘m'dr]z)
e \PDU@2\72) JE@IUP\E
™ Bpx—y)( )? Bp(x—y)( )?
<Asu - su [(e7 PP VNox=ow)™ 1) e PeETYox =0y
ﬁ1p<<3> xerg{ Z H 1_[
P1IEN\E Fe@\D\71 Yen
X ) sup / sup( |F (71 UP2)") = F(71 U )
feh 1/1 m o om Ny chy
% l_[ e*ﬂ<ﬂ(x*)’)(0x+ay)2 l_[ |(eft3<p(x7y)(ax+(ry)2 _ 1)|)M|n2‘d7]2)
yen yen\n
1™ Bo(x—y)( Bo(x—y)( )?
+ Asu _ su |(e p(x—y)(ox—oy)” __ 1)| e~ @(x—y)(ox—0oy
w((5) el XTI [1
1€ FE@D\N1 yen
X sup / sup(Z D IF(G Up)Y) = F(rU )l
y1€n Y Iy ony P2 Cha R€Pn

x ]_[ e*ﬂw(xfy)«fxﬂfy)z ]_[ |(e*ﬂ<p(x7y)(rrx+ay)2_1)|>M\n2\dn2>

yem\E Ve \n
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1 [m] . . . .
sxsup((g) Im| supf > sup [(F((1 U )™) — F(y U )
1 Iy

nEm yaSm 712
XEY]

< T] Kﬁs(X—)’)MMz'dﬂz)

YEM\»2

1 [n1]
+Aspp((§) supf D sup Y IF((1UP)Y) — F(i U

Ul VIEM I T0 Sy 72 jeg,

x l_[ Kﬂ(x—y)MWldﬂz)

YEM\Y2

1 Il . .
§2Asup(<§> Im| | sup|F (i Uyz)lM'”'de>/ [ [rsym®ldg
‘ N

il Iy oy, uek

1 In1l
+ e sup<<§> / sup(Z [(F((h Upa)") = F(i U 192))|>M|y2|d)/2)
h N

n %)

726)72

1 [l A )
<2ke sup((§> (Im| + ly2]) sup | F (i umw'”‘dyz) =2%e|Fly.  (4.15)
il Iy

01 v

It follows from (4.4) that

(L) Ml <

)

| =

then from (4.7) and (4.14), (4.15) we finally have

1

1 P —
|||(L22) |I|M = 2(] _ (68 + 28)&))

1
< 5(1 + 38+ 61)
for all small enough ¢ and A. Lemma 3.4 is proved.
4.5 Proof of Lemma 3.5

4.5.1 Operator Ly,

Functions G € £ have the form:

Go, n =9,
G =41G(X), Inl=1,
0, Inl =2,

and

1 . N
||G||M=sup{§sqp|cl(x)|;M/sup|cl(x)|dx}+|Go|.
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The function L, G by (2.14) has the following components:
(L11G)o ZZ/Gl(y)d)A’,
(L11G)i (%) = —G (%) +Z(/ Gl()‘))(e—ﬁw()(—y)(ax—ay)z . 1)d§1> *) 4.17)

+A(G1(X*) — G1(})),

with £* = (x, —oy). Then using the estimates kg(x — y) =1 — e *¢“™») < 1, we have:

l Il "
||L11G||M=SUP<(—> / sup |(L11G)1(ﬁU$)|M|E‘d$)+|(L11G)o|
b 3 ry o

fub=%

1 o Sx
< SUP{§SI}P<(1 + MG 1)+ AG1(x7)]
i Z/ |GL()] - (e’ 1>ld?>;

/Sup<(1 + MG 1D+ A|G1 (&)

Ox

+z f 1G1 ()] - [(e PetmE—on? _ 1)|d§>de}

Z ~ ~
— G Md
+M/| \§)IMd3

[1+2k+8
<sup{ ———

sup |G (X)]; (14 2x +28)/sup|Gl(£)|de}
< (1+42x+28)|Gl y.

Thus,

(Ll < 1424 + 26
4.5.2 Operator L,

The operator L, : L5, — L<; has the following components:
(L12G)o=0,  (LnGh(k) =z f G (& U §)e Prixne=argy,

where G, € £, is a two-spin configuration component of G € L5,. Then

2 a2 PO
1G2llm :sup{§ sup |G2(x U 3)[; gsqp/Sllple(ny)lMdy;

XUy X oy

// sup |G2 (% Uﬁ)ledxdy} = Gllm»

Ox.0y
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and hence,

IL12Glly = 1(L12G)1llm

/Gz()? U ﬁ)e_ﬂW(x_}')(Ux_Uy)zdj}

= sup{ % sup

z

z/sup }

1
< %sup{gsup/sumczo%Uﬁ>|Mdy;// sup|Gz(»%Uﬁ>|M2dxdy}

ay ox;0y

/ Gz()? U )A,)e—ﬁw()f—y)(ax—ay)zd)g

< e||Gallm. (4.18)
Thus (4.18) implies

L2l < &.

4.5.3 Operator Ly

Using again representation (4.16) for the function G = (Gy, G1) € L<;, we get
(L2aG)(H) = (LaG) (1)

— Z/G1()2) H(e*ﬂwxfy)(v.ray)z — Dd#
yen
+AY (GIE) = Gi(®) [ e Pevoto? — 1) pi=2. (4.19)

feh yen\k

We denote the first term in (4.19) by @, () and the second one by @,(7}), |n| > 2. The first
term @ (7)) can be estimated in a similar way as in [4]. Using the equality MC(8) = 1 and
estimates (4.10-4.11) we have:

il
||<1>1||M_zsup<( ) /(|n|+|$|)

/ Gi(®) [] e Pooreor — 1ds

Fenuk

X sup
%

M‘E‘d?j)

sz/|Gl<£>|d£

Inl
xsup((%) (il + €D sup [T ieetmnomen” 1>|M‘f‘ds>

& % HenuE

s%/simcmf)wdx- sup (( ) f(n+|s|>]"[xﬂ<u>M‘f‘ds)

nin+|£|>2 ek

1 n
§s||G1||M/ sup (<§> ("+|§|)HKﬂ(u)M'5'd§)

nn+l&1>2 ek
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1\" 1\"
< 8||G1||M<sup{ (g) n} +C(BM SUP{ <§) (n+ 1)}
n>2 n>1

n k
+Zsup{( ) (n +k)}7(c(i)!M) )

=2 n=>0

CcBm*

2 >E4SIIG1IIM.

o0
2 2
< ¢llGillm §+§C(,3)M+E k
k=2

For the second term we have the following estimate:

nl
||¢2||M<)\5up<( ) /(Inl+|f§|) sup (Z IG1(&*) = G1(H)]

[ N
Inl+|g|>2  *enUg

% 1_[ |(e*ﬂ<ﬂ(xfy)(0x+ay)2 -1 l_[ |(€7}8‘/’(X*)')((7x+0y)2 _ 1)|>M‘E|d€>

pen\d deb\s

1 Inl
<2)»SUP|G1(X)| sup (<3> [l [ (nl+15D
Ty

.xef

% Supl_[ |(e*ﬁw(xfy)(0x+0y)2 _ 1)|M‘E‘d§>

0 ~
© jek

+ksup(< )m/ (Inl+1&D.

X SuP<Z|G X — G ()] l_[ [(ePri= N(oxtoy)? 1)|>Mléld%~>

% reg jeb\i

1 n
<2ksup|G ()| [ sup <<§> n<n+|s|))1"[xﬁ<y>M‘f‘ds

Iy nn+lg|>2 Jek

+2Afsup|G1(£)|de/ sup ((%) n+1+ |§|)>H/<ﬁ(u)M\§\d§
fo uek

Ox nin+€1>1

Ox

1
< 2“(5 sup|Gl(£)|> + 12A/sup|Gl(£)|de <36X[G1llum-

Here we use that

sup(( > )—I—C(ﬂ)Msup((%) n(n+]))
n>2 n>1

k n
R ()
n>0

>2

k n
=((5) <"+1>)+Z(“53?“ w((5) i) o
k=1
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Finally,
L2 lllar < 4e + 36A. (4.20)

Lemma 3.5. is proved completely.
4.6 Proof of Lemma 3.6
Using (3.8) with (3.21-3.24) we have for all small enough ¢ and A:

IF S e < WL el L Nl

A WL WL e WS War 4 ML War L a2 llag IS,

1

1
< —(1+3e+6)1)(4e +36)) + 5(1 +3e 4+ 6A)(1 4 2& + 21) (8¢ 4 481)

8|

+ —(1 43+ 61)e(8s + 481)% < 8¢ + 481,

| =

what proves the inclusion (3.25).
Further,

F(S1) — F(82) = L3y (S1 — o)Ly + L3y (St — S2) LS,
+ L) SyL12(Si — S2)

consequently, using again (3.21-3.24) we have for any S, S, € Bs,
FCS) — F(S)lla

1
< (5(1 +3e+6A0)(1 +2e+21) + (1 4+ 3¢ +61) (8 + 48k)s> ST — Salllar-

Since for small enough ¢ and A:

1

c= 5(1 +3e+6A0)(1+2e+21) + (1 +3e +6A)(8c +48A)e
1
=S +0E@+0m <1,

the inequality (3.26) is proved.

4.7 Proof of Lemma 3.7

To prove (3.30) we have to find for any G € L functions g<; € £<; and g>, € L5, such that
G =(g<1+58<1)+ (822 +Tg>2), (4.21)

and to prove that the decomposition (4.21) is unique. The decomposition (4.21) is equivalent
to the following relations

8<1+Tg=0=G<, 852+ Sg<1 =Gx2, (4.22)
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where G<; € L) and G»; € L5, are the components of the function G = (G<;, Gx2) € L.
Then (4.22) implies that

G —TGx =g« —TSg«,
consequently,
g=1=(E<1 —TS8) (G2 — TG,
and analogously,
8>2 = (EZZ - ST)il(GZZ - SGSI)'

By (3.27), ( 3.29) for small enough ¢ and A the operators TS in L£<; and ST in £, have
small norms, consequently the functions g<, g-» are unique defined. Lemma is proved.

4.8 Proof of Lemma 3.8

According to the general scheme, see (3.9) and (3.10), the operator L, can be represented in
the following form

Ly= P (Ly+ Ly T)Pss,

. . (4.23)
Py Loy — L, szl Loy — Lo,
and an analogous representation holds for the inverse operator L I
Ly' =P (Lyn+LuT) ' Py (4.24)
Since
(Lyp+ Ly T) ' = (Esa+ Ly L T) 'Ly,
then using estimates (3.21), (3.24), (3.29) we have for small ¢ and A
L% LTl < (4e +362)%(1+ O(e) + O (2)),
and consequently,
(Lo + L T) il < %(1 + 5e +81) (4.25)
for small enough ¢ and A. Estimate (3.29) on the norm of 7 imply that
P2l <1, 1P Ml <14 8 + 48 (4.26)

Finally the estimate (3.31) follows from (4.24), (4.25) and (4.26). Lemma is proved.
4.9 Proof of Lemma 3.9

Using our constructions above we obtain that the subspace H; = £, is invariant for the
operator L, so that the restriction L], is a bounded self-adjoint operator in ;.

/

Analysis of the operator L;;, see (4.17), shows that the operator L}, acting in £; has a
form

(L}, G)E) = =Gi(8) +2 f Gi(B)(e P — 1§

+ MG (3 = G1(X), GreL.
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Now (3.23), (3.27) imply that the operator L,S|,, has a small norm:
ML12(Slz)m < (8e 448 )¢,

hence, the operator L), + L12(S|,,) can be rewritten as
LYy +Lx(Slz)=—E+R,

where
(RGH(F) =z / G (9)(e PP _1)d5 4 0GR — Gi(R)) + Li5(S1z)G1(R),

and
MR <&42x+ (8e +48L)e < 2¢ + 3A

for small enough ¢ and . Using the estimates on the norms of the operators P; and P;',
see (3.33-3.35):

Pl <1, NP7 e < 1+ 176 + 964,

we have for small enough € and A

WL+ Eg Ml = NPT RPlae < IR - NP e
< 2e+30)(1+ 17 +961) < 3e + 4A.

Finally, the proposition (3.11) implies that
ILy+ Ex I <Ly + Eg v < 3e + 44,

that gives the position for the spectrum o in (2.18) with y; =3¢ + 4A.

Applying the similar reasoning to the operator (L | 2)*1 in the invariant subspace 7:[22
together with the estimate (3.31) we obtain that under small enough ¢ and X the spectrum
o0, of the operator L, is bounded from above by the value —2 + y, with y, = 30¢ + 120A.
Thus, we proved the inclusions (2.18).

The last step is to prove the decomposition (2.17). Since for small enough & and A the
spectra oy, 0}, 0, are not overlapping the subspaces Hy, H;, Hx, are mutually orthogonal.
Let us prove that the sum (2.17) gives a complete decomposition of the space H. We know
that according to the decomposition (3.36) any function G € £ has a representation of the
form

G=Go+G, +G=a, Go€ Ly, Gy €Ly, Gop € L. (4.27)

Moreover, any component of the decomposition (4.27) equals to the orthogonal projection
of G to the corresponding invariant subspace

Go = P, G, G, = Py, G, G = Py, G,
so that all vectors Gy, G|, G, are mutually orthogonal and
IG5, = 1 Pr, Gll3, + | Pr, Gll3 + [ Pr, G I3,

This equality holds for a dense set £ in H, consequently it is true for any element from H,
what is equivalent to the decomposition (2.17). Lemma 3.9 is completely proved.
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