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ABSTRACT. Given that each term of the multiple Wiener integral expansion for
the renormalized self-intersection local time of higher dimensional Brownian
motion converges in law to another, independent Brownian motion we resum
the leading, martingale parts of these terms in closed form and also represent
this sum as a stochastic integral.

1. INTRODUCTION

An informal definition of the self-intersection local time of d-dimensional Brow-
nian motion is given in terms of an integral over Donsker’s d—function.

Lt = dtodt16(By, — By,),
At
where B; is a d-dimensional Brownian motion and Ar = {(t1,t2) : 0 <t < 2 <
T}.
To make sense of this integral one can invoke a regularization such as
(1.1) LS :/ dtsdt16.(By, — By,)
AT

where §.(x)
Zero.

If the dimension is d > 2, lim,_,o+ IE(L$) = +o00; Varadhan, in [20] renormalizes
L5 by substracting its expectation and proves for d = 2 that the limit exists in
mean square.

Hence we consider the centered self-intersection local time defined by

132 . .
= We_? for x € IR?, and define Ly as the limit when € goes to

%,C - dthtlas,c(Btg - Btl)
A7
where 0 (B, — By,) = 0¢(By, — By,) — E(cSE(B,g2 - Btl))7 this is the so called
Varadhan renormalization.

For d > 3, a further multiplicative renormalization r4(¢) is required for the existence
of a limiting process. M. Yor in [19] shows, using the near passage regularization

6(Bt2 - Btl) - 5(Bt2 - Btl —+ 6)
for d = 3, that
r3(e)(LE — B(LF)) 5 ¢p
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with § a Brownian motion independent of B.

This can be understood in the light of the fact that each term in the (renormalized)
chaos expansion or multiple Wiener integral expansion for the self-intersection local
time converges in law to a Brownian motion, for any d > 2 as shown in [4], using
the fact that the dominant part of each of these multiple Wiener integrals is in fact
a martingale. With a view towards convergence results for the renormalized local
time in dimensions d > 3, it is desirable to resum these dominant terms, i.e. to split
the local time into a dominant martingale part and a subdominat remainder. We
do this in Theorems 1 and 2, in Theoreom 3 we express the two terms as stochastic
integrals via the Clark-Ocone formula.

Recent investigations of self-intersection local time have used white noise analysis
[1][4][5][21]. So, before announcing the main results of this paper, let us briefly recall
some tools from white noise analysis and some of these results on self-intersection
local time.

1.1. Tools from White Noise Analysis. We quote some white noise analysis
concepts as introduced in [4], referring to [9] for a systematic presentation.

Consider a white noise space (S'(IR)?, B, i), where B is the weak Borel o-algebra
of S’(IR)?, and u is the centered Gaussian measure whose covariance is given by
the inner product of L2(IR)?, in the sense that the vector valued white noise has
the characteristic function

C(f) = ]E’(ei<w,f>) — / du[w]ei(w7f) _ 67%<f,f>,
(

where (w, f) = Z?:1<wi,fi> and f; € S(R, R).
Then a realization of a vector of independent Brownian motions B;, i =1, --,d,
is given by

Bi(t) = (wi, 1jo,4) = /0 w;(s)ds.

Hence we consider independent d-tuples of Gaussian white noise w = (w1, -+, wyq)
and correspondingly, d-tuples of test functions f = (fy,---, f4) € S(IR, R?), and
use the following multi-index notation:

d
il :Hnl—!
d
(£,£) = dt f7 (t)
>/

d

<Fﬁ7f®ﬁ> = /dntFﬁ(th7tn)®fz®n7(t177tn)

i=1
and similarly for (: w®" :, Fy) where for d-tuples of white noise the Wick product
-t (see [9]) generalizes to

d
s w7 ::®:w?"i i
i=1

The Hilbert space
(L?) = L*(dp)
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is canonically isomorphic to the d-fold tensor product of Fock spaces of symmetric
square integrable functions:

(L?) ~ (é SymL2(RY, k!d’“t))m =F.
k=0

For a general element ¢ of (L?) this implies the chaos expansion

oo

p(w) = Z( w®n 5 Fr),

=0

the norm of ¢ is given by
o0
lelitezy = > AIFal3,
i

with kernel functions F' in F and where | |2, is the norm in L?(IR", dt).
Given ¢ € S(IR)?, let us consider the Wick exponential

exp ((0,6) - 5(69))

= Z L (: ®1 . €8T we S (R)%.

!

rexp(w, §) :

n

The S-transform plays an important role in the study of stochastic processes in the
white noise framework, see for example [3][9]; we define the S-transform of ¢ in
(L?) as

S@(f) =< [V2pa exp(.,f} >= Z(Qpﬁ7£®ﬁ)2,n~

n

In particular, for Hermitean operators A in L?(IR), we can define the ”second
quantization” of A as an operator I'(4) in (LQ) given by

(1.2) ST(A)®(-) = SP(A-)
for ® € (L?).

1.2. Self-Intersection Local Time in Terms of White Noise. The regulariza-
tion of the self-intersection local time given by (1) has the following chaos expansion,
for d > 3.

Proposition 1. [1] For any t, e > 0, L{ . has kernel functions F' € F given by

Fe,ﬁ(817 te '7871) =

(-1)% (x(x +1)(2n)%/22% 2‘) ) O(u)0(t —v)-

(v—ut+e)X+(t+e X—(v+e) X—(t—u+e)X)
if alln; are even, and zero otherwise, withv(sy, -+, 8,) = max(s1, -+, 8n), w(s1, ", Sn)
min(sy, -+, 8,), and x = "T*Q — 2. 0 is the Heaviside function.

One can then divide each chaos into a martingale part

<= / d"s(v—u+ €)X 1w (s) :
[07t]n
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and a remainder
;L:/ d's ((t+e) X —(v+e) X —(t—u+e)X) cw®(s) ;.
(0,8

which is less singular in the limit ¢ — 0. We note that one could have included the
part N5 arising from the second term in the integrand, i.e. from (v +€)™X, without
losing the martingale property:

e — "s((v—u+e) X — (v+e)7X) : w®(s) :
M= [ s (s k07

is also a martingale since the varable ¢ does not appear in the integrand. After
renormalization the difference vanishes in (L?) as ¢ — 0.
For the 7ith order chaos,

i = an (Mg + Nj)
ii € IN? — {0}, it was shown in [4], that for any d > 3,
(1.3) ra(@)K 5 eabs

where (7 are one dimensional Brownian motions independent of the initial one and
among each other, with

&z =k2a2
nn—1) d=3
K2 = nl(d—4)!
’ {M d>3,

- —1
n
an = (<12 (X0 DR PG

{ |loge|~1/? d=3
= d—3

ra(€) €2 d>3.

It has been proved in [5] that the variances of these Brownian motions sum up to
the variance of the renormalized self-intersection local time,

Ty & =lim B ((ra(e)L5..)?)
71,n#0

and that the right hand side can be calculated in closed form for all d > 3, using
a Clark-Ocone formula for L¢. For higher order self-intersections chaos decomposi-
tions and their renormalized limits are discussed in [14] and [11].

2. STATEMENT OF THE RESULTS

If we inspect the kernels given in the above proposition we can see that the
dominant terms of the chaos expansion for the local time are martingales. Hence
it is desirable to sum up these dominant terms. This is indeed possible.

Theorem 1. Let ¢,T > 0 and denote by O the multiplication operator by 10,1
Then
L’},c = Mie",c + R’},c

where

(o] tg
(2.1) My, = / dtg/ dt1I'(07)0¢ (B, — By,)
0 0
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is a martingale, and

+oo T
%,c = _/ dt2/ dt15t27c(BT — Bt1)~
€ 0

The next theorem gives us the corresponding chaos expansions, for d > 3.
Theorem 2. Let d > 2, for any ¢ > 0 and i € IN?, 7 # 0, My . and Ry, . have
respectively kernel functions M and R in F given by

S\ -1
MS = (-1)"/2 (/@(H + 1)(2w)d/22"/27;!>

YT —v) (v—u+e) ™ = (v+e)7")

-\ —1
Ng = (=12 <n(/€+1)(2w)d/22"/2;!)
OWO(T —v) (T+e) " = (T—u+e)")

if alln; are even, and zero otherwise, withv=v(sy,-+,S,) = max; S;, u(S1, --,8p) =
min; s;, kK =n+d/2 —2 and 0 the Heaviside function.

We recall that if (®;):>0 is a stochastic process or even a generalized one (such
as (®;);>0 C G, the Potthoff-Timpel space [16]), it is shown in [2] that for each
t > 0, ®; can be written as

(2.2) &, = E®, + I(mag,)

This is the so called generalized Clark-Ocone formula, where mg, € IR ® L?(IR) ®
G~ such that
(2.3) mb, =T1(0.)0'®

and
d

I(ma,) =Y Li(mj,)

i=1
where I;(ml, ) is in G, defined by
L Li(mb,), ¢ >=< mb,,0'p> for every p € Gt

d'¢ € L?(IR) ® G™lis the Hida-gradient of ¢, see also [2] for an explicit formula.
In our next theorem, we give the explicit formula of the integrand by applying the
Clark-Ocone formula ?7.

Theorem 3. For T, e > 0 we have

1 +00 TAta T Ato (B‘r — Btl) —(Br—By;)?
Mg, = 7/ dt2/ dtl/ dB,——— /e
“ (27T)d/2 0 0 t1 T (E + t2 _ 7_) %+1

1 +oo T T (BT - Bt1> —(Br =By ))?
RS . = —7/ dtg/ dtl/ dB,———/ ¢ ="
- (2m)2 Jr 0 t1 (e +i2 — T) LA
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3. PROOF OF THE RESULTS

Proof of Theorem 1.
Let (Fr)7r>0 be the Brownian filtration. Recall that if ['(97)® € (L?) VT > 0, then
E(®|Fr) =T(07)® is a martingale with respect to the filtration (Fr)r>o, thus

+oo to
My . = / dtg/ dt:T(07)6e o(Byi, — By,)
0 0

is a martingale with respect to the Brownian filtration. Let us decompose M7, . as:
T to
Mio = [ dee [ da@ns. (B - B
0 0
to

—+oo
+ / dty | dtT(07)6.o(By, — By,).
T 0

Note that if ® € (L?) we have
(3.1) ST(0r)®(-) = SP(07-).
To compute the S-transform of 6.(By, — By, ) we note that

d
0c(By, — By,) = (2me) ™42 He—l@qu)
i=1

with K = e~ 1|ty —t1|P, where P is the projector onto the indicator function of the
interval [t1,?2]. It is well known [9] that the S-transform of such a Gauss kernels is
given by

You are using the '"gather" environment in a style in which it is not defined.
S\delta _{\epsilon }(B_{t_{2}}-B_{t_{1}}) (\xi )=(2\pi \epsilon

det (1+K)) “{-d/2}e " {-\frac{1}{2F (\xi ,\frac{K}{1+K}\xi )} \\
=\frac{1}{(2\pi (\epsilon +t_{2}-t_{1}))"{d/2}}\exp \left\{ -\frac{’
\sum_{i=1}"{dMN\Big(\int_{t_{1}}"{t_{23}\,\xi _{i}(w)du\,\Big) "{2}}{%
2(\epsilon +t_{2}-t_{1})}\right\} \notag \\

=\frac{1}{(2\pi (\epsilon +t_{2}-t_{1}))~{d/2}}\exp \left\{ -\frac{\Big(%
\int_{t_{13}}"{t_{23}}\,\xi (w)du\,\Big) "{2}}{2(\epsilon +t_{2}-t_{1})1}%
\right\} . \label{stransform}

As a result we obtain

6e,c(Bt2 - Btl) T >ty
F(QT)(SE’C(BQ - Btl) = 0 T < tl
6t2—T+e,c(BT — Btl) t1 < T < ty.

So

T to
Ly, = / dtg/ dt10e,c(By, — By,)
0 0

T ta
/ dtg/ dt1I'(07)0¢ (B, — By,)
0 0
to

+oo
/ dts [ dT(00)6.0(Br, — Br,)
0

0
+oo T
- / dt, / 0181, —7ec(Br — By,)
T 0
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and theorem 2 is proved.
Proof of theorem 2.
Using the formula (??) we obtain the following expansion in powers of £

Sée,C(Btz - Btl)(g)
1 1 -1 ! ®2n. 1®2n
(27 (e+ty —t1))2 ﬁeﬂ%:n;ﬁo il (2(6 +ty — t1)> (€ [tr.t2])

then in view of (??) and (?7?)

a1l —1in g0, [T 2 —n—d/2{®2n
My, = o () e [ e [ dn (vt -,
— (271-)_%%(_71)"9?2n /+Oo dts /O“ dtq (€+t2—t1)_"—d/21([%12;2]
So we obtain )
My, = (2W)_d/2%(%1)n(n+d/2—1)1(n+d/2—2)

9220 {<6 v — )" (Hd2=) ey v)’(”+d/2*2)}

where v = v(s1, ..., S2,) = max; $; and u = min; ;.
An analogous argument produces the kernels of RS..
Proof of theorem 3.

We first find a representation as in (?7?) for I'(f7)0,

T(0r)0.(Br, — Bi,) = B (T(07)3.(Br, — By,)) + I(m°)

note that m® = (mg)1<i<q is in IR? ® L?>(IR) ® (L?) and that of course it depends
of tl, t2.
By theorem 4.1 in [2] we have

mi(r) = 57 =8 (P03 (B — Bu)) (0,6
1 T tl ,(»1_1 ttz/\T Zdu 2
S<F(9T)6E(Bt2 - Btl))(ﬁ) = P2r(ta—t1+ 6)]_d/2 €xp {_ o Q)(EL__ t(1 —iie) G }
_ iy 10,1 (tl)(f:f/\T &du)?
= [27(ty —t1 + )] 2exp{— s — 1 70 :

It is known from [2] that if g(z1,...,74) is a smooth function g : RY — IR,
(hi)i<i<a € R L*(IR) and E(§) = g((&1,h1), ..., (€, ha)) then

0E dg

5E(7) &)= 87%(<£1’h1>’ ey (&dy ha) Vi (7).

Using this formula we obtain for fixed i = 1, ...,d
1

52,y (TO)3(B = Bu) ) (0:6) =

—1j0,77(t1) L2y a7 (T)
@m)i2(ts — 1 + €472+

(J;, §du)? }

2(t2 — tl + 6)

T

&du exp { —

t1
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we have now to compute the inverse of the S-transform of the last expression. For

each 1 <i < d, denote by
ft Edu)?
id
/f uexp{ (tz—t1+6)

@@)—w?—mM@»wp{(%t_hﬂi,}IIep{Tzﬁ&zié}

SO

Lty ,7]

T—11’
only of (wj, h).
Lemma 1. Let |[h|;2zy =1, n € S(R) and 0 < ¢ < 1/2. Let E and F be two
function of n defined by

where h = then S~1G; is also a product of functions, each of them depend

E(n) = exp (= c(h,n)?)
and
szmmwd—wWﬂ
where (h,n) = [ h(t)n(t)dt. Then

SilE(w) =

J1 1_ 50 P <2cc— 1 <w’h>2>

and

ST F(w) = (1<uj’2€h)>m exp (2670_1@17 h)Q).

Using this lemma, we obtain for i = 1,...,d

_ Lom(t) 1y anmy(7) (B Bl) _probu)
(2m)4/2 (e + to — )d/2+1

and finally we obtain the desired formula for M7, .

—+o00 TNty T Nto
M. = oy / dts / dty / dB,
(&*&J {wTB@?

exp
(e+ty—7)"*" 2e+ty—7)

We proceed analogously for R%., and the theorem is proved.
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