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Abstract

We give a sufficiently detailed account on the construction of marked
Gibbs measures in the high temperature and low fugacity regime. This
is proved for a wide class of underlying spaces and potentials such that
stability and integrability conditions are satisfied. That is, for state
space we take a locally compact separable metric space X and a sep-
arable metric space S for the mark space. This framework allowed us
to cover several models of classical and quantum statistical physics.
Furthermore, we also show how to extend the construction for more
general spaces as e.g., separable standard Borel spaces. The construc-
tion of the marked Gibbs measures is based on the method of cluster
expansion.
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1 Introduction

The purpose of this paper is to give a detailed and comprehensive account on
the construction of marked Gibbs measures in the high temperature and low
fugacity regime for general underlying spaces using the method of cluster
expansion. Our motivation for this general framework is on the one hand
related to the examples in statistical physics we would like to cover, see
Examples 3.5 - 3.8 below and also Subsection 5.4. On the other hand, in
recent papers [AKRI8], [AKR97a] (see also lecture notes [R6c98]) the authors
put special emphasis in the construction of differential geometry on the simple
configuration space 'y over a manifold X, i.e.,

I'x :={y C X||yN K| < oo for any compact K C X},

(cf. (2.1)) via a lifting of the geometry from the underlying manifold X (see as
well [KSS97a] for an extension for compound Poisson spaces). In [AKR97D]
the authors applied the aforementioned differential geometry to construct
representations of current algebras and hence non-relativistic quantum field
theories. This provides a scheme of canonical quantizations which uses a
Gibbs measure on the configuration space as a ground state measure of the
considered models. Having in mind the study of quantum models with inter-
nal degrees of freedom we are interested to extend the corresponding analysis
to marked configurations and non flat underlying spaces. It gives an addi-
tional motivation to develop analysis, geometry, etc. on marked configuration
spaces. In all applications mentioned above marked Gibbs measures are play-
ing a fundamental role. At present moment any general results about the
existence and uniqueness of marked Gibbs measures are absent. The aim of
our paper is to describe a construction of such kind of measures in the case
of general underlying and marked space.

The results of this paper (which we will give an account below) are
based on the so-called cluster expansion method, see e.g., [MM91], [Pen63],
[Rue64], and [Rue69], and we follow closely the scheme of V. A. Malyshev
and R. A. Minlos (cf. [MM91, Chap. 3 and 4]), which the authors realized for
the configuration space over R% Let us explain this more precisely. Let X
be a locally compact separable metric space (the space describing the posi-
tion of particles) and S a separable metric space (the mark space) describing
some internal degrees of freedom, e.g., spin, momentum, or different types

of particles. We construct a marked Poisson measure 7

7 (o is an intensity



measure on X and 7 a transition kernel on ) over the marked configuration
space, 1.e.,

Qx(5) = H{w={(2, )} € Txxsl{a} =9 € Tx},

via Kolmogorov’s theorem, see Subsections 2.1 and 2.2 below. The desired
measure 4 on x(S5) is obtained as a limit (in a sense to be specified later)
of a family of measures HXT’¢, cf. Subsection 5.1. Here o7 is the measure
defined on (X x S,B(X x S5)) by 07(dx,ds) = 7(x,ds)o(dx), see (2.7) for
details. For finite volume A C X (i.e., bounded Borel set) the measure HZT’(b
is defined as a Gibbs type perturbation of the marked Poisson measure 77,
ie.,

- ]1 aT ¢ 0o (CU) N
N5 (w, F) = — 2 ; . / Lp(wxa Uwh e PRERSD) 17 (g,
7z % (w) Q

(cf. Definition 3.1 in Section 3). It is well-known that HZT’(b is a specification
in the sense of [Pre76, Section 6] (see also [Pre79] and [Pre80]) for the given
pair potential ¢. Shortly speaking, a marked Gibbs measure is defined as a
probability measure which has as conditional expectation the specification
HXT’¢. The aforementioned limit measure y is locally absolutely continuous
with respect to the marked Poisson measure 7] (cf. Theorem 5.3). If we
assume additionally that the potential ¢ has finite range, then we give a direct
proof that the limit measure p fulfils the DLR equation, see Subsection 5.2,
Theorem 5.6, and hence it is a Gibbs measure. Let us mention that using
further consequences of the cluster expansion developed in [Kun98] and the
general results from [KK98] it is possible to show that the limit measure p
is a Gibbs measure for a much wider class of potentials.

We would like to emphasize that the above results (specially the one of
Theorem 5.3) are strongly related with the procedure of cluster expansion
and the estimates obtained there. As usual, this procedure is possible under
some conditions on the potential ¢ and other parameters of the system.

Thus the contents of Sections 3, 4, and 5 has been described. It remains
to add that Section 2 consists of the necessary preliminaries for the further
sections. Namely, we give a sketch of the construction of the marked con-
figuration space Qx () and its measurable structure, (cf. Subsection 2.1) as
well as the marked Poisson measures 7], see Subsection 2.2. In the remain-
der of Section 2 we introduce some algebraic structures in order to perform



easier calculations and combinatorics involved in cluster expansion. This is
the contents of Subsection 2.3 and 2.4. For the clarity of the presentation we
moved some proofs to the Appendix.

Finally, we would like to remark that all our results extends to underlying
spaces more general than we discuss in the main body of the work, namely,
separable standard Borel spaces. The necessary modifications are described
in Subsection 5.3. In a second paper, see [Kun98], we collect further results
for Gibbs measures in the high temperature regime.



2 Marked configurations spaces

In this section we describe the framework to be used in the rest of the paper.
Hence in Subsection 2.1 we introduce the measurable structure of the space
on which the marked Gibbs measure will be defined, see Section 3. Let us
mention that such measures are called states in statistical physics of con-
tinuous systems and in probability theory they are known as marked point
random fields, cf. e.g. [AGLT78], [GZ93], [Kin93], and [MM91].

The marked Poisson measures are constructed in Subsection 2.2. Finally,
in Subsection 2.3 (resp. Subsection 2.4) we introduce some facts from graph
theory (resp. *-calculus) which will simplify our calculations later on, namely
in Section 4.

Let X be a locally compact separable metric space (which fulfils the
second axiom of countability, i.e., the topology is countably generated). It
describes the position space of the particles. Denote by B(X) the Borel
o-algebra on X and by B.(X) the set of all elements in B(X) which have
compact closures (sets from B.(X) we call finite volumes). Additionally, we
suppose given a complete separable metric space S. The corresponding Borel
o-algebra we denote by B(.S). The elements of this space we call marks (they
can describe e.g., internal degrees of freedom).

2.1 The marked configuration space over a manifold

We briefly recall the basic definitions of the simple configuration space over
a manifold X for the reader’s convenience. The presentation is very much
based along the lines of the works by S. Albeverio et al. [AKR98].

The simple configuration space I' := 'y over the space X is defined as
the set of all locally finite subsets (configurations) in X:

I'x :={y C X||yN K| < o for any compact K C X}. (2.1)

Here (and below) |A| denotes the cardinality of a set A. For any Y C X we
define
Ly = {7 € T}y 0 (X\Y)] = 0},

In this paper we are interested in a bigger space of configurations, the so-
called marked configuration space, thus we proceed giving its abstract defi-
nition. For concrete examples we refer to Subsection 3.2.



The marked configuration space Qx(S) := Qx = Q is defined by
Q= {w={(z,5)} € Pxxsl[{z} =7, € Tx,s € S1. (2.2)
Equivalently € can be described as follows
Q:=A{w= (9w € l'x,s €5}

where S stands for the set of all maps v, 3 « + s, € 5. Forany Y € B(X)
we define in a similar way the space Qy(S) := Qy. We sometimes use
the shorthand wy (resp. vy) for w N (Y x 9), Y C X (resp. vy NY) and
T:=(x,8;) € X x8S.

In order to define a measurable structure on () we use the following family
of sets J, the “local” sets

J:={B € B(X)xB(S5)|3A € B.(X) with B C A x S}. (2.3)
For any A € J define the mapping N4 : @ — Ny by
Ny(w) :=|wnNA|, weq,
then
B(Q) :=o({N4]A € T}).
For any Y € B(X) we define the following o-algebra on 2
By () :=0({Na4|A €T, ACY x S}).

For any Y € B(X) the o-algebra By () is isomorphic to B(y). The
“filtration” (Ba())aen.(x) is one of the basic structures in the definition of
the Gibbs measures, see Section 3 and 5. Moreover, if Y7,Y; € B(X) such
that Y7 NY3 # (), then Qy,,y, is isomorphic to Qy, x Qy,.

Finally we want to give another useful description of the marked config-
uration space €. For any n € Ny and any Y € B(X) we define the n-point

configuration space ng) as a subset of 0y by

Q) = 0l(8) i= {w € Qy|lw| = n}, O = {0},

and denote the corresponding o-algebra by B(ng)).
There is a bijection

(Y x 8)"/S, = O neN, Y eB(X), (2.4)

7



where

(Y x )" = {((21, 82, )y -+ s (Tny Sy ) )|2s €Y, 85, € S, # j, fori # 7},

and S, denotes the permutation group over {1,...,n}. Since this bijection
is measurable in both directions the natural o-algebra on (m)”/Sn is
isomorphic to B(ng)).

One can reconstruct Q from the sets QX%) using the following scheme.
First notice that we can write for any A € B.(X)

Oy = |j| ol
n=0

hence the o-algebra B(€2,) is the disjoint union of the o-algebras B(QX%)).
For any Ay, Ay € B.(X) with Ay C As there are natural maps

Pas.ny :QA2 } QAl?

PA, : 0 —>QA1

defined by pa, a, (W) :=wp,, w € Dy, (resp. pa, (W) = wa,, w € Q). It can be
shown that (2,B(12)) coincides with the projective limit of the measurable
spaces (Qa,B(24)), A € B.(X).

Finally, we would like to introduce one more subspace of €} which plays
a fundamental role in our calculations below, the finite configuration space

Qx pin = Q. It 1s defined by
Qs = {w € Q] |w| < 00}.

The finite configuration space {1y;, has the following useful representation in
terms of the n-point configuration spaces

Qpin = | | OF. (2.5)
n=0

Analogously for Qy i, Y € B(X). The space Qy;,, (resp. Qy, sin) is equipped
with the o-algebra B(€Qy;,) (resp. B(Qy in)) of the disjoint unions of mea-
surable spaces (Q()?),B(Q()?))) (resp. (Qgﬁl),B(Qgﬁl))).



2.2 Marked Poisson measures

For constructing the marked Poisson measure on ) we need, first of all, to
fix an intensity measure o on the underlying space X. Thus, let us assume
that o is a non-atomic Radon measure on X. Additionally, we define a kernel
7: X xB(S)—= R,ie, Ve € X 7(x,-) is a finite measure on (5, 5(S5)) and
7(-, A) is B(X)-measurable for all A € B(S). Moreover we assume that the
following condition is fulfilled for any A € B.(X)

/AT(:I;,S)U(d:I;) < 0. (2.6)

This condition will be essential in the estimates later on (cf. proof of Propo-
sition 4.13).
In the product space X x S we define a o-finite measure o7 by

o' (dx,ds) := 1(x,ds)o(dx),

that means for A x B € B(X x 5)
oc"(Ax B)= / T(x, B)o(dx), (2.7)
A

which is a non-atomic Radon measure.
For any Y € B(X)and n € N the product measure 67" can be considered

as a measure on (Y x 5)", cf. Lemma A.1 in the Appendix. Let

ol | ng) =79 ¢ (sym@)_l,

n

(n)

be the corresponding measure on {1y’, where
symy : (Y x §)" — ng),
given by

symp (81, ... &n)) 1= {&1,..., 2.1 € Q.

Then we consider the so-called Lebesgue-Poisson measure v, on B(Q4:,),

(n)

which coincides on each QY with the measure 07 | Q()?), as follows

o] o B B
Vigr =Y (ol o), (2.8)
n=0



and of(0) := 1. As a result v,,- is o-finite. z > 0 is the so called activity
parameter.

Considered as a measure on Q, A € B.(X), the measure v.,- is finite
with v,,-(24) = e (A%5)  Therefore, we can define a probability measure
A on Qy putting

A . —z0T(AXS)

M,y =€ Vyor .

The measure 77;* has the following property

n z" T n, —zo”
IHON) = (o (A x §))rem T,
which gives the probability of the occurrence of exactly n points of the marked
Poisson process (with arbitrary values of marks) inside of the volume A.
In order to obtain the existence of a unique probability measure 77 on

(Q,B(9)) such that

A =al opyt, A€ B.(X),

zZ0 zZ0

we notice that the family {77A|A € B.(X)} is consistent, i.e.,
woe OPK:,A1 = 70N Ay, Ay € Bo(X), Ay C Ay,

and thus, by a version of Kolmogorov’s theorem for the projective limit space
Q (cf. [Par67, Chap. V Theorem 3.2] or Theorem 5.12 below) any such family
determines uniquely a measure 77 on B(f2) such that 7% = 77_opy'. The
measure 7. is called marked Poisson measure.

2.3 Basic concepts in graph theory

Now we are going to introduce some standard concepts of graph theory, see
e.g., [Ore67] for more details.

Let X be a non empty set. A partition of X is a family of non empty
subsets (X;);er of X, called parts, such that X; 0" X; = 0 for i # j and
U; Xi = X. The set of all partitions of X where all parts are non-empty is
denoted by B(X) and by B"(X) we denote the subset of partitions of P(X)
consisting of n parts. 7 (X) stands for the set of all partitions of n parts
which might be empty.

We now give the notion of a graph as well as some of its properties. We
note here and henceforth that the graphs under consideration are undirected,
see [Ore67, Chap. 1] for this notion.

10



Definition 2.1 1. A graph G':= G(X) is a subset of

Hz,y} C X[z # y}.

One calls {x,y} € G the edges of the graph and V(G) := X the vertices
of the graph. The collection of all such graphs on X is denoted by B(X).

2. Given two graphs G € &(X;), Gy € &(X,) with Gy N Gy = 0, their
sum graph is the graph given by

Gl L G2 = {{l’,y} C X1 U X2|{$,y} - Gl L GQ}

If G and Gy have no common vertices, then the sum graph is denoted
by Gi1 @ Gy. This procedure extends to an arbitrary family {G;} of
graphs.

3. A graph G is called connected iff any pair of vertices is connected. The
set of all connected graphs in X is denoted by &°(X). We assume that
the single point is a connected graph.

Proposition 2.2 (¢f. [Ore67, Theorem 2.2.1]) Let G € & be given. Then G

decomposes uniquely into a disjoint sum &;G; of its connected components.

Definition 2.3 A connected graph G is called a tree iff it has no loops. The
set of all trees on X is denoted by T(X).

Proposition 2.4 (¢f. [Ore67, Theorem 4.1.3]) The number of different trees

which can be constructed on n given vertices is n™ 2.

Remark 2.5 1. Since for any n > 0 we have

1
V2rnn"e " < n! <V2mnn"e "exp | —— |,
12(n — 1)

it is not hard to see that n" % < e™n!.

2. We use the shorthand [n] for {1,...,n} and thus the symbol T([n])

denotes the trees in {1,...,n}.

11



2.4 *-calculus

In this subsection we point out an algebraic structure (see, e.g.[Rue64],
[Rue69], and [MM91],) which turns out to simplify our notation and cal-
culations later on. It will be very interesting to clarify more the related
analytic and algebraic structure of this calculus.

Let A be the set of all measurable (complex-valued) functions ¥ on Q ¢,
ie.,

A :={Y: Qs — Cyop is B(Qy;,)—measurable}.
In A we introduce the following operation: for any tq,1, € A and w €
Qi we define 1y x 10y by
(1 * ) (w) == Z i(wi)a(ws),  w € Dy,

(w1 ,w2) EPG(w)

(n)

which is B(€y;,)-measurable because the restriction to QY is of the form

(o x o) ({dr,ondad) = ) en({ili € Iea({3,

(L, 7)eP5([n])

JEeJ}).

The set A equipped with * and the natural vector space structure forms a
commutative algebra with unit element

v ={ 220 29)

Notice that for any ¢y,...%, € A we have

(1hy % ... % ) (w) = > diw) - a(wn), w€ Qg (210)

Let us define Ag as a subset of A by
Ao = {1 € A(0) = 03,

For any i) € A and ¢ € Ag we have

(vxp)(0) = > plwn)plws)

(wi,w2) EPH(0)

Y(0)e(0) =0,

12



thus it follows that Ag is an ideal in A.
Let us introduce the mapping exp* : Ag — 1* + Ag defined by

exp ¢‘:Za¢ :1+¢+§¢2+”'+H¢ +.... (2.11)
n=0

It follows from (2.10) that for any ¢ € Ay
(exp™)(0) = 17,
— 1
(exp e)(w) = > = > e dwn), w € Qun\ {0},

Moreover, if we define the mapping In™ : 1* + Ag — Ag by

o0

In* (1" + ) := Z 7(_17271_ (S

n=1

then exp* and In"™ are inverse one each other.

For simplicity, in what follows we introduce some notation: {2}7 denotes
{#1,...,2,} and o7(d2)} denotes o7 (dxy,dsz,)...07(dx,,ds,,) (analogous
for v.,r (dw)).

Next we prove some lemmas which will be useful later on.

Lemma 2.6 Let F,1,...,%, be B(Qy,)-measurable functions. Then the
following equality holds:

/Q‘ Fw)(r# . .ox ) (w)rzer (dw)  (2.12)

= / / Flwi U. .. Uw,)thy(wr) .. thp(wa)veer (dw)T,
Qiin Qiin

whenever all functions are positive or one side make sense for the modulus
of the functions.

Proof. Let F,vy,...%, be as aforementioned. Then the definition of v,,-
on the right hand side of (2.12) gives

o) Zn1—|—...-|-np )
S s
nNie...Np. Jxn Jsm xnp J s

N ey np=0

13



wl({i'}”) (b L ) (d)

S

< ({23 ) . -¢p({x}n1+...+np_l+1)0 (dz, ds)y.

Then interchanging the second sum with the integrals and using the definition
of v.,~ we derive the desired result. |

Corollary 2.7 For any Y € B(X) and ¢ € A such that either ¢ positive or
Y € LYy fin, Veor ) the following equality holds

/Q | (exp™ ) (w).or (dw) = exp (/Q | P (w)Vsgr (dw)) . (2.13)

Lemma 2.8 Let v € A and A, N € B.(X) be given such that N C A,
suppose that v € LY(Qp,v.o-). Then the following equality holds

/ (exp™ ) (w U W) pr (dw) (2.14)
Qa\a/

= exp ( P (w)Vsgr (dw)) exp” (/ Lo, oy (DY (- Uw)vgr (dw)) (W',
QA\A’ QA\A’
for vpr-a.e. W€ Q.

The details of the proof are given in Appendix A.1.

Definition 2.9 Let b € A. We define a “differential” operator D by setting
forw,w" € Qg

(D)) = 9 U ), §f 70 M = 0, (215)
and (D)) (w) = 0 otherwise.

Remark 2.10 Let us mention that the operator D is related with the Pois-
sonian gradient VT (see e.g., [KSS97b] and [NV95]) by

(V) (w, ) = (Diap) (w) — (w).

14



Finally, we state some properties of the operator D, which can be easily
checked using the Definition 2.9.

Proposition 2.11 Let i, 11,95 € A, w € Qyip, 2,5 € X X S, with x # y
and x & v, then

L Dy Digy = Digy Diay-
2. [D{i}(¢1 * %/)2)] (w) = [(D{£}¢1) * g + 1Py * (D{£}¢2)] (w)
3. [Dggyexp™¢] (w) = [(exp™ ¥) % (Dizy)] (w).

15



3 Marked Gibbs measures

In the previous section we introduced the probability measure 77 on (£, B(2)),
the so-called marked Poisson measure, cf. Subsection 2.2. Now we will de-
scribe a more wide class of probability measures on (€2, B8(2)), namely, the
marked Gibbs measures. In Subsection 3.2 we state various examples and the
associated marked Gibbs measures will be considered in Subsection 5.4.

3.1 Specifications, Gibbs measures, and global condi-
tions

A symmetric measurable function ¢ : (X x9)x (X x.5) — RU{+oc} is called
a pair potential. For a given pair potential we define the energy functional

E?: Qi — RU {400} by

Ef (W)= ) $(&,9), (3.1)

with E%(() := 0.
Let w € Qg4 and ¢ € 2 be given, then the interaction energy between w
and ( is given by

Y oold), it |é(#,9)

W(b(w, g) — TEw,gel FEw,gel ) (32)

+00, otherwise

For any A € B.(X) the conditional energy Ei : Q0 = RU{+4o0} is defined by
Ef(w) = E(b(wA) + W(b(wA,wX\A).

Notice that the energy E? may be expressed for any w,w’ € Qs:,\{0}
such that v, Ny, = 0 as

B (wUW') = E?(w) + E?(W) + W(w,w). (3.3)

Now we can define grand canonical marked Gibbs measures.

16



Definition 3.1 For any A € B.(X) the marked specification HXT’(b is defined
for anyw € Q, F € B(Q) by (see [Pre76])

54 )= oy 1 [ Mpfema U 30
X exp[—ﬁEi(wX\A U w")]v.er (dw'), (3.5)

where B > 0 is the inverse temperature. ZXT’(b is called partition function:
700 (w) = / exp[—ﬁEi(wX\A U w')]p.er (dw'). (3.6)
Qp

A probability measure i on (Q,B(Q)) is called a grand canonical marked
Giibbs measure with interaction potential ¢ iff

plIf? = p, for all A € B.(X), (3.7)

where for any F € B() the measure /,LHXT’(‘S is defined by

(W1 #)(F) = / 15 (0, F)dp( ).

and (3.7) above are called Dobrushin-Landford-Ruelle (DLR) equations.
Let G,.(07,¢) denote the set of all such probability measures 1.

Remark 3.2 1. It is well-known thal {HXT’(‘S}AGBC(X) is a {Bx\a(I') }aes.(x)-
specification in the following sense (see e.g., [FolT5], [PreT6], [Pre79]),
for all A, N € B.(X).
(S1) HZT’(‘S(w,Q) € {0,1} for all w € Q.
(52) HZT’(‘S(-, Y') is Bx\a(Q2)-measurable for all Y € B(£2).
(53) T3 (Y NY') = Iy 015 ?(-,Y) for all Y € B(Q), Y’ € Bx\a(Q).
(54) HZT‘b = ij’qbﬂjr;’(b if A CN. Here foranyw € Q, Y € B(Q)

(I ) V) i [ T4 YOI o ),
Q

17



2. It can be easily shown that because of (2.8) for all A € B.(X), w € 0,
F e B(Q)

I3 (w0, ) = Lypomo o (@) 2077 (@) {1 (wxia)
- z" AT 1) A T( JANT
+ ) ), )ﬂF(wX\A U {2})) exp[—BE (wx\a U {2}])]o7(d2)T},
n=1 " Ax Sy
where
70" - z" A T AN
20 =1 35 [ el e U )7 ()
1 n. (AxS)n
3. From properties (S2) and (S3) a probability measure p on (Q,B(Q)) is a
grand canonical Gibbs measure iff for all A € B.(X) and all Y € B(Q)

E.[ly [Bx\a(Q)] = 7 7(Y) i — ace.,

where for a sub-o-algebra ¥ C B(Q), E,[-|X] denotes the conditional
expectation with respect to p given 3.

Furthermore, we want to state the notion of correlation functions.

Definition 3.3 For any m € N and A € B.(X) we define the m-point cor-
(m) . q(m)
RN

relation function py

(m) s1m — / —ﬁE¢ H{zru{e}? ) TN diN™
0 = e Y [ (@)

We now formulate the conditions on the interaction which will be used in
the next section.

— R (with empty boundary condition) by

(S) (Stability) There exists B > 0 such that

E?(w) > —Blw|, for any w € Q. (3.8)
(I) (Integrability) We assume the following integrability condition:

C(f3) := esssup / / |e=Pe(@)(vt) _ Ur(z,ds)o(dx) < oo. (3.9)
S

(y,t)EXXS JX

18



Only in Theorem 5.6 we also need the following notion

(F) (Finite range) There exists R > 0 such that
o((x,8),(y, 1)) =0, if dx,y) > R (3.10)

where d denotes the Riemannian distance on X.

Remark 3.4 1. In the case X = R% S = {s}, o Lebesque measure on
R? 7(z,+) = &, Dirac-measure, and for translation invariant potential ¢

the above integrability condition (1) reduces to the standard integrability
condition, see e.g., [Rue69].

2. The stability condition (3.8) implies that for every w € Qyy, there is
o € w such that

> b(de i) > 2B, (3.11)
i€\ {#o}

in particular, ¢ is bounded below.

3.2 Examples

Below we give some examples which illustrate different kinds of marked spe-
cifications arising in models of statistical physics. These examples can be
handled in our framework and we will give more details on the construction
of the marked Gibbs measures corresponding to them in Subsection 5.4.

Example 3.5 Let X = R%, S = R! be given. As intensity measure o we take
the Lebesque measure on R and the kernel 7 is independent of the position
and has support in a compact set.

The potential ¢ is given by

¢(($75w)7 (yvsy)) = (I)(|x - y|) + J(|x - y|)51’5y7

where ®,J are measurable functions on R, such that exist a R,e,Cy,Cy > 0
with ®(r) > Cir=? for all r < R and |®] < Cor™=° for all v > R. J is

positive, decreasing with the distance and for some a > 0
Z J(laz|) < . (3.12)
reZd

This model describes a ferromagnetic interaction in fluids, ¢f. [RZ98, Sect. 1].
The authors showed the breaking of the discrete symmetry corresponding to
the spin.
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Example 3.6 Let X = R? be endowed with Lebesque measure de and S = T
be the one dimensional torus with measure T given by (x,df,) = 5-df, (we
parametrize the torus by 0, € [0,2m)). The potential is of the following form

O((2,02), (y,0y)) := ®(|x — yl) = J(Jx — y|) cos(b — 0y),

where ®,.J are measurable functions on R, J > 0 which fullfil the following
conditions: there exist R,e,Cy,Cy,Cs > 0 such that

1oy —1J(r)| > Cir=? for all r < R.
2. |®(r)| < Cor™== for allv > R.
3. [J(r)| < Csr=@== for all v > R.

This model describes a classical gas of planar rotators.

Example 3.7 We consider as X the Euclidean space R* with Lebesque mea-
sure and the space of marks S ={1,...,q}. The potential is given by

¢(($75w)7 (yvsy)) = 99(3; - y)(l - 55$75y) + ¢($ - y)v

where § is the Kronecker symbol and p,v : R? —] — o0, 00| are measurable

Sx,5y

functions. We assume that there exist 0 < ry < ry such that

(A1) (repulsion of ©) ¢ > 0.
(A2) (finite range of ©) p(x) =0 when |x| > ry.

(A3) (strong stability and regularity of 1) either ¢ > 0, or ¢ is superstable
and lower regular in the sense of [Rue70].

(A4) the positive part by of ¥ satisfies

/ Yy (x)de < oo.
{z|lz|>r1}

This model is known as continuum Potts model, ¢f. [GHI6].
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Example 3.8 Let L(R?) be the Banach space of all continuous functions

s [0,0] — RY with s(0) = s(0) and 0 = kBLT, kg denotes the Boltz-
mann constant and T the temperature. On L°(RY) we consider the measure
W, ..(ds)dz, where dv denotes the Lebesgue measure on R and W, .(ds) the
conditional Wiener measure, which ts concentrated on the trajectories start-

ing and ending in x € R, In this framework the potential is of the form

(81, 82) := /0 V(s1(t) — so(t))dt,

where V € LY(RY) and satisfies

Xn: an V(z; —x;) > —Bn, Vai,...7, € R%

=1 j=14+1

Qur aim is to handle the loop space as a marked configuration space putting
X = R? equipped with the Lebesque measure. It would be natural to consider
as mark space at the point x € X the space L2(X) of all loops starting and
ending in x. In our setting we are forced to put S = L°(X). A point in
s € LO9(X) is then interpreted as a pair (s(0),s) and denoted by (x,s,). The
kernel T is given by 7(x,ds,) := Wy »(ds,). This implies, in particular, that
the space L2(X) has full 7 (z,-)-measure. In Subsection 5./ we will consider
this in more details.

This model is related to the path space representation of the states in
quantum statistical mechanics for Mazwell-Boltzmann statistics. A beautiful
description of this connection for the standard density matrices is given in
[GinT1]. Ginibre also considers the cases of the Bose-Einstein and Fermi-
Dirac statistics. Ginibre does not use any concept of Fuclidean Gibbs mea-
sure in his considerations, rather he introduce special version of correlations
functions for which he constructed cluster expansion, etc. The concept of
Fuclidean G1ibbs measures in quantum statistics was introduced in the paper
[KLR*97]. This example shows that it is natural to interpret such objects as
marked Gibbs measures.
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4 Cluster expansion

In this section we derive the cluster expansion of the Gibbs factor e ##*«),

see (4.6) below. Moreover we perform some estimates which will be used in
Section 5 to prove the existence of the marked Gibbs measures, cf. Theo-
rem 5.3.

4.1 Cluster decomposition property
Definition 4.1 For any w € Qy;,, we define the function k by
k(w) := In* (e ?P)(w), (4.1)

or equivalently
(oxp™ k)(w) = ™7,

where E? is defined in (3.1). k is called Ursell function see e.g., [Rue69].

Proposition 4.2 The partition function Z7 *(0), A € B.(X) has the fol-
lowing representation

Z 0 =e ([ A\{@}WW(@) , (42)

if k€ LYQu,v.0r), c.f. Corollary 4.14 below.

Proof. This result follows from the fact that e ##®) = (exp* k)(w) and
Corollary 2.7. [ |

Proposition 4.3 The Ursell function k allows the following representation

k(w) = Z H (e_ﬁ(b(i”@) —1), we Qs \ {0},

GeBe(w) {2,5}1eG
and k() = 0.
Proof. According to the definition of the energy E? (cf. (3.1)) we have

e BEw) H e~ Bo(,9)

{,5}Cw

= Y I 70—, (4.3)

Ged(w) {2,9}ed
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Recall that every graph (G can be decomposed into the direct sum of its
connected components, i.e., G = @._, Gy, where G; is a connected subgraph

and {V(G;)} is a partition of w, (cf. Subsection 2.3). This yields

o0

BB () :Z% 3 H ST (e en 1y (4

n=0 (W1,eeeswn) EP(w) I=1 G1EG(w)) {2,9}E€G;

Define k for any w € Qp,\{0} by

= Y I (70—, (4.5)

Gede(w) {2,591

and l;(@) = 0. The expression for e ?#°(%) can be written as

o0

—ﬁE¢ Zi’ ]Ng(wl)...k(wn),

=0 (w1 e wn ) EP(w)
which is nothing but exp* k. Thus k = k and the result follows. |

Remark 4.4 The equality

BB ZL' E(wr) . .. k(w), (4.6)

n=0 (wl ..... wn)egpn(w)

is known as the cluster decomposition of the Gibbs factor e PEYW) . We also
notice that the function k is B(y;,)-measurable.

Proposition 4.3 allows the following representation for the specification

. 1
0. F) =~ [ (o) e (B (). F € B(9)
Zp (Q) 978
where Z7?(0) is given by (4.2).
The next proposition gives a relation between correlations functions (see
Definition 3.3) and Ursell functions.
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Proposition 4.5 Let w € ng)} A € B.(X) be given. Define
k(w,w') := (exp™(—k) * Dwe_ﬁE¢)(w’),
Jor vu Nvw £ 0. If k€ LY(Qu,v.0n) (¢f- (4.20) below), then

p&m)(w; 0) = / E(w, @ w.pr (du').
Qp
Proof. It follows from the definition of p&m) and (4.2) that

P (w3 0) = exp (— / A k(w'mf(dw')) / A(Dwe—ﬁE%(w')uwT(dw')-

Now taking into account Lemma 2.6 with ' = 1 and Corollary 2.7 the above
equality gives

i (exp™(—k) * Dwe_ﬁE¢)(w’)l/Zgr (dw').
[ |

Let us now derive an explicit relation between k and k.

Lemma 4.6 Let w € Qi \{0} be given and suppose that & € w. Then k
and k are related by the equation

k({a} w\{2}) = k(w). (4.7)
Proof. By definition of k and Proposition 2.11-3 we have
F{ahw\{2}) = (exp™(=k)* Dy exp™(k))(w\{i})
= (exp™(=k) x exp™(k) * Dy k)(w\{2})

= (D@pk)(w\{z})
= k(w).

Hence the result is proved. [ |

Remark 4.7 Notice that for any w,w’ € Qi \{0} with v, Ny =0, k may
be written as

k(w,w') = le—' Z Z k(wi Uwl) ... k(w Uwy),

which is the same as the sum of all graphs where each connected component
has at least one vertex in the points of w, ¢f. [MM91, Chap. /].
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Our aim now is to find a bound for k. First we derive an equation of
recursive type for k. Let w,( € Qy, be such that v, Ny = 0 and &, an
arbitrary fixed element in w. To this end we look again into the definition of

k which can be expressed as
F(w, Q) = > (exp™(=k))({\w') Diagpe M), (4.8)
w!'C¢
Having in mind the decomposition (3.3) for E? one obtains (taking into
account (3.2))
e_ﬁW({i’o}7w/) — H e—ﬁ(b(i’o,ﬂ:’)

zEW!

Z H ﬁ¢l’ol’_ )

//CW xew//

Z kw”(‘%o)v

W”CW/

where

kur(do) == [ (e77°007 — 1),

sew!
According to equation (4.8) k can be formulated as

F,() = e WHRRAGD 37 (e (—h))((\)

w'C¢

¢ S (g B A0,

W//CW/
Interchanging the two sums the right hand side becomes
e~ BW ({#o}\{#0}) Z ko (20) Z (exp™(—k))(C\w')e —BE®( w\{aco}uw)7
w'ce //wx
wCw!C¢
and the second sum may be rewritten as

S (exp™(—k))(Q\(@ U w)ePFHe )

@CC\W”

= Y (exp (k)" NG Do o puwre ™) (@).

@CC\W”

25



Therefore k can be expressed as

k(w,() = oW ({0} w\{0}) Z ko (20)

w"ce

% (exp™(—k) # (Dun ayuwre )\,

Finally, taking into account the definition of k we arrive at

(w,0) = e WP ABD Y e (G0)k(w\ {0} U, (\o). (4.9)

w!'C¢

Pl

According to the definition of & we have for the case w = (} that k((),¢) =
1*(¢), where 1* is defined by (2.9).

4.2 Convergence of cluster expansion

We want to derive now a bound for |k(w, ¢)| which will be used later on in the
main estimation in this section (cf. 4.17). The idea is to define a function Q)
dominating k£ which fulfills an equation similar to (4.9) which can be solved,
see Proposition 4.10 below.

Let us choose a mapping [ : Qs — X x S, @ — [(@) € @ such that the
following equation is fulfilled

> (i, (@) > —2B. (4.10)

FeNI(@)

Such a mapping exists by the stability condition, see (3.11).
Of course given [ and k, (4.9) implies

Mo Q) =exp [ =8 Y (&, 1(w)) | Y kulI(w)k(w\I(w) Us',(\).

zew\I(w) w/'C¢
(4.11)

Now we can start defining ()7 inductively. For w = () we define

Q0,¢) == 17(¢), (4.12)
and by definition of £((, () we have |k(0, ()] < Q1(®,¢).
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Assume we already have defined Q; for all w,( € Qs1, w £ 0, v, Ny =0,
and |w U (| = n such that

|]%(w7 §)| < Ql(wv C)

is satisfied. Then if w,( € Qy;,, are such that w # 0, v, N v = 0, and
lwU (] =n+1, we have, applying (4.10) and (4.11)

[h(w, )] < €78 " |k (1(w))|Qr(w\ ] (w) U, (\&),
w'C¢
Thus we define
Qr(w,¢) := P " |k (1(w))|Qr(w\[(w) U, (\o), (4.13)
w'C¢

Remark 4.8 The solutions of the equations (4.9) and (4.13) exist and are
unique. Let us explain this in more details. On the one hand the equations
are linear, on the other hand the value at the point (w,() for |w|+ || =n
only depends on the values at points (& (N,O with |©| + |§| =n — 1, thus the

corresponding matriz is an strict upper triangle matriz for a suztable choice
of the bases.

Hence we have the following proposition.

Proposition 4.9 For [ and k as above, there exists a unique solution Q)1 of
the equation (4.13) with the initial condition (4.12) which dominates k, i.c.,
Jor any w,( € Qg such that v, Ny =0 we have |k(w, ()| < Qr(w, ().

The next proposition gives a solution for the equation (4.13) which does
not depend on the choice of I.

Proposition 4.10 Let w,( € Qi with v, N ye = 0. The solution of (4.13)
forw=Aa,....3;}, L > 1 has the form

Q({ilv"'vil}vg) = Z Q({‘%l}vwl)"'Q({il}vwl)? (4'14)

where
Q{2},¢):= (PN T e 1, (4.15)
TeX({z3u¢) {9,9' YT

for ¢ # 0 and Q({2},0) := *’P. In the case w = O we define Q(0,¢) as in
(}.12).
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The proof of this proposition is notationally quite involved because of the
“reordering” of graphs, therefore we give the details in Appendix A.2.
As a result we have the following proposition.

Proposition 4.11 For any w,( € Qg such that w # 0, v, Ny = 0, and
w=A{Zy,....,41}, [ > 1 we have

Ew. Q)] < Q&1 &}, C)
Yo QUEG) QU Q)

(C1rnrC)EBRY Q)

and

k(w)] < PN T e — 1. (4.16)

TeX(w) {2,3'}€T

Proof. The first part follows from the previous proposition and the second
part follows from the relation between k and k (cf. (4.7)) and (4.15). [

Using the fact that the sum in the function () is only over trees we can
give also estimates for integrals.

Lemma 4.12 For every & € X x S, Y € B(X), and n > 1 we have

[, QU (e @ (1.17)

e B e R ()

- VxS

We refer to the Appendix A.3 for the proof of this lemma.

Proposition 4.13 Let A € B.(Q) be given. Then for any z such that
L 2sB —1
— C
] < (PP,

where C(f3) is given by integrability condition (3.9), we have

/ / |k(w U W) |vepr (dw)rer (dw') < oo (4.18)
Qa\{0} S Qi
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Proof: Using the definition of v.,- and the relation between £ and k (cf.
(4.7)) we may write (4.18) as

DI AN (AR TR AR BT

According to Proposition 4.11 and Lemma 4.12 we can bound the above term

0o 0O Zn-l-m . - . ) )
<3N IO () g )R C(B) /M)“ (d2,)
n=1 m=0

(4. 19)
Using the fact that (n +m) "™~ < e™*"(m + n)! (c.f. Remark 2.5.1.) w
estimate (4.19) by

C(B) ==
LT, 8)o(dr) i [! 268
: (0(5)) ( )12_0: z_:lm’(l—m)!> (2eC(5)e™)

from which the result follows. |
As a consequence of the last proposition and Fubini’s theorem we have
the following corollary.

Corollary 4.14 For any A € B.(X) we have (notice that k(§)) = 0, see
Proposition 4.3)

i |k (w)|s0r (dw) < o0, (4.20)

and for v.,r-a.a. W' € Qs \{0}

/Q | |k (w U w)|v.pr (dw) < oo. (4.21)
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5 Construction of marked Gibbs measure

5.1 Limiting measures from cluster expansion

Below we construct the marked measure p on € as a limiting measure of
the specification HZT’(b for the empty boundary condition in the weak local
sense (cf. Theorem 5.3). Some sets of full y-measure are considered (cf.
Proposition 5.4). For the case that the potential ¢ has finite range we also
give an easy proof that the resulting limiting measure satisfies the DLR
equations, cf. Theorem 5.6. All results extend to separable standard Borel
spaces. This is explained in some details in Subsection 5.3. Finally, we show
in Subsection 5.4 how to apply the abstract results to the examples given in
Subsection 3.2.

Lemma 5.1 For any A, A" € B.(X) such that A" C A and F € B(Qas) the
specification HXT’¢(@,pX,1(F)) has the following representation
I3 (0, F) == 13 2(0. py! (F))
1

= fo\'(@) /QA]}F(w) exp” (ﬂgﬁn\{@}(-) /QAng(/w’ U .)yzgr(dw')> (W)Vspr (dw),

where

Zy (0) :=exp (/QA/\{@}/Q k(w U w/)ljzo-‘r(duj/)ljzg‘r(dW)> .

ANA!

Proof. This is a result of the following direct calculation

(0, py (1) = [ZXT’(Z&(@)]_I/Q L1 ) (@) exp[ =B E¥(W) ]z (d)
= 1O [ 1
X ex [—ﬁE(b(wUw’)]l/zgr(dw’)l/zgr(dw).
/QA\A’ b

Because k € L'(Q4,v.5r) ( cf. Corollary 4.14), using Lemma 2.8 the inner
integral can be rewritten as follows

/Q exp[—ﬁE(b(w U w')]veer (dw') = /Q (exp™ k) (w U w')v.pr (dw')

A\A! A\A!
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= exp (/Q k(W) sor (dw’)) exp” (ﬂgﬁn\{@}(')/g k(w' U -)l/zgr(dw')>(w).

A\A ANAS
[ |
Proposition 5.2 Let A, A € B.(X) be such that A" C A.
1. Let kY be defined by
kA/(w) = IIQfm\{@}(w)/ k(wUw)v,r(dw'). (5.1)
QA\A’
Then for v.pr-a.a. w € Qs \{0} we have limy ~x kﬁ/(w) = kA/(w),
where
kA/(w) = IIQfm\{@}(w)/ k(w U W )v,r(dw'). (5.2)
Qx\al pin

2. We have also that limy »x ZNQI(@) = ZA/(@), where

ZA/(@) = exp (/Q kA/(CU)I/ZO—T (dw)) > 0. (5.3)

A {8}

Proof. 1. We would like to estimate the following quantity

kA (w) — /Q k(w U W v, (do')

X\A/ fin

According to the definition of kﬁl the above quantity is estimated by
/ |k(w U W) |vaer (do'). (5.4)
Qx\al, o \ayar

Now let {A,|n € N} be a sequence of increasing volumes such that A, 7 X.
Then Qa a7 Qx\arfin. On the other hand (4.21) guarantees that there
exists a v,r-null set N € B(Qy;,) such that for all w € Qp;,,\(N U {0})

/ |k (w U w)|p.er (do') < oo.
inn
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Therefore by Lebesgue’s dominated convergence theorem it follows that (5.4)
goes to zero for all fixed w € Qp;,,\(N U {0}). Hence part 1 is proved.
To prove part 2 we note that

kY ()] < / k(e U ) e (d).
inn

and thus
/ |kA/( )| Vaor (dw) / / |k (w U W) |teer (dw')v,or (dw) < o0,
2,1\ {0} Qu\{0} S Qi
(5.5)
because of (4.18). This implies that
lim kA/( VWeor (dw) / / (WU W apr (w1 sor (dw),
AZX o\ (0} QDY Uyt pim

and, of course, taking exponential, and having in mind the form of &' in

(5.2), the desired result (5.3) follows. [

Theorem 5.3 For any z such that |z| < =(e**BC(3))7", where C(B) is
given by integrability condition (3.9), the specification HXT’¢(@, dw) converges
in the weak local sense to a measure i, i.e., for any bounded B:()-measurable
function F we have

ot 71 W) (exp® EAY(w)vor (dw
[ Fem .o - ) / P K o (),

and thus |
pt (dw) = ZA'(@) (exp™ k™ ) (W) Vs (dw). (5.6)

Proof. Let F' be as stated above, then Lemma 5.1 implies

/Q F)T (0, dw) = ZA’1(®) /Q f(w)Z% > HkA' W) Vgr (dw),

n=0 (w1 yerwn ) EPH(w

where I = fopys. According to Proposition 5.2 we know already that ZNQI(@)
converges to Z%' (). In order to use the Lebesgue dominated convergence
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theorem one should estimate the integrand by a function which is integrable
and independent of A. An appropriate bound is

o0

Z% > H/ k(¢ U w;)|Vagr (dC)

n=0 " (w1 ,eenwn ) EPHw) x\a%,fin

= exp’ (ﬂnﬁn\{@}(-) /Q

Moreover, the integral of the bound is given by

/ exp” (ﬂnﬁn\{@}(-) /

Q. Q

(]
N\ {0} J 20,

because of Corollary 2.7 and (4.18). Therefore we have the desired result

k(U -)Ivzgr(dO) (w)-

X\A/ fin

E(C U )|vepr (d()) (W)Vsor (dw)

X\A fin

E(C U W)|vepr (dC)sgr (dw)) < o0,

fin

i [ Fl)IT (0, dw) = /Q ) g e ) (@) (d).

[
The measure from Theorem 5.3 is not concentrated in all 2, indeed we
have the following:

Proposition 5.4 Let A be a B(X x S)-measurable set such that 07(A) =0,
then the set of marked configurations not touching A, i.e.,

Q= {w=(y,s) € Q|(x,s,) € A°,Va € v},
has full p-measure.

Proof: Let us prove that x(Q°) = 0. To this end we write Q° as

QO = {w=1(v,3) € Q(x,s,) € A, for some x € v}

= U pxrll({w = (v,s) € Qp,|(z,s;) € A, for some x € 5, }).
neN
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Therefore

Z "({w = (7,8) € Qa,|(x,5,) € A, for some & € v, }).

Since ptn < 1,5+ (cf.(5.6)), it is enough to prove that
Veor ({w = (7,8) € Ql(x,s,) € A, for some & € vy, }) = 0.

According to the definition of v.,- (cf. (2.8)) the left hand side of the above
equality yields

Z %U:n({(i'h cey @) € (A x S /S |2 € A for somei})
m=0
=1 2"m N
< Y (0T (A X 8) T eT(A),
m=0
which is zero since o7(A) = 0. -

Remark 5.5 Since the projections of tempered Gibbs measures at arbitrary
temperature and fugacity are absolutely continuous with respect to the Lebesgue
Poisson measure (cf. [Rue69] and [KK98]) the above considerations extends
also to all Gibbs measures.

5.2 Identification with Gibbs measures

If we additionally assume finite range of the potential, then it is a direct
consequence that the limit measure from Theorem 5.3 verifies the DLR equa-
tions. Without this additional assumption a more detailed consideration is

necessary, see. [KK98] and [Kun98].

Theorem 5.6 For any finite range potential ¢ (c.f. 3.10) the measure p
from Theorem 5.3 fulfils the DLR equations.

PI‘OONf. Let A € B.(X) be given. Then there exigts a A e B.(X) such that
A C Aand ¢((x,8:),(y,8,)) =0if ¢ € A and y € A°. Whence the interaction

energy is

W wA,wX\A Z Z i’ :g Z Z i’ Q = (wAvw[\\A)v

TEwp JEWX\A TEWA yEwA\A
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and the sums are finite. Let F' be a “locally” measurable set, i.e., there exists

A € B.(X) with ' € B;(9), then

T ]]‘ 797 o0 (w~ )
5w, ) = 2= = / 1p(CUwyya)e PR m0, (o),
Zy "(wiva) Qa

which implies that HXT’(‘S(-, F) is a bounded Bj ;()-measurable function.

Additionally, we have for all A’ € B.(X) with A C A’

[ PO 0. ) = 10, ),
Q
(cf. Remark 3.2-(S4)). Since II5,?(8,-) — u in the weak local sense also
[ P W) > [ 10 Pl
Q Q
for A" /' X. Moreover, HZT’(;S(@, F) — p(F) which implies the DLR equations

T Pl d) = P,

5.3 Extension to standard Borel spaces

In this subsection we will present a natural generalization of our results.
Except in Theorem 5.3 and 5.6 we use nothing else than the measurability
structure of X and S and there we only apply the theorem of Kolmogorov for
projective limits. Thus the construction works as well for X and S separable
standard Borel spaces. To this end we recall the definition and properties of

separable standard Borel space, see e.g., [Coh93], [Geo88] and [Par67].
Definition 5.7 Let (X,§) and (X', §') be two measurable spaces.

1. The spaces (X, §) and (X',§') are called isomorphic iff there exists a
measurable bijective mapping f : X — X' such that its inverse f~' is
also measurable.
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2. (X,F) and (X',§') are called o-isomorphic iff there exists a bijective
mapping F : § — § between the o-algebras which preserves the opera-
tions in a o-algebra.

3. (X,8) is said to be countable generated iff there exists a denumerable
class ® C § such that ® generates §.

4. (X,8) is said to be separable iff it is countably generated and for each
z € X the set {z} € F.

Definition 5.8 Let (X,§) be a countably generated measurable space. Then
(X,8) is called standard Borel space iff there exvists a Polish space (X', §)
(i.e., metrizable, complete metric space which fulfills the second axiom of

countability and the o-algebra §' coincides with the Borel o-algebra) such
that (X,§) and (X', B(X")) are o-isomorphic.

Example 5.9 1. Fvery locally compact, o-compact space is a standard
Borel space.

2. Polish spaces are standard Borel spaces.
We have the following proposition, cf. [Par67, Chap. V, Theorem 2.1].

Proposition 5.10 1. If(X,§) is a countable generated measurable space,
then there exists £ C {0,1}N such that (X,§) is o-isomorphic to

(E,B(FE)). Thus (X,§) is o-isomorphic to a separable measurable
space.

2. Let (X,§) and (X', §') be separable measurable spaces. Then (X,§) is
o-isomorphic to (X', §) iff they are isomorphic.

Finally we state some operations under which separable standard Borel
space are closed, see e.g., [Par67] and [Coh93].

Theorem 5.11 Let (X1,81), (X2, 82), ... be separable standard Borel spaces.

1. Countable product, sums, and union are separable standard Borel spa-
ces.

2. The projective limit is a separable standard Borel space.
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3. Any measurable subset of a separable standard Borel space is also a
separable standard Borel space.

We need also a version of Kolmogorov’s theorem for separable standard
Borel spaces.

Theorem 5.12 (c¢f. [Par67, Chap. V Theorem 3.2]) Let (X,,8,), n € N
be separable standard Borel spaces. Let (X, ) be the projective limit of the
space (X, §,) relative to the maps ppm : X = X, m <. If {ptn fnen s a
sequence of probability measures such that w, is a measure on (X,,§,) and
U = fn op;}m for m < n; then there exists a unique measure p on (X,§)
such that pt, = pop;t for all n € N where p, is the projection map from X

on X,,.

This theorem can be extended to an index set [ which is a directed set
with an order generating sequence, i.e., there exists a sequence (o, )nen in [
such that for every o € [ exists a n € N with a < «,,.

Let us now apply this general framework to our marked configuration
space ).

We assume, therefore, that (X, X), (9,8) are separable standard Borel
spaces.

To use B.(X) makes in this generality no sense, hence we have to intro-
duce an abstract concept of “local” sets. Let Jx be a subset of X with the
properties:

(I1) Ay U Ay € Tx for all Ay, Ay € Jx.
(I12) If A € 3y and A € X with A C A then A € Jx.

(I3) There exists a sequence {A,,n € N} from Jx with X = [
such that if A € Jx then A C A,, for some n € N.

A,, and

neN

Then we can construct the marked configuration space as in Subsection 2.1
replacing B.(X) by Jx. Our aim is to show that (Q,B() is a separable
standard Borel space and thus by Theorem 5.12 the measure in Theorem 5.3
exists.

It follows from Theorem 5.11 that for any A € Jy and any n € N the set
(A x S)™ is a separable standard Borel space. Therefore, by the same argu-

N

ment (A x 5)"/S, is also a separable standard Borel space, see e.g., [Shi94].
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Now taking into account the isomorphism (cf. 2.4) between (/\/>\</S)”/Sn and
QX%) the same holds for QX%), Hence Q4 is also a separable standard Borel
space as well as Q()?) by Theorem 5.11, (1).

Finally, the marked configuration space itself is a separable standard
Borel space as the projective limit of the separable standard Borel spaces
(Qa,B(24)), A € Tx.

Furthermore, if on (X, X) is given a non-atomic measure o with o(A) < oo
VA € Jx and a kernel 7: X x & — R which fulfills (2.6), then the procedure
from Subsection 2.2 can be done in an analogous way and as a result we
obtain a probability measure 7], z > 0 on (Q,B(Q)). Specifications and
marked Gibbs measures can also be defined analogously, see e.g., [Pre80].
All the contents of Sections 4 and 5 generalize straightforward and only in
Theorem 5.3 we need the assumption that the spaces are standard Borel. In
Theorem 5.6 we have to generalize the notion of finite range, actually we use
in the proof only the following property: For any A € Jx exists a A’ € Jx
such that A C A" and ¢((x,s), (y,t)) =0if x € A and y € X\A".

5.4 Examples revisited

Here we will verify that our framework is sufficient to treat the examples
stated in Subsection 3.2. Therefore the main task in this subsection is to
verify the stability condition (S) (cf. (3.8)) and integrability condition (I)
(cf. (3.9)) for each of the examples in Subsection 3.2. This enables us to
apply Theorem 5.3 to the considered examples and therefore give us a limit
measures corresponding to the specifications under consideration.

Proposition 5.13 Let ¢ be a potential on X x S bounded below, then the
following three conditions are equivalent

(i) the potential fulfills the integrability condition.

(ii) there exists a o > 0 such that for
Aoi={(z,5:) € X x S[((y.8y), (x,5:)) > o}
the following is fulfilled:

esssup o' (Ay) < +oo
(y,5y)EX XS
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and

csssup [ ol o) o ds,olde) < o
(X x5)

(y,sy)EXXS \Aa

(iii) For every gy € X x S there exists a Ny € B(X) @ B(S) such that

esssup o' (Ny) < +oo,
GJEX XS

and

csssup [ fol(s,) (s o dsolde) < oc,
(X% S)\N;

(y,5y)EX XS
In particular, integrability condition (1) (c¢f. (3.9)) is independent of 3.

Proof. Denote the lower bound for ¢ by B’. Using the fact that there exist
constants (1, Cy > 0 such that

C <|:1;|]1[_B/7a)(:1;) + ]1(%00)(:1;)) I_prooy(z)|e™™ = 1|

<
< O ([ollpro) (@) + Lo (2))

we see that (i) and (ii) are equivalent. Obviously, (ii) implies (iii) if we put
Ny :={1 € X x S|¢(y,2) < a}. Conversely, using

{t e Xx5[6(9,1) < a}
= ({2 € X x589, %) <ap N N;) U ({E € X x S[¢(g, &) < a}\Ny),
we obtain that also (iii) implies (ii). [ |
Thus we have the following sufficient condition for the integrability con-

dition.

Corollary 5.14 Let X be a Riemannian manifold (d denotes the metric on
X ). Let us assume that there exists R > 0 such that

esssup 6((0:5,), (0, 52))| 7 dsa o (de) < oo,
(y,5y)EX XS J{(2,50)€X x S| d((y,5y),(2,52))> R}
Then the above conditions are fulfilled.
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Proposition 5.15 1. Let ¢y, ¢y be two stable potentials then also ¢1 + ¢y
is stable.

2. Let &1, ¢ be two potentials which fulfil the integrability condition then
d1 + @2 also satisfies the integrability condition.

3. A potential bounded from below by a stable one is stable itself.

Example 3.5 ® is integrable on {|x| > R} and because of monotonicity of
J there exists a €' > 0 such that

/J(|:1;|)d:1; <Y J(alg]) < +oo.

We can bound the potential ¢ below by

o((2,50), (y,8y)) = @z —y[) = K|J(Jz = yl)],

for K := sup,e pp- |5> and this potential is stable according to the Dobrushin-
Fisher-Ruelle criterium (cf. Section 3.2.8 in [Rue69]). This potential fulfills
also the integrability condition because we can bound it above by

|6((582), (4, 59))] < [@(Jz =y + K| (|2 = yl)],
and this is integrable on {|z| > R}.

Example 3.6 The arguments are analogous to the above case.
Example 3.7 On the one hand in this model the potential is bounded below
by

qb((l‘, 51’)7 (yv Sy)) > ¢(|x o y|)7

and thus stable. On the other hand its modulus is bounded above by

|6((%,52), (4, 39))| < @(le = y|) + [ (e =y,

whence it fulfills the integrability condition, because the lower regularity of
¥ implies that also ¥ _ is integrable.

Example 3.8 The potential is stable since for all {(z1,51),..., (s, $,)}

En: 2”: /9 V(si(t) — s;(t))dt > —nB /9 dt = —nB9.

i=1 j=i+1 70
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The potential fulfills the integrability condition because of the following ar-
guments. Let Sx € LOY(RY), s, € L°(R?) and denote by 3, := s, — s,(0) and
Sy 1= Sy — ) then

/R//; (&Y [o((, 52), (y, sy)) |7 (2, dsz)o(dw)
Lo G050 st

_ /E - / Rd|v(x+gx(t)_Sy(t))uxdtwolo(dgx)

= R0l|‘/ |d$/£9 Rd/ dtWO|0 dS ) 2 0 d/2 / |V |dl’

Thus according to Theorem 5.3 there exists a limiting measure g on the
marked configuration space Qpa(L’(R?)), this are not configurations in loops

IA

but we can embed the loop space into R*x £L?(R?) in the following way
I:L0RY) — RIXLYRY), s+ (5(0),5),
and the image of this mapping
A= {(z,s) € R*xLY(RY)|5(0) = x},
is a measurable set of full measure, i.e.,
" Wae(ds)dz = 0.

Whence according to Proposition 5.4 the set
Q= {{(x1,52,), (22,50, ), ...} € Q| 54,(0) = z; for all 7},

has full measure, i.e., /,L((Nl) = 1 and thus we can define a measure on the loop
space via the above embedding.
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Appendix

A.1 Proof of Lemma 2.8

Lemma A.1 The following results are valid.
Loo7({(2y,...,2,) € (X x 8)"Fi,7 1 # j with z; = x;}) = 0.
2. o7 ((X % S)"\(X % S)") = 0.

3. For all w € Qyyy, the set A, = {0 € Qpinlye Ny # 0} has zero

Vyor ~MEASUTE.

4. The set A= {(w,w") € Qpin X Qsin] Ve Ny £ O} has zero voor @ vagr-

measure.

Proof. 1. Because of the symmetry and the non-atomicity of o we have

2. Consequence of 1.

3. Let w ={y1,...,ym}. According to (2.5) we can decompose the set
A, as

Ay =] {w' € 9y, N # 03,
n=0

then the definition of v, applied to A yields

verr () = 32 200 (Au),

where A, , is given by

App i={{d1,..., 2, € Q™ | 3,5 i # j with a; =y, ).
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On the other hand we can estimate %(U;)(Awm) by

nmo @ ({(#1,...,8,) € (X x 9)" x (X x 8)™|xy =0 }),

then the definition of ¢” and the non-atomicity of o implies as above that
this last expression is zero.
4. Consequence of 3. |

Lemma 2.8 Let v € A and A, A" € B.(X) be given such that A" C A,
suppose that 1 € L'(Qa,v.,7). Then the following equality holds

/ (exp™ ) (w U w')v,or (dw) (A7)
Qa\a/

= exp ( ¢(w)yzgr(dw)> exp” (/ ﬂinn\{@}(')¢(' U w)sgr (dw)) (W',

QA\A/ QA\A/

for v ,r-a.e. w € Q.
Proof. First we clarify the existence of the integrals. It follows from Fubini’s
theorem that

/QA, /Q [(exp™ ) (w U &) | (du! Y12 (du)

A\A!

IA

/QA//Q (exp™ 1]} (w U W' )1agr (dew )12 (deo)

A\A!

=0 A () < o

thus for v,,--a.e. w € Qpr (exp” [¢])(- Uw') and (exp*¢)(- U w’) belongs to
L'(Qa\a/, 267). Hence the following manipulations are justified for [¢| and
therefore also for the function v itself.

The left hand side of (A.7) for w’ # 0 is by definition equivalent to

/Q . P(wi) .. Y (wn)vzor (dw). (A.8)

AA p=1 : (W1 yeees wn)e‘pg(wa’)

Without loss of generality we may assume v, N7, =@ (cf. Lemma A.1). To
each partition (wi,...,w,) € PBj(w U w’) we define in one to one form the
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following objects (we put together the w;’s which have solely points from w)
J = {i|w Cw}
[ = |J|
N = wy, VieJ
& = wiNw, YigJ
£ o= wnw, VigJ
n = w\(Uicswi),
where [ € {07 ceey 1}7 (7707 sy 771) q31+1( ) (&-I-lv SR fn) S mg_l(no)a
(&41,---€,) € P~ !(w'). This implies that (A.8) can be rewritten as

(w Uw/)]/ZO-T (dw) (A.9)

NV

oo n—1 !
+ Z In—1)! n—l /QA\A/ . )g%/’(m)%,z(no)uzgr(dw),

where

Pnalmo) = ) > HMU&

(OF 1 €85 (n0) (€74 EP—H W) 1=141

Then using Lemma 2.6 we obtain

Z Z I'(n —l </QA\A/ (W) Vzor (dw)) /QA\A/ ©n,i(N0) V20 (dno).  (A.10)

First we look at the integral of ¢, ,

/ > R | GRS
Qp\a/

()741€85 ( Hno) (€71 €Pn—H(w!) i=1+1

= /Q S T AU ()

'
H_lE‘fB" Hw!) 7 20A\A 7, €954 Y(no) i=l+1

Once more we apply Lemma 2.6 to the right hand side of the above equality

to get
2. H / (& U & vaor (dE;). (A.11)

()7, €Pr—(w') =141 Qp\ar
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Hence interchanging the sums and putting together (A.10) and (A.11) we get

Z Z ( (W)Vsor (dw))
QA\A/

=0 n= l-|—1 :
1
X —— Z H Y(wU &) (dw)
RPN /\
= exp( P (w)Vsgr (dw)) exp*(/ Lo, \o}( ) (- Uw)vzor (dw)) ().
UNVY NV

A.2 Proof of Proposition 4.10

Proposition 4.10 Let w,( € Qy;, with v, N~ = 0. The solution of (4.13)
for w ={a,..., 2}, [ > 1 has the form

Q({ilv"'vil}vg) = Z Q({‘%l}vwl)"'Q({il}vwl)? (A'12)

where

QUa},¢) = (Rl T T e — 1, (A.13)

Tex({#pud) {9,9'}eT

for ¢ # 0 and Q({2},0) := €2"B. In the case w = ) we define Q(0,() as in
(4.12).
Proof. For w = {J the assertion follows by definition, hence we assume w # ().
We prove the result by induction in |w| 4 |].

For |w| 4+ |¢| = 1 with 7, Ny¢ = 0 we have ( = () and w = {#}. On the
one hand the r.h.s. of (4.13) yields

o)k (2)] =

PPQ1(0,0) = *P,

wCo

on the other hand equation (A.13) gives

Q:({#},0) = B Z H P& _ 1| = 0B,

Tex({2}) {2,2'}€b
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Thus the initial induction step is verified.

Let us assume that the result is true for |w|+ || = n—1 with 4, N~ = 0.
Choose w, ¢ such that w # 0, v, N v =0, |w| + [¢| = n, and denote [(w) =
zo € w. Using (A.12) for n — 1 in the r.h.s. of (4.13) one obtains

7Py kaldo)] >, II edireh T e«
wee (wh)sew\ (30 ua €F ((\&) EE«\{E0} rew
(A.14)
where n' = |w| 4 |©] = 1. If & # 0, then define w} := & U|],c,w} and we
make the following re-arrangement in one to one form

D # & C ¢ (Whentzus € By HHTHO\D)
!
((wé)i’@m (‘bv (w;@)i’et@)v
where (w})zen € ‘B'Q)w|(§), wéo £0,0+#& C wéo, and (w})zen € ‘B'Q)M(w;,o\@)
With this, the expression in (A.14) can be rewritten as

>, II edared) > Plhaldo)l  (AL5)

(Wé)iewe‘plmwl(c) i’Ew\{i’o} @;ﬁ@cwéo
wl #0
x0

< TTetEne.

(w})sea €Py (wh \@) TE

w

Next we use the explicit form for Q({Z},w’) in (A.13) to write the term
BN Jkal(do)] >, [T ey, el
PFocws, (h)sea€Py (w) \&) FEY

as

> ey [T )4 ST kg | ko (o)

@;ﬁd)Cw'jO (Wé)ieweg’plq)wl(wéo \&) ZEW Tz eX({&uw})
= Y (208 ) 1HIws \ol e > IT D lkn| lka(io)l. (A.16)
@;ﬁd)Cw'jO (Wé)ieweg’plq)wl(wéo \&) TEW Tz eX ({2 Uw])
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We again make a re-arrangement: for ) # & C w} , (wWh)ses € ‘B'mwl(wgo \w),
and (T3)zeo € Xzea®({2} UwW,) we define

Ti=| |75 U{(3,30)]2 € &} € T, U {E0}),
TEW
and vice versa, given T' € T(w} U {Zo}) we define @, w}, and (T} )scs by
@ = {2 e V(T)[(E,20) € T} C wj,
Tr @ T: = T\{(d,40)|2 € &} with & € V(T5) and V(T%,) = &g

ZEW

wp o= V(T:)\{2}
Then (A.16) can be written (using A.13) as

(62BB)1+|W/i0| Z kT = Q({JA;O}vwéo)‘

Te:t(w’iou{io})

Hence (A.15) now simplifies to

>, II odarehQd, ).

(@h) sewemll) TEW\ 0}
wl #0
x0

After an explicit calculation for the case & = ) we see that the above expres-
sion is nothing but the required form for Q(w, (). [ |

A.3 Proof of Proposition 4.13
Lemma 4.12 For every # € X x 5, Y € B(X), and n > 1 we have

[, QU (e (A7)

e B e R ()

- VxS

Proof. In the following we denote g,41 := &. The equality (4.15) implies
the following estimate for (A.17)

(e20Byeh [ TL e oy, (s
Tex(nt1]) ” V9" (i jer
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We now estimate by induction in n the term

/ [T 1e7*0) — 1107 (dg)y. (A.19)
(YxS)» (i.5)eT

For n =1 all trees T" are of the form {{#,91}} and hence (A.19) is reduced

to
/ |P2E0) 1|67 (diy).
(Yx9)

Let us assume that for n = N — 1 we have for all T' € ¥([n + 1])

/ Tl — 1o (dg);
Y xS)n

(¢,7)€T
< @) / B d) _ 1|o7(dg).
Y xS

For the case n = N we proceed as follows. Let T € €([n + 1]) be given.
Choose §,41 as a foot point of T'. Then there exists a final pair {ji,j2} € T
where 7;, is the final vertex and y; # ¥n41. This implies the following

estimate
/ [Tl — 1)o7 (dy);
(YxS)™ (; et
S / H |€—ﬁ¢(@i71;]) — 1|
(YXS)"Y (6 NeT\ {12 )
" |le=Poid2) — 1|67 (dig;,)) TT o7 (din)
/YXS ’ H
l#Jl
<o II e 1'HU i
(Y xS)"

-1, .
(4.7)€T\{71.52} ;
#Jl

< o / e o7 ),
X

where in the last inequality we used the induction step. Thus (A.18) yields

(#ByH o) / o) _1jg7(ag) 3 1.
Y xS

TeZ([n+1])

It follows from Proposition 2.4 that |T([n + 1])| = (n + 1)"~*. |
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