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Abstract. This work introduces and investigates (small) Hankel operators Hj, on the Hilbert space
of holomorphic, square integrable Wiener functionals. A regularity condition on the symbol b, which
guarantees the boundedness of Hp, is provided. The symbols b for which Hj, is of Hilbert—Schmidt
type are characterized, and a representation of Hj, by an integral operator is given. The proofs em-
ploy the hypercontractivity of the Ornstein—-Uhlenbeck semigroup, together with approximations by
finitely many variables. These results extend known results from a finite-dimensional context.
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1. Introduction

Denote by y, the Gauss measure on C? with Lebesgue density

1 212

c = A _Tv Cda
pe(2) ono)® z €

and by #L?(C?, y,) the space of holomorphic functions on C¢ which are p-times
integrable with respect to y,. The investigation of Hankel operators on #L?(C4, y,)
was initiated in [11] and continued in [15, 25]; related topics are studied in
[9, 10, 12, 16, 18]. The authors of [11] pointed out that some of their results are
independent of the dimension d, and therefore should remain valid in some infinite-
dimensional version. In [2] the hypercontractivity of the Ornstein—Uhlenbeck semi-
group e~V in #/LP(C?, y.) was used to investigate continuity properties of Han-
kel operators. It turns out that essentially the same approach also works in the
infinite-dimensional context of holomorphic Wiener functionals. This paper inves-
tigates some details of such an approach. We will see that some results, known for
HL*(C?, y,), naturally extend to infinite dimensions but others do not. For general
background on Hankel operators we refer to the discussion in [2, Remark 1.1] and
to the literature given there.

* Supported in parts by the Alexander von Humboldt Foundation.
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Let us introduce some notation. The complex Wiener space (W¢, 8B, 1.) over
the fixed time interval [0, 7] consists of the following objects:

We := We([0, T]) :={w € C([0,T],C) | w(0) = 0}. (1.1)
B is the Borel o-algebra on W¢ induced by the || - || o-topology on We.
Zi/(w) =X, (w) +iY(w) :=w(), we W, (1.2)

is the canonical process, and . the Wiener measure with variance parameter
¢ > 0. Le. . is the unique probability measure on B which is such that

(Z1) X and Y defined in (1.2) are independent, real processes.
(Z2) X and Y have independent, centered Gaussian increments.
(Z3) E[(X, — X)) 1 = E[(Y, = Y)* | =c(t —s)forall 0 < s <t < T.

REMARK. In the finite-dimensional context of Gauss measure . on C¢ one has
L?(y:) C L?(y.) forallc > c. (1.3)

In the infinite-dimensional context the measures p. and puz with ¢ # ¢ are mutually
singular, p. L w;z. In particular there is no natural relation such as (1.3) between the
spaces L?(u.) and LP(u;). This significant difference from the C?-case requires
some care when one extends results for Hankel operators from finite to infinite di-
mensions. This is why we will sometimes distinguish between an equivalence class
of functions [ f]. € L*(u.) and corresponding pointwise defined representatives

felfle.

We denote by £ (Z) the algebra of holomorphic polynomials generated by the
complex Gaussian variables Z,, ¢t € [0, T']. Since the point evaluation Z,(w) =
w(t) is a continuous linear functional on the complex Banach space (W¢, || - |loo)
the space & (Z) consists of holomorphic functions on (W¢, ||+ ||~ ). For background
on holomorphic functions in Banach spaces see, e.g., [8].

One can uniquely identify Q € £ (Z) with its equivalence class [Q]. € L? (i)
because [Q]. contains exactly one representative in P (Z). To see this assume
01,0, € P(Z) are in [Q].. Then R := Q; — O, is a polynomial in variables
Ziy,....2,,,R = R(Z,,...,2Z,), for suitable 0 < #; < --- < t,. The equality
[R]. = [0]. gives

0 :f IR(Ziys -, Z)IPdiwe = | |R(z1, .-, 22)]P dy (2),
Wc cr
where y is the (regular) induced Gaussian measure y = (Z,, ..., Z; )« on C".
This gives R = 0. Subsequently we simply identify a polynomial Q with its class
[O]., and thereby & (Z) with a subspace in L”(u.). Notice that this allows to
identify the classes [Q]. and [Q];, which a priori are not comparable.
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NOTATION. For p € [1, co) define the space of holomorphic LP-Wiener func-
tionals to be

FHL?(u.) := L?(u.)-closure of P (Z). (1.4)

REMARKS. (1) Holomorphic L?-Wiener functionals can be introduced and char-
acterized in different ways, and they have been studied to some extent in the
literature [3, 4, 13, 14, 17, 19-21, 23, 24]. Our choice (1.4) requires the least
amount of terminology.

(2) There is almost no extra effort in replacing W ([0, T]) by We(R.), but
some minor technicalities are easier to handle for W¢ ([0, T']). In fact the main
results in this paper can be formulated and proved in the context of an abstract
complex Wiener space, at the cost of introducing more terminology.

(3) An arbitrary class [f]. € HL?*(u.) can in general not be identified in a
unique way with a pointwise defined representative f (as for polynomials). In

particular [ f]. need not contain a continuous representative f on (Wc, || - |l«),
see [22]. So in the strict sense F#LP () is not a space of holomorphic functions
on (Wg, || - o). However, #€L?(11.) is naturally isomorphic to a space of genuine

holomorphic functions on the complex Cameron—Martin subspace of W¢. For de-
tails see [7, 20]. In the present work we do not use this identification in order to be
as self-contained as possible. But in the forthcoming paper [1] this identification
will be crucial for the characterization of finite rank Hankel operators.

Subsequently we study bilinear forms I', on #¢L?(j1.) represented by

Co(f. ) = (fg, b) = f bfgdu. VfgeP2), (1.5)

Wc

with suitable symbol functions b € # L?(u.). Notice that the integral in (1.5)
is well-defined for all f, g € #(Z), but in general not for all f, g € HL>(11e).
The (by definition!) dense inclusion & (Z) C HL?(1.) shows that I', extends to
a unique continuous bilinear form on # L?*(1.) if and only if an estimate of the
following type holds:

1T (f, @)1 < const.|| fll 2u g2y VS8 € P (D). (1.6)

There is then associated a continuous, anti-linear operator Hj, on HL>(11e) satisfy-
ing

Th(f.8) = (g Hpf) Vf.ge HL (i)

I'y, and H, are called Hankel form respectively Hankel operator with symbol b. The
equality (b, fg) = (H, f, g), which holds for all f, g € (Z), implies that

Hyf = P(bf) (1.7)
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provided b f € L?(u.), and where P : L?(j.) — HL?(i1.) is the orthogonal pro-
jection. So if we denote by M,, the multiplication by b and the complex conjugation
by C we obtain H, = P o M} o C, a more conventional form for a Hankel operator.

Among the classical questions about Hankel operators are characterizations
of properties of H, in terms of properties of b. In this work we investigate the
continuity and the Hilbert—Schmidtness of H, in terms of b € L*(We, o).

The content of this paper can be summarized as follows: Section 2 prepares
some facts about # L>(u.) and about the Ornstein—Uhlenbeck semigroup on that
space. The main results are Theorem 3.2 (on boundedness) and Theorem 4.2 (on
Hilbert—Schmidtness). Their proofs consist in a reduction to the finite-dimensional
case. We also extend the integral representation for Hilbert—Schmidt Hankel op-
erators (Theorem 4.5). In contrast to #L*(C?, y,) such a representation seems
not possible for general continuous H,. This deviation from the finite-dimensional
context arises from the singularity of measures . and py.. Another (obvious)
deviation is the absence of a reproducing kernel in HL*>(We, 1u.). Because of it
we cannot prove a general integral representation using the reproducing kernel (as
in finite dimensions). We use “finite variable approximations” instead.

2. Preparations about Holomorphic Wiener Functionals

The finite-dimensional background to be generalized subsequently reads as fol-
lows: Let ¢ € #L*(C?, ) be given by its Taylor series

0@ =Y ay2”, @.1)
aeNg
where @ = (ay,...,04) and z% = zJ'---z3*. Then (2.1) is also an orthogonal
series in HL>(y,) having the norm
ol T2, = Y 20)“allay], (22)
aeNg
where || ;= oy + -+ + a4 and «! = «a;!---a,!. The Ornstein—Uhlenbeck

semigroup (OU) e~V on #L?(C?, y,) can be defined by

etV Z 4y 7% = ie—tnﬂ’(Z ClaZa). (2.3)

aENg n=0 la|=n
This has the immediate consequences that e "V ¢(z) = ¢(e~'/°z) and
—tN
lle ! (P||L2(yc) = ||§0||L2(yce_2,/c)- (2.4)

If ¢ € D(e'V) then these two properties remain valid if one skips all minus signs
in the exponents. In particular ¢ € D(e'") is simply characterized by the growth
requirement ¢ € H L>(y, /), a fact which is false in the absence of holomorphy.
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The semigroup e’V has the following hypercontractivity property (see, e.g., [6]):
Let0 < g < p < oo. Then

_ . c p
le™ Ml serapysserre < 1, ift > Eln—- (2.5)

q

We now construct an orthogonal basis in # L*(Wc, jt.) which allows to repre-
sent every ¢ € HL*(j1.) by a power series w.r.t. complex “variables” Z,, Z,, ...,
quite analogous to (2.1). This has the advantage that one can restrict every such
¢ to finitely many variables Zy, ..., Z,; and thereby to obtain a natural link to
the spaces HL*(CY, y,), as explained in Lemma 2.2. The basic variables Z; are
complex Gaussian random variables constructed by the elementary Wiener in-
tegral as follows: Let f be a step function on [0, T'], i.e. there are time points
0=t <t <---<t, =T and constants f; € C such that f = Z?:l Sl
Denote by S[0, T'] the vector space of such step functions. Then the stochastic
integral of f € S[0, T'] w.r.t. complex Brownian motion is defined as

T n
/o f®dZ,(w) = Z filZ,(w) -7, (w)), YweQ. (2.6)
i=1

The properties (Z1), (Z2), (Z3) from Section 1 satisfied by the Brownian motion Z
imply
2

= 2¢l| f 1720y 2.7)

LZ(MC)

T
f F()dz,
0

so the linear map f fOT f(@)dZ; is isometric from (S[0, T1, || - [I12(y)) toO
L?*(u.), up to the normalization constant 2c. For general f e L2([0, T], dx)
the Wiener integral fOT f()dZ, is simply obtained by continuous extension of
this map, and it defines a complex Gaussian random variable. Clearly the Ito-
isometry (2.7) remains valid under this extension, and by definition (1.4) we have
Jo F@0)dZ, € HLA(u,).

The following fact is an immediate consequence of the Segal-Bargmann iso-
morphism [7] applied to the well-known Hermite-basis over the real Wiener space
Wr([0, T1), and it generalizes the standard orthogonal basis (OGB)in #L?(C?, y,.)
in a natural way:

THEOREM 2.1. Let {ey, es, ...} be an orthonormal basis in L*([0, T], dx). De-
fine

T
Zy ::/ ex()dz,, k=1,2,.... (2.8)
0
Put N° := {(ay, a2, ...) | only finitely many o; € Ny are non-zero}, || := a; +
-+ g and a! = oy!---ayl, where d is the largest index such that oy # O.
Define

0. o . o «,
z0:=1, zv:=Z"...7%.
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Then {Z*%,a € N°} is an OGB in HL?(u.) with normalization ||Z°‘||iz(u) —
2c) !,

By the previous theorem any ¢ € #L?(u.) admits an orthogonal expansion

Q= Zgo(") = Z Z a,Z% = Z a,Z”, (2.9)

n=0 n=0 |a|=n aeNP
with
le1Z2, = D Qo) “lallaa]® < co. (2.10)
aeN

This generalizes (2.1) and (2.2) in a most natural way. In particular observe that
the function Z;(zy, ..., z4) := zx defines a complex Gaussian random variable on
(C4, y,), so (2.1) can also be viewed as a series of Gaussian random variables.

REMARK. Although the functions Z; given in (2.8) depend on the choice of the
orthonormal basis {ej, e, ...}, the components ™ given in (2.9) do not. This fol-
lows from the corresponding property of the Hermite decomposition over
Wr([O0, T]) together with the Segal-Bargmann transformation. We call ¢ =
Yo @™ the complex chaos decomposition of ¢, and ¢ the chaos components
of ¢.

From now on we fix an arbitrary ONB {ey, €, ...} in L*([0, T], dx) and thereby
the corresponding Z; given in (2.8). Non of the results in this paper depends on
the choice of such a basis. The OU-semigroup (2.3) now generalizes in the obvious
(and basis independent) way to JL?(i.) as follows.

NOTATION. For ¢ = Y22/ 9™ € FL*(u.) we denote by

0 00
e—tN Z gD(n) — Ze—tn/cq)(n)
n=0 n=0

the Ornstein—Uhlenbeck semigroup eV on # L*>(W¢, ). To distinguish the finite-
dimensional case we will write eV for the OU-semigroup on #L>*(C?, y,.).

We now investigate how e~V relates to the “finite variable restriction” of ¢ €
HL?(u.). So let ¢ be given by the expansion (2.9), put Fy; := P(Zy, ..., Z,) (the
closure in L?(.)), and let 7z : HL*(u.) — F; be the orthogonal projection. We
claim that this projection is given by

Tap =Y auZ% (2.11)

d
aeNj
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which justifies the name “finite variable restriction” for m,¢. To verify (2.11) note
that

P(Z1... Za) = {fpeﬂf’Lz(uc}pr: Zaaza}. (2.12)
aeNg
Since the inclusion “>” in (2.12) is clear choose ¢ € P (Z1, ..., Z;) and expand ¢

asin (2.9). Forindices o # (o, ...,24,0,0,...) wehave Z% L (Z,, ..., Z;) by
Theorem 2.1. Thus Z* L. P(Z,, ..., Z,), i.e. the coefficient a, in (2.9) vanishes.
So “C” in (2.12) follows. Since the set {Z% | ¢ = (ay,...,a4,0,0,...)} is an
OGB in F,; we see that (2.11) holds.

The following result can be viewed as a “holomorphic factorization lemma”.
It is basic for our transition from finite to infinite dimensions given in Sections 3
and 4.

LEMMA 2.2. To f € F, there exists a unique f e HL*(C?, y,.) such that

f=f(Z,....Z2) npcas. (2.13)

Themap J : f — fis isometric from (Fy, ||| 12(,,)) onto HL*(CY, y,). Moreover

Joe ™oy l=¢V, (2.14)

i.e. we have e 'N f = (e_’Nf)(Zl, ey Zg) Me-as.

Proof. Represent f as in (2.12). Then ||f||iz(u y = Z%Ng(2c)‘“||aa|2a! < 00.
The completeness of #L>(C?, y.) thus implies that

Jf@i,za) =) ag2® 2.15)

d
aeNj

defines a function f e HL*(C?, y,) and the series (2.15) converges for every z €
C?. This implies that the series for f does not only converge in #L?(j.), but also
Ue-a.s. Thus (2.13) follows for every choice of pointwise defined representatives
Zy, ..., 24 Toverify that J : f — f is isometric (and thus injective) note that

/ Iflzduc=/ |f(zl,...,zd>|2duc=/ FOPde@ (216
W W cd

because Zi, ..., Z, are complex Gaussian random variables with (Zy, Z;) 2, =
2¢by, 1.e. (Z1, ..., Zg)ste = V.. Clearly (2.16) implies that there is only one
f € HL*(C?, y,) such that (2.13) holds. Now given f € HL2(C?, y,) define
f = f(Zl, ..., Zy).By (2.16) f € HL*(W¢, 1) and by definition (2.15) Jf =
f. Thus J maps onto #L%(C¢, y.). Finally we verify (2.14):
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e ™ f(w) = Ze—tn/c Z a, Z%(w) (for p.-a.e. w)

n=0 o+ tog=n

= D da(e™ Z(w)"

aeNg
= f(e—f/czl(w), e Zuw)
= "N Zi(w),..., Zs(w)). O

3. Bounded Hankel Operators

In this section we continue the notation F; = P(Zy, ..., Z,), and we let 7, :
HL*(ju.) — F,; be the orthogonal projection. The following key lemma holds:

LEMMA 3.1. Letb € #L*(u.) be such that Hy, is a continuous Hankel operator
on HL*(w.). Then

Hndb :ndOHbond- (31)
LetJ : f — f be the isometry defined in Lemma 2.2, and put by := w;b. Then
Hj(bd):JOHdeJ_l. (32)

Proof. The Hankel form I';,;, evaluated at f, g € (Z,, n € N) reads

Uain(fs 8) = (fg, mab) = (wa(f8), b)
= (mafmag,b) = (wag, Hy(s f))
= (g, (g0 Hyomy) f).
Since the right side of this equation defines a continuous bilinear form on HL> (1),

and P (Z,, n € N) is dense in #L?(u.) (Theorem 2.1) we obtain (3.1).
Now let f, g € P(Zy,...,Zy). Then

(8. Hopf) = | ab)fgdpse = / afgdy. =& Hy, ). (3.3)
Wc C
Since Hy,, f € Fy and g € Fj the left side of (3.3) can also be written as
(&, Hy, f) = (J&, J(Hyp, [)) = (&, (J o Hy, 0 T~ f). (34)
Since (3.3) and (3.4) hold for all f,§ € P(zi,...,z4) we conclude Hj, =
JoHy, o J L O

REMARK. Equation (3.1) shows that the “finite variable restriction” 7; o Hp, o 7,4
of H, to the subspace F; is again a Hankel operator, H;,. (This statement is false
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for general orthogonal projections in JL?(j1.).) Moreover (3.2) shows that H,, , 1S
unitary equivalent to the Hankel operator Hj, on the space F¢ L%(C4, y,). These
two properties provide a tight relation between Hankel operators on #L*(W¢, i)
and Hankel operators on #L*(C4, y,).

We now give a condition on the symbol b that guarantees the continuity of H,. In
its proof we do not directly use the hypercontractivity of the semigroup e~V on
HL*(j1.), we only use the hypercontractivity (2.5) on HL?(C?, y,).

THEOREM 3.2. Lete™"N be the OU-semigroup on 3 L*(j.) and let ¢ € FLP (i)
with p > 2. Put

b=e™Ng, with t>1,:= gln v, (3.5)

where p’ denotes the conjugate index to p, and define U'y(f, g) := ch bfgdu. on
P(Z). Then Ty, extends by continuity to HL*(u.): Forall f, g € P(Z,,n € N)

/ b fedu.
We

REMARKS. (1) (3.6) implies the continuity of I';, because #(Z,, n € N) is dense
in HL>(.).

(2) One may interpret (3.5) as a regularization of ¢. Notice that p — oo im-
plies p’ — 1 and therefore r; — 0. So the larger p is the less ¢ needs to be
regularized.

< ||(P||Lp(uf)||f||L2(uc) ||g||L2(MC)- (3.6)

Proof of Theorem 3.2. Let f, g € P(Z,,n € N), so f, g € F; for a suitable d.

As before let m; : HL*(u.) — F, be the orthogonal projection. Since e ™Visa

diagonal operator on the basis {Z*, « € N2°} the formula (2.11) implies
e ™Nomy=my0e V. 3.7)

In view of this and the symmetry of the projection 7; we have

Fe—’N(p(f’ g)

/ e " Nom,(fg)du.
Wc

= / e "N (map) fg due
We

= /(cd e '"N@g, fgdy. (by Lemma?2.2),

where ¢y = J(m49), f = J(f) and g = J(g). We can now apply the finite-
dimensional estimate from Theorem 4.5 in [2] to the previous integral on the right
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side to obtain

[P (f2 @1 < N @allrro I 2001811 L2y
|

1ol Le ol f 2o 182y - O

N IN

REMARK. Assume that I';, is continuous and abbreviate b, := m,;b. Equation (3.2)
implies || Hp, || = [|Hj, I, and (3.1) gives || Hp, || < [[Hp|l. In [2, Remark 6.11] the
following estimate we derived for the symbol b of a Hankel operator on

HL*(CY, y,) : (?)dnl}uizm) < || Hg||? forall s € (0, 00), withu ™! := ¢! +s571.

In view of (2.4) and with b= b, this converts to

d
u c UNNT
5In(14+5)N 2 2
(;) le2 TN 2, < 1 H, 1

With Lemma 2.2 and 1 Hj, I < | Hpll this yields

d
u c u
(;) lle> " ONby 175, < IHlI?, Vs € (0, 00).

Since u/s < 1 we cannot derive the boundedness of [|le2™1*+Np| 5, in the
limit d — o0. Therefore the necessary regularity condition which holds in the

d-dimensional case does not carry over to infinite dimensions by letting d go to
infinity.

4. Hilbert Schmidtness and Integral Representation

In this section we investigate the Hilbert—Schmidt (HS) property of H,. Let us first
recall the finite-dimensional situation, as discussed in [11, Theorem 10.1] and [2,
Example 6.9]: Assume b € #L*(C?, y,). Then

Hy, is HS on #L*(CY, y.) <= b € HL*(C’, y.). 4.1
Moreover,
I Hpllaseo = 1012, - 4.2)

Subsequently we generalize (4.1) and (4.2) to the Wiener space context. Since
e L o the spaces L?(u.) and L% (i) contain fundamentally different function
classes. So (4.2) does not make sense if we replace y by u. However, Theorem 2.1
has the important consequence that for ¢ < ¢ we can naturally identify JL>(uz)
with a subspace in HL%(1.):

LEMMA 4.1. Letc¢ > ¢ > 0. Then the idgntity map I : P(Z) — P(Z) extends by
continuity to a continuous, injective map I : HL>(uz) = HL*(u.). Moreover, the
classes [ f1: € HL*(uz) and I[f]: € HL?(1.) have a common representative g.
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Proof. The step functions S[0, T'] are dense in L*([0, T1, dx). So we can choose
an ONB {e;, e5, ...} in L*([0, T], dx) with elements e, € S[0, T]. The w-wise
well-defined integrals given in (2.8) generate a subspace of polynomials & (Z,, n €
N) C £(Z) which is dense in #L?(i.) by Theorem 2.1, for every ¢ > 0. For
0 € P(Z,,n € N) we obtain with (2.10) the estimate

191 2¢u) S NQNlL2guy, Ve < ¢ (4.3)

So the identity I : (P(Zy,n € N), || - l1204s) = (P (Zp,n € N), || - l124,)) 18
continuous and thus has a unique continuous extension [. Write [flz € HL* ()
as [fle = D yeno doZ® and define the polynomial approximation f,(w) :=

Yoo ayZ%(w). By (4.3) f,, converges both in HL>(jz) and in

art-tap=n

FHL2(uz). So I is given by

I: Z a, 7% > Z a,7°. (4.4)

aeNX aeN¥

(Notice that the left side is considered as an orthogonal series in JL?(z), while
the right side is an orthogonal series in #L?(11.).) This implies that [ is injective,
and it is straightforward to verify that the restriction /|»(z) is the identity on J(Z).
A suitable subsequence of (f,), denoted (f,), converges both uz-a.s. and p.-
a.s. Thus the set of divergence points w of (f,) is contained in N := N, N Ng,
where pu.(N.) = 0 and puz(Nz) = 0. We conclude that the w-wise limit g :=
hmm—)oo(fm’lNc) is in [f]c N [f]( O

REMARKS. (1) We will identify # L?(jz) with its image in #L?(1.) under the
map I whenever ¢ > c. (4.4) shows that this identification is most natural.

(2) For the full space L*(u.) the identity map on polynomials P (X,,Y,,t €
[0, T']) is not continuous. The proof of Lemma 4.1 breaks down in that case, be-
cause Hermite-polynomials (replacing the Z¢) with respect to variance ¢ are not
mutual orthogonal in L?(u.) if ¢ # c.

(3) We derived (4.4) for the special (w-wise everywhere defined) basis elements
Z® based on step functions e,. Clearly I is also given by (4.4) for any choice of
orthogonal vectors (2.8).

THEOREM 4.2. Letb € #L*(1.). Then
Hy is HS in #L*(u.) <= b € HL*(ju2c). (4.5)
Moreover, in case Hy, is HS we have

1 sy = 10172, - (4.6)
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Proof. (=) Let H, be HS. Define b, := m,b, where m, projects on F,, =
P(Zy, ..., Zy) (closure in #L>(i.)). Then H,, = m, o Hy o m, by Lemma 3.1.
Thus H,, is HS on HL?(1.) and thus on F,. By (3.2) also Hj HL>(y.) —
HL?(y.) is HS. In view of (4.2) this implies

| Hp, sy = 1DnllL2¢u00)- 4.7)

In this derivation we may replace b by b — b,,. For n > m we have =,,(b — b,,) =
b, — b, and Hp,_p, = Hp, — Hp,,. So instead of (4.7) we arrive at

| Hp, — Hp, lts(ue) = 160 — bl L2045, - (4.8)

It is simple to check that H;, (= =, o H), o m,) converges to Hj, in HS(.)-norm.
So (4.8) shows that the sequence (b,), which converges to b in #L?(u.), in fact
converges in JL>(jy.). Clearly its #L2(uy.)-limit is again b, so “=" in (4.5)
holds. Taking » to infinity in (4.7) yields (4.6).

(&) Letb € HL*(uae) C HL*(ue) and f, g € P(Zy, k € N). As before
define b, := m,b, f, ;== n,f and g, := m,g. Then b, € HL*(use), by — bin
HL*(j12.), and

(ba, £8) = (bu, fr8n) = (bus fun)- (4.9)

Since 1;,1 € HL?*(y».) we know that Ly is a HS bilinear form on #L?(y,). From

(4.9) we conclude that I',, is HS on ¢ L?(u.) and has the same HS-norm as Iy .
Thus

|Hy, — Hp, lus = [ Hp,—p, s
= ||Hj, _;, Ilus
= by = bull12¢pp,) — 0 asn,m — oo.

Thus H,, is a Cauchy sequence of HS-operators. Denote by H the HS-limit. It
remains to verify H = H,. For f, g € P(Z;, k € N) we have

(g¢. Hf) = nlingo<g, Hy, f) = ’gngo(fg, b,) = (fg,b)

= T'w(/f, 8).
Since the left-hand side of this equation defines a continuous bilinear form on the
whole space HL?(1u.) we conclude H = H,,. O

REMARK. In Theorem 4.2 we cannot just write ||Hb||12qs<m) = ||b||iz(#2 ) for all

b € #HL?*(u.) because if b ¢ HL*(j1».) we have no canonical identification of b
with a function modulo ;.-zero sets.

We next generalize the integral representation known for #L?(y,), i.e. the asser-
tion that every continuous Hankel operator H;, on HL%(y.) with b € HL?(y,) is
given by

Hyf(z) = / b(z +w)f(w)dy.(w), VzeCd VfeHL* (y). (4.10)
Cd
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In contrast to (4.10) it makes no sense to choose b € [b], € HL*(u.) and to
consider b(w + -) with fixed w because this function depends significantly on
the choice of representative b (see Lemma 4.5). So in general the integral kernel
b(w + w’) corresponding to the one in (4.10) is not well-defined in the Wiener
space context. However, if b € FHL?(us.) C HL?(u.) the following exception
holds:

LEMMA 4.3. Let[blye € #L*(wy.). Then b(w,w') := b(w+w') is well-defined

as an element in L*(ji. ® ). In particular, b does not depend on the specific
representative b € [b],..

Proof. Choose b € [b],.. By convolution . * (. = o, we obtain
[ bt w)F e © o, w)
= / b(w + w)* d(pe ® pre)(w, w)

_ / Ib(u) 2 dptae (1) < o0 @.11)

Now choose by, b, € [b],.. If we replace in the previous calculation b by b; — b,
we obtain

/ by (w, w') — by(w, w) > d(pte ® pe) (w, w')
= / by () — by(u)[* dpuae (u) = 0. (4.12)
(4.11) and (4.12) yield the assertion. O

THEOREM 4.4. Let b € #L?(wa.). Then Hy, f is given by

Hy f (w) = f b(w + ) F@) dpte(w') pre-as. 4.13)

Wc

Proof. We continue with the notation in the proof of Theorem 4.2. Let f €
P(Zy,...,Z,). In view of [2, Remark 6.8] we have b,(z + -) € HL?*(y.) for
every z € C", and

n

H,;nf(z) = / b (z + u) f () dye(u).
With Z = (Z, ..., Z,) this representation and (3.2) imply
Hy, f(w) = Hj f(Zw)) pe-as.

= /n by (Z(w) + u) f (u) dy,(u)




220 THOMAS DECK
= / bu(Z(w) + Z(w") f(Z(w)) dp(w')
Wc
= / b,(w+ w) f(w) dus(w').
We
This holds for all f € P(Z,, ..., Z,). For general f € #L*(u.) (3.1) gives

Hp, f(w) = Hp, 7, f (w) = / by(w 4+ wHm, f(w) duc(w')  pe-as.
We

=/ by(w + w') f (w') dpe(w’). (4.14)
We

The functions b, (w, w') := b, (w+w’) and b(w, w') := b(w+w’) are in L?(u. ®
i) by Lemma 4.3. Since H,, — H, in HS(u.)-norm the isometry (4.8) and
15ull oo, = I1Bnllu, imply that b, — b in HL* (1, ® p.). Thus the right-hand
side in (4.14) converges in L%(u.) to fWC b(w + w') f(w’) due(w’). On the other
hand H;,, — H, in HS-norm implies H,, f — H,f in HL?(u.). These two
arguments show that we can pass to the limit in (4.14) which yields (4.13). O

REMARK. (4.1) and (4.2) are simple consequences of the integral representation
for Hankel operators on #L*(C“, y,) because this integral representation holds
for all continuous Hj, on #L*(CY, y.) (see the proof in [2]). In the Wiener space
context that proof does not generalize, which is why we used the finite variable
approximation.

We finally discuss the integral kernel b(w + w’) if b is not in #L?(u.). This
illustrates one of the problems arising from g, L o,

LEMMA 4.5. Let [b]. € #L*(u.) and b, € [b].. Then there is a b, € [bl. and a
e zero set N such that

/ b1 (w + w) — by(w + w’)lzduc(w’) #0, VYwe N°“. 4.15)
We

Proof. (4.15) is equivalent to the assertion that there exists by € [0]. such that
/ |bo(w + w))|*due(w') #£0, Yw € N°. 4.16)
We

Since . L wo. there is a p. zero set Ny such that po.(No) = 1. Put by = 1y,, so
by € [0].. With . * it = 4p. we have

/ |bo(w + w)* d(pe ® pe)(w, w') = f 11y ()1 dptge () = 1.

Wc
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So Fubini applied to the left side gives

/(/ T (w +- ')Izdm) dpe(w) = 1. (4.17)

Since the term in brackets is between 0 and 1 it must in fact equal 1 p.-a.s. in order
to satisfy (4.17). But this implies the assertion. O

Notice that Lemma 4.5 does not contradict Lemma 4.3: b(w + w’) is not well-
defined for representatives b € [b]. but it is well-defined for representatives b €

[blac.
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