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Abstract

Generic electromagnetic signal described by Maxwell equations
both in vacuum and media is considered in the tomographic repre-
sentation. The Ville-Wigner phase-space representation of the elec-
tromagnetic field is also discussed. Relations between different repre-
sentations of the electromagnetic signal are elucidated. A connection
of the Fourier analysis of the electromagnetic signal and other mathe-
matical approaches like Radon transform of the analytic signal is pre-
sented. A distinguished property of the tomogram to coincide with
the probability density of a random variable considered in a reference
frame in the signal’s phase space is pointed out. Entropy of the signal
related to the probability density is studied.

keywords: Maxwell equations, analytic signal, noncommutative
tomography, Ville-Wigner phase-space representation.

1 Introduction

Electromagnetic signals in vacuum are described by electric E and H strength
vectors obeying to Maxwell equations [1, 2]. The standard analysis of elec-
tromagnetic signals is based on Fourier transform [3, 4] of the electric and
magnetic vectors. This transform provides information on wavelengths and
frequencies associated to the concrete electromagnetic signal under study.
The electromagnetic signal processing based on the Fourier representation of



electromagnetic fields and electric currents is also connected with language
using the frequency content of the objects under study and operations with
frequencies. Mathematically the Fourier analysis of electromagnetic fields
gives the possibility, in some cases, to reduce differential Maxwell equations
to the algebraic form.

On the other hand, there exist other transforms like wavelet transform
(see, for example, [5, 6]) and Ville-Wigner transform [7, 8], which provide
information on other aspects of electromagnetic signals. Recently Radon
transform [9, 6] was discussed to construct the optical tomography [10] of
the signal. The optical tomography uses the invertible map of the Wigner
function [8] onto a probability density of the random variable, which is ro-
tated homodyne quadrature of the photon [11, 12]. In quantum mechanics,
the optical tomography scheme was generalized to the symplectic tomogra-
phy map of the Wigner function onto the symplectic tomogram of the quan-
tum state [13, 14]. In signal analysis, the corresponding noncommutative
tomography of the analytic signal was suggested in [15]. Various aspects of
noncommutative tomography of the analytic signals were studied in [16]. A
unified view to construct different types of tomograms and other transforms
of the analytic signal like Fourier transform, wavelet transform, Ville-Wigner
transform was formulated recently in [17].

The noncommutative tomography procedure associates to a signal the sig-
nal’s tomogram, which is the tomographic probability distribution function.
In view of the analogy of the analytic signal to the quantum wave function
of the quantum state in quantum mechanics, a notion related to quantum
states, i.e., entanglement, was discussed for classical signals [18, 19]. In fact,
classical processes are known to demonstrate some properties, which can be
considered as quantumlike properties [20]. In the electromagnetic-field con-
text, quantumlike properties were found by Fock and Leontovich [21] for
paraxial beams of the electromagnetic radiation. Such properties permit one
to employ the methods of the tomography of the quantum state’s wave func-
tion for studying the electron-optics problems as well [22]. Also the method
of time-dependent quantum invariants [23, 24] can be applied and developed
to find universal invariants for paraxial electromagnetic beams propagating
in media, i.e., in optical fibers [25, 26].

The aim of this work is to review some aspects of the noncommutative
tomography approach [15-19] and present the tomographic-map analysis of
the generic electromagnetic field described by Maxwell equations both in



vacuum and media. We introduce tomograms of the electromagnetic-field
potentials and derive equations for the tomograms.

2 Maxwell Equations

In this section, we introduce some notation and review properties of Maxwell
equations for the electromagnetic field in vacuum [2]. In this case, the elec-
tromagnetic field has the electric-field-strength component E(r,t) and the
magnetic-field-strength component H(r,¢) depending on the space coordi-
nate r = (x,y, z) and time coordinate t. These fields components satisfy the
Maxwell equations with the sources p(r,t) and j(r,?):

divE = 47p,
divH =0,
(1)
rot E = 1 a—H
108E?t ’47'('
rot H = o + el

where p(r,t) is the charge density, j(r,t) is the current density, and c is the
constant light velocity in vacuum.

Using the scalar potential ¢(r,t) and the vector potential A(r,t) such
that the electric-field-strength and magnetic-field-strength vectors are given
by

1 0A
E=—gradp — - —,
c Ot
(2)

H=rot A,
one has Maxwell equations in the form:
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Rl Ay = 4mp,
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with the Laplacian
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These equations follow from Maxwell equations (1) and relations (2) provided
the Lorentz gauge condition is used
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c Ot
In the case of free fields, i.e., p = 0, j = 0, Maxwell equations (1) take the
form

+divA =0. (4)

divE =0,
divH =0,
(5)
‘B 1 OH
rot B = —— —
c Ot
1 0E
tH= - —.
o c Ot
These equations can be reduced to the wave equations for the field strengths:
2
B 8_E — AE =0,
2 Ot? (6)
1 0°H
— — AH = 0.
2 Ot?

For the case without sources, one has the wave equation for the scalar po-
tential ¢(r,t) and the vector potential A(r,t) as well

1 9%

Z o L~ =0 .
1 0’°A

——— —AA=0.

2 Ot? 0

Maxwell equations (1) can be rewritten in the integral form
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Also Maxwell equations can be written in the relativistic-covariant form.
Introducing the four-vector A* with the components

A =cp A=A,  A2=A A3 = A,

Y

and the four-vector j* with the components
jocha jlzjxa j2:jy: jgzjz:

along with the relativistic notation for the time and space coordinates

xozct, T =, Tz =1y, T° =z,

5.0 94 4r

ika (9)
=0

i= Ox*

The antisymmetric electromagnetic-field tensor is defined as follows

, 0AF QA
FF = — i, k=0,1,2,3. 10
axz axk ) 27 ) ) ) ( )
In terms of the field tensor components, Maxwell equations (1) take the form
3. OF* 4T .
=—7 11
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2: + =0. (12)
— \ Oxy (9% oxy,
The current four vector j* satisfies the continuity condition
1 0p
- — +divy =0 13
Ly aivj=0, (13)

or in the relativistic form
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3 Noncommutative Tomography

In this section, we review properties of the noncommutative tomography
scheme for the analytic signal following [15, 16].

Given a function f(t) = f(t1,t2,...,ty) of N variablest = (¢1,o,...,txn).
Let us define the symplectic tomogram associated to the function f(t)

N N i o iXp ?
X, p,v) = /dt dty---dtyf(t (—tQ——t> ,
w(X, p,v) ]};[127T|Vk| 1 di Nf()eXP{kZl 2 kT T
(15)
where
X: (Xl,XQ,...,XN),
® = (:ulnu%‘”a/'LN)?
vV = (Vl,l/g,...,VN).
One has the equality
[wX mvyax = [|7)Fat. (16)

The tomogram is the probability distribution function of the random variable
X. This probability distribution depends on 2N extra real parameters p and
V.

The map of the signal f(t) onto the tomogram w(X, u,v) is invertible.
The signal function f(t) can be associated to the density matrix (see [27, 28])

ps(t, ) = f(t) 7 (t). (17)
The density matrix can be mapped onto the Ville-Wigner function
u u —ipu
W(q,p)zfpf(q+§,q—§>e P du. (18)
This map is invertible and one has
1 t+t o
t,t :—/W — Pt dp. 19
p(t, t') L ( 5 ,p>e p (19)
The tomogram (15) is related to the Ville-Wigner function by the equation
i dgy dp
k=1
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The delta-function in (20) is not equal to zero on the straight lines described
by the relations

Xk = UrQr + ViD. (21)

The Ville-Wigner function can be reconstructed if one knows the tomogram

1

W(q,p) = )"

N
/w(X, p,v) [ e Krmrma—vr) X, duy duy,. (22)
k=1

In view of relation (22), one can express the density matrix in terms of the
tomogram

f)f(t) = (zi)N /w(X, p,t—t) kl:[ exp {Z <Xk — Mktk —; t;“)} d X, dpuk.
) (23)

Relation (23) determines the analytic signal up to a constant phase factor

0 = O™ oy [ w0%oset) T oo {1 (%0 = 54 } 4t

(24)
If one uses the quantumlike Dirac notation for the density matrix p;(t,t’) in
terms of the density operator ps

ps(t, ) = (t | ps [ t), (25)

the tomogram can be rewritten in a compact form [17]:

N
w(X, p,v) = < 11 5(Xk- — HkQr — Vkﬁk)>a (26)
k=1
where the mean value of the operator reads

(A) = Tr (psA). (27)

The operator delta-function of the operator argument s is determined by the
Fourier decomposition

5(3) = — / & d. (28)



The position-like operator ¢, and the momentum-like operator p, are deter-
mined in the coordinate representation by the formulas

Qe f(t) =t f(t),

of(t)
oty

(29)

prf(t) = —i

One can introduce the entropy associated to the signal using the standard
definition of entropy related to a probability distribution function

S(uv) = = [w(X, pv) mw(X, g, v)dX, (30)
The tomogram has the property
w()\le, Ao Xoy oo, ANXN, Arfin, Aafia, -y AN, A, Aot /\NVN)

= mw(Xl,Xg, ooy XNy 1y 2y - e oy AN, V1, Vo, o .,VN). (31)
This means that the tomographic probability distribution is similar to the
probability-distribution density determined by Dirac delta-function. This
property is obvious if one uses the tomogram definition given by (26).

Relation (21) shows that we use the lines which are rotated and scaled in
the signal’s phase space. If one introduces parameters

i, = e cos Oy, Vg = e % sin 0y, (32)

transformation (21) demonstrates that the physical (geometrical) meaning
of the variable X} is the following one. It is the position in a rotated and
scaled reference frame in the phase space, with the angle 8, being the rota-
tion parameter and the parameter \; determines the scaling of the reference
frame.

Thus the tomogram is not a single distribution function but it is a 2/N-
parametric family of the distribution functions. In fact, due to relation (31)
one needs only rotation parameters. This means that taking A\ = 0 in (32)
one obtains the tomogram

w(X,0) = w(Xl,Xg, .., XN, cosb,co86s,...cos0y,sinf;,sinb,, ... ,sin@N).
(33)



For the one-dimensional case, this tomogram determines the Ville-Wigner
function by means of inverse Radon transform in the optical-tomography
scheme [10-12]. But due to singularity of Radon transform, the employ-
ment of the symplectic tomogram containing extra scaling parameters has
an advantage because inverse relation (22) has no singularity.

4 Change of Variables for Tomographic Map

In this section, we discuss how the differential operators defined in t-coordinates
are transformed if the tomographic map is used. In view of the integral rela-
tion of the density matrix to the tomogram, one can get the correspondence
rule:

, o\ "' o i 9
tkpf(tat) — _<8Xk> aﬂk—i_?an w(X,u,u),
, , (o N o i O]
tepp(t,t) _<3—Xk> o 2 Xy w(X, p,v),

; (34
.0 , iy O 0 J '\
-t a—tkpf(tat) — 2 an aVk: <8Xk> w(Xauay)a

0 , i O o ( o\
_Za—t;pf(t’t) — _78—)@+8—w€<8—){k> w(X, p,v).

This correspondence rule gives a possibility for known linear equations for
the density matrix to write their tomographic counterparts. On the right-
hand side of (34), the operator (9/0X,)”" is defined by the action on the

Fourier component, i.e.,

(%)1/90(5)6““ ds :/%eisxk ds. (35)

Let us suppose that the signal function f(t) satisfies the equation

c <t, 4%) f(t) =0, (36)



where L(a, b) is a real function of two real vectors. The components of the
two vectors do not commute. Using Eq. (36) one obtains

/'a * /
c <t,z%>f (t) = 0. (37)

Equations (36) and (37) can be used to derive the equation for the density
matrix py(t,t’).
Thus one has two equations

(o) sc(vid)merro o

In view of the correspondence rule (34), Egs. (38) can be presented in the
tomographic form by the corresponding replacements of ps(t,t’) and vectors
t and t’, /0t and 0/0t.

5 Examples of Electrostatics

For electrostatics, Maxwell equations in vacuum have the form
Ap(z,y,2) = 0. (39)
Let us denote
ZE:tl, y:tg, Z:tg.

In this case, one has for the scalar potential

o(x,y,2) = (t1, 2, t3)
and the basic equation of electrostatics takes the form
Pp(t) | Pp(t)  Pe(t)

o2 o2 o2

It is linear equation of the form discussed in the previous section. Any
solution ¢(z,y, z) to Eq. (39) can be associated to its tomogram

1

—0. (40)

) 1 9 ZXll'

1
e
w(X, p,v) 83|y, vy, V3] ployzew 2, "
bl A 0 0 rdy s ()
2]/2 ) 21/3 V3
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where

X = (X17X27X3)7

po= (p, 2, 413),
v = (v1,19,13).
Analogous tomograms of magnetic field can be obtained for magnetostat-
ics.
The fundamental solution of the electrostatics equation, which is related
to the potential of the unit charge, has the form

p(r) = —. (42)

For this solution, the tomogram of the electrostatic field (41) has the form

given by the integral
00 T 2
/ Tdr/ sinecw/ de
0 0 0

2
X exp {z [T— <& sin? @ cos®  + F2 $in? 9 sin? w+ s os? 0>
2\ Vg ]

w(X, p,v) =

1
83| vy, va, 3]

2

X X X,
—r (_1 Sinecos<p+—2sin@singa—ir—?’(:ose)]} (43)

4t Va V3
The tomogram can be normalized in the case of normalized analytic signal.
If the signal’s energy is infinite, the tomogram is a generalized function. The
example of the fundamental solution of electrostatics considered belongs to
the class of nonnormalized tomograms. In quantum mechanics, such non-
normalized tomograms correspond to the states belonging to the continuous
energy spectrum of a Hamiltonian.

6 Tomography of Retarded Potentials

It is known that the electromagnetic-wave radiation is described by the re-
tarded potentials given by the solution to Egs. (3)
— R/c)

A(r,£) = Ag(r, ) + % /J(”—

7 dx' dy' d, (44)
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where Ay is a solution to the wave equation and

R = \/(1:—3:’)2—|—(y—y’)2+(z—z’)2. (45)

In the case of the radiation field connected with the current density, one has
the solution to Egs. (3)

/‘] R/C dr' dy' dz'. (46)
The scalar potential has the form
/ plx R/ ) 4 dy d=. (47)

We introduce the notation
x =1, y = ta, z =3, t=14.

In view of the notation and after the corresponding replacement ¢ — f(t),
we apply the general construction.
The tomogram of the scalar potential w,(X, p,v) with

X = (X17X27X37X4)7
o= (pi1, po, (3, Ha),

vV = (V17V27V37V4)7

has the form

we(X, p,v) =

1 /p(r’,t—R/c)

1674 v vev31y| R

xexp{Q <u1x2+&92+@22+&t2>

1%} Vo V3 Uy
X X X3 X4 2
—i (—13:+ R —t)} dx dy dz dt da’ dy' d2’
n Vo V3 Uy

(48)
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One has analogous expressions for the tomograms of the vector-potential
components. As an example, we write down the tomogram of the A,-
component

WA, (Xa K, V) -

1 ja: (I‘l, t— R/C)
1624 | vy vavsy| / R

xexp{3 (ﬂx%r@y%r@z%r@t?)
2 141 %) V3 Z!

X X X X 2
— (—1x+ Y —4t>} dx dy dz dt dx' dy' d2’
141 Vo V3 Vy
(49)

Now we consider the tomogram of the vector-potential A(r,t) created by
a moving electric charge e. Its trajectory is described by the time-dependent
vector ro(t). The charge’s velocity

v(t) = 1o(t)

is considered to be given function (as well as the trajectory ro(t) itself).
As it is known, in this particular case, the solution to Maxwell equations
for the retarded potential reads

ev
A t - / 50
0 = o (50)
with time ¢’ determined by the relation
R(t
t'(t,r) =1t— ( ), (51)
c
where the vector
R(t) =TI — ro(t)
has three components.
The scalar potential is given by
- (52)



The tomogram of the scalar potential (52) is given by the relation

1674|171 vav314| / [R(x, v 2ty t))

V(x, y, 2, t'(x,y, 2, t))R(x, y, 2, t'(x,y, 2, t))]
c

62

ww(X? K, V) =

-1

Xexp{z <&x2+@y2+@22+&t2>
2 121 12 Vs Vy
X X X X
—i <—1x+—2y+—32+—4t>} dx dy dz dt
1%

151 vy V3 4

2

, (83)

where
X = (X1, Xo, X3, X4),
B = (p, pa, 13, fa),
v = (v1,10,U3,1).
Analogous relation describes the tomogram of the vector-potential (50).

For example,

62

WA, (X7 K, V) =

/vx (3:, v, 2, t'(z,y, 2, t)) {R(x, v, 2, t'(z,y, 2, t))

-1

1624 |11 vav31y|

V(x, y, 2, t'(x,y, 2, t))R(:K, y, 2, t'(x,y, 2, t))]

c

xexp{3 (ﬂx%r@y%r@z%r@t?)
2 1241 1%) V3 Uy
2

Xy Xy X5 (54)

X
—1 <—x+—y+—z—|——4t>} dx dydzdt
n Vo V3 Uy

In the limit v(¢) = 0, the tomogram of the scalar potential of the moving
charge provides the tomogram of the electrostatic potential (43) where one
excludes in an appropriate manner the dependence on time.

7 Electromagnetic Signals in Media

Electromagnetic signals in media are described by the field-strength vectors
E(r,t) and H(r,t) and the field-inductance vectors D(r,t) and B(r,t).
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In dispersive media, the vectors are connected by means of the following
relationships:

D(r,t) = /e(x,y,z,t,x’,y’,z’,t’)E(z’,y’,z’,t’)dx’dy’dz’dt’,

(55)
B(r,t) = /u(z,y,z,t, x’,y’,z’,t’)H(w’,y’, z’,t’) dx' dy' d2' dt’.
In nondispersive media, one has
D(r,t) = e(x,y,zt)E(r,t),
(56)

B(r,t) = p(z,y,zt)H(r,t).

In the simplest case of the monochromatic signal (neglecting polarization),
Maxwell equations can be reduced to the Helmholtz equation for the poten-
tial, e.g.,

[Ag + k*(x,y, z)}ga(x, y,z) = 0. (57)

Below we apply the tomographic map to this particular type of the monochro-
matic signal.

The tomogram of the scalar potential of the monochromatic signal in
media reads

1
— || dxdyd
R T / rdydz p(z,y, 2)

' X X X
xexp{z <&x2+@y2+@22> —i<—1x+—2y+—32>}
2 1241 1%5) V3 1241 1%0) V3

we(X, p,v) =

The tomogram of the monochromatic signal satisfies the equation, which
follows from the Helmholtz equation and Eq. (38) where the linear operator
takes the form

0\ _ .0 .0 .0
L <t, —za> = L (x,y, z, _28_95 , —za—y , —2&>
0? 0? 0? 9
= 52 + —8y2 + 92 + k*(z,y, 2). (59)
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8 Tomograms of Tensorial Signals

In this section, we introduce the Ville-Wigner functions and tomograms of
the signals described by functions which are constructed using the tensor
product of the analytic signal. Let us consider the partial case of the analytic
signal described by a complex function of one variable f(t). Let this function
be normalized, i.e.,

Jlr@ra=1. (60)

An analog of the density matrix can be constructed by means of the product
of two functions f(¢;)f*(t2). Now we construct the tensor product of the
form

Fty,ta, -t N1, tvaen) = [t f(E2) - fEN) T (Enen) [ (En2) - ( f;(tN+n)'
61

The analytic signal corresponds to a vector in the Hilbert space. The product

of analytic signals corresponds to the product of vector components in the
Hilbert space of the analytic signal. In view of the mentioned above, the
function (61) is an analog of the tensor in which N components are described

by the analytic signal at different times and n components are described by
complex conjugate functions at different times. If the signal fluctuates one

can introduce an analog of the correlation function (or density matrix)

R(ti,ta, . tnytnts e tvan) = (F(0) f(E2) - fOEN) T () [ (Eng2) -+ 7 (Evn),
(62)
where one uses an average of the product of the signals under study.
If one knows the tensor signal (61), the analytic signal can be recon-
structed due to the relationship

f(t) = F(t,0,0,...,0)K, (63)

where K is given by the relationship

K = [f(t2 = 0)f(ts = 0) -~ fltx = 0)f*(trsr = 0) -+ [*(tnsn = 0)] .

(64)
If N = n the signal is reconstructed up to the constant phase factor. For
N =# n, the tensorial signal determines the analytic signal completely.
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The tensorial signal is normalized function, i.e.,

J1F@ oyttt dtydt - diy dig - dn = 1.
(65)
The general construction of the Wigner—Ville and tomographic maps dis-
cussed in Sec. 3 can be applied for the particular case of the tensorial signals.
To do this, we introduce the vector

t — (tl,tQ, N ’tN’tNJrl’ N ’tNJrn)

with (N +n) components. The tensorial signal (61) takes the form of a signal
which depends on several variables. Using analogs of formulas (17)—(19) and
(22) with the replacement f — F, one obtains the Ville-Wigner function
and tomogram of the tensorial signal, respectively,

W(q,p) = /F (q + g ,q - g) e Pt du (66)
and N4
n dq dp
w(X, p,v) = /W(q7 p) H O( Xk — MrQr — ViQr) ;W £ (67)
k=1

The tomogram of the tensorial signal (67) is the probability distribution
function of a random (N + n)-vector X labeled by 2(N + n) real parameters
pur and v, k = (1,2,..., N + n). The construction of the Wigner—Ville
map (66) provides the extension of Wigner functions of higher orders studied
recently [29].

9 Conclusions

To summarize, we point out the main results of the paper.

We introduced the tomographic representation for electromagnetic signals
obeying to Maxwell equations both in vacuum and media. The tomographic
representation gives the possibility to associate to the electromagnetic signal
the probability distribution function. This probability distribution function
in turn obeys to the Fokker—Planck-type equation determined by means of
a linear operator. The form of this operator can be obtained using Maxwell
equations for scalar and vector potentials. The solution to Maxwell equations

17



with sources in the form of retarded potentials are mapped onto tomograms
of the electromagnetic signal.

We studied the tensorial signal and introduced the Wigner—Ville and to-
mographic maps of this signal. The maps of the tensorial signal generalize
the standard Wigner—Ville and tomographic maps of the analytic signal.

The Wigner—Ville and tomographic maps can be successfully used as ad-
ditional characteristics of the signals under study.
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