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Abstract

Scaling limits for the solution of Burgers equation are investigated.
It is shown that the limiting distribution for the solution of Wick type
Burgers equation with Gaussian initial data is the same as that for

the solution of Burgers equation with ordinary product calculated in
[LPW96].
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1 Introduction

The Burgers equation

8Uk aUk
+>\ZU a%( z) = vAU(t, z), t>0,
U(0,7) = SG(), reRY, 1<k<d, \v>0, (1)
Tk

is the main object of study in this paper. The Burgers equation is a nonlinear
diffusion equation and it is known that if the viscosity coefficient v — 0, then
the solutions of (1) converge to the (generalized) solutions of the Riemann
equation

aUk aUk -
—i—)\E U;(t &L’j( ,x) =0, t>0,

Ue(0,) = 8G<>, reRL1<k<d, 2)
aZEk

see [DiP83a] and [DiP83b]. Equation (2) describes the hydro-dynamical flow
of noninteracting particles moving along x with velocity U, see [Arn88|. The
term vAUg(t, z) in the Burgers equation is called dissipation term and it is
softening the shock fronts of the Riemann equation (2). The initial velocity
potential GG is assumed to be random. This is natural if one keeps in mind
that Burgers equation can be viewed as a special case of the Navier-Stokes
equation

aUk dp

+)\ZUtx 3:1: ta) = =5 —(t2) + vAU(t, 2) + Fi(t, )

j Lk

describing turbulent fluid flow, where the pressure p and external force field
F terms are neglected. In such a flow, the velocity field appears to be ran-
dom even without random initial conditions and “this contrast is the source
of much of what is interesting in turbulence theory”, see [Cho75]. This sta-
tistical approach has been the established tool in the study of turbulence for
a long time. The relationship between the Navier-Stokes equation and the
Burgers equation is analyzed in e.g. [Kra68].



The Burgers turbulence is known to describe various physical phenomena,
such as nonlinear acoustic shock waves and the formation of cell structures
(sheets, filaments, nodes), and other types of irrotational flows.

In this paper we study the asymptotic behavior of the solution U of Wick
type Burgers equation

O . U, .
W(t,x)‘i‘)\]il U](t,I)Oa—x](t,I) —VAUk(t,I), t>0,
Ui02) = 9 (a), weRL 1<k <d,

aZEk

see e.g. [HLOT95], with random initial velocity potential G, as t — oo.

Bulinski and Molchanov [BM91], Albeverio et al. [AMS94], and Funaki
et al. [FSW95] studied solutions of the Burgers equation when the initial
condition was either a Gaussian random field or a shot-noise (or Gibbs-Cox)
random fields with weak or strong dependence. They obtained Gaussian and
non-Gaussian distributions as parabolic scaling limits (U(t?, ta), t — o) of
the random fields solving the Burgers equation. Leonenko et al. [LOR94],
[LOP95] also obtained Gaussian and non-Gaussian distributions in the same
context of parabolic scaling in the case when the initial condition is either
a Gaussian random field or a chi-square field with long-range dependence.
Analogous results under suitable non-Gaussian initial conditions with weak
dependence can be found in Surgailis and Woyczynski [SW94], Hu and Woy-
czynski [HW94] and Leonenko and Deriev [LD94].

Other types of random problems for the Burger equation have also been
considered recently in the literature. Sinai [Sin92], Molchanov and coauthors
[MSW95], Avellaneda and Weinan [AW95], considered the statistics of shocks
in the zero-viscosity limit and related problems of hyperbolic scaling limiting
behavior (U(#?,t%a), t — 00). The zero-viscosity limit is of importance in
physical applications. Newman [New81] for instance used the solution of
Burgers equation in the zero-viscosity limit in order to investigate the Curie-
Weiss model. He worked out the correspondence: inverse temperature ~
time, field strength ~ space, infinite volume ~ zero-viscosity, phase transition
~ shock wave, critical point ~ shock formation, etc.

Albeverio et al. [AMS94| used parabolic scaling limits of Burgers equation
solution in order to discuss the model for the existing large scale structure of
the universe. Modern astrophysical data provide clear evidence that matter
in the universe is highly non-uniformly distributed. The non-uniformity can
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be observed at very different scales. Principle elements of the large scale
structure are clusters and super-clusters of Galaxies along with the voids
between them. The scales in question are from about 1Mpc =~ 3 x 10**cm
to a hundred or perhaps a couple of hundred Mpc, see [SZ89]. On the other
hand the scales of the large scale structure are still much less than the horizon
scale &~ 10*Mpc, therefore, for the description of motion that result in the
large scale structure formation, one can safely use a Newtonian description of
mechanics and gravitation, see [Pee80], [ZN83]. The reason for the large scale
structure lies in the gravitational instability which shows up in different forms
at different stages of the evolution. Gravitational instability means that
small density fluctuations grow in an expanding universe under the action
of gravity. The large scale structure is actively discussed in the modern
literature, see e.g. the reviews [SDZ83|, [SZ89], [ZMRS88|, [ZMS83], and
the numerous references therein. The corresponding model was developed
by Zeldovich and his coauthors [ASZ82], [SDZ83]|, [SZ89], [Zel70], [ZMS83].
Utilizing the equations describing the evolution of density inhomogeneities in
the hydro-dynamical approximation, see e.g. [Pee80], in [SZ89] the authors
have shown that the evolution of the velocity field U of matter is described
by the Burgers equation

oU i o,
a—tk(t, 2)+ XY Uj(t,x) - a—x’f(t,z) = vAU(t, z),
j=1 J
rotU(t,x) =0, t>0,7¢cR, (3)
oG

while the density of matter p satisfies the continuity equation

%(t, x) +div(pU)(t,z) =0, t>0,

p(0,2) = po(2), = €R. (4)

The potential condition rotU = 0 reflects self-gravitation of the medium, and
the viscosity parameter v > 0 its hydro-dynamical friction, i.e. the effect of
numerous collisions of particles. The notation in (3) and (4) actually is a
little simplified. The original equations in [SZ89] include a certain scaling of
the velocity field and density by certain astrophysical quantities such as the
Hubble expansion.



The parabolic scaling limit for the solution of Burgers equation is also
discussed in [LPW96]. There the authors considered as initial velocity po-
tential G' a Gaussian random field with singular spectral density, that means,
the spectral density is unbounded at zero. We consider the scaling limit for
the solution of Wick type Burgers equation with the same initial condition as
in [LPW96] which turns out to have the same distribution as that of Burgers
equation with ordinary product.

The present paper is organized as follows. Wick type stochastic partial
differential equations are formulated in the framework of white noise analysis
or, more generally, Gaussian analysis. In Section 2 we introduce the concepts
of Gaussian and white noise analysis as far as necessary in order to formulate
the Wick type Burgers equation and calculate scaling limits of its solution.
For a detailed exposition of Gaussian and white noise analysis we refer to the
monographs [Hid80], [BK95], [HKPS93], [Oba94], [HOUZ96], and [Kuo96].
In Section 2.3, for example, we summarize some facts on Wick calculus in
Gaussian analysis and in Lemma 2.11 we prove a continuity property of the
Wick inverse. This Lemma, is essential for the proof of the main result stated
in Theorem 4.3. In Section 3 we present the existence and uniqueness theorem
for the Wick type viscous Burgers equation with a stochastic source proved in
[HLO195]. An analysis of this theorem shows that the Wick type approach
admits very singular noises. Then in Section 4 we calculate scaling limits
for solutions of Wick type Burgers equation. The main result concerning
the limiting behavior of the scaled solution of Wick type Burgers equation is
proved in Section 4.1, Theorem 4.3, in Section 4.2 we present two corollaries
of Theorem 4.3. In Corollary 4.6 we consider a slightly different scaling limit
and in Corollary 4.8 we show that the addition of a compactly supported
deterministic initial shape to the random initial data does not influence the
scaling limit.

In Section 4.3, Theorem 4.9, we give a probabilistic interpretation of the
main result proved in Theorem 4.3 and analyze the relationship of the scaling
limit for the solution of Wick type Burgers equation with that of Burgers
equation with ordinary product.



2 Gaussian analysis

2.1 (Gaussian spaces

We start by considering a standard Gel’fand triple
NcCcHCN.

H is a real separable Hilbert space with inner product (-,-) and norm | - |
and N is a separable nuclear space densely topologically embedded in H.
As is well-known, see e.g. [Pie72] and [Sch71], N is the projective limit of
a family of Hilbert spaces (H,)pen, such that for all p;,p, € N there exists
p € Nsuch that H, C H,, and H, C H,, and the embeddings are of Hilbert-
Schmidt class. T.e., N is a countably Hilbert space in the sense of [GV68].
The dual space space N’ is the inductive limit of the corresponding dual
spaces (H_p)pen. We denote by (-,-) the dual pairings between H, and #H_,
and between A" and N’ given by the extension of the inner product (-,-) on
H. Furthermore, |- |1, denote the norms on H, and H_, respectively and
we preserve this notation for the norms on the complexifications H, ¢ and
H_pc and tensor powers of these spaces.

Additionally, we introduce the notion of symmetric tensor power of a
nuclear space. The simplest way to do this is to start from usual symmetric
tensor powers Hf}m, n € N, of Hilbert spaces. Using the definition

NO = prlim ’Hg@"
peN
one can prove, see e.g [Pie72] and [Sch71], that A'®" is a nuclear space which

is called the n-th symmetric tensor power of A'. The dual space N®™ can
be written as

/\/"®n = indlim ’HQE’

n
peEN p

All the results quoted above also hold for complex spaces.
In addition, we introduce the symmetric (or Boson) Fock space I'(H) of H
which is given by the completion of ® ’H%” (’H%O := C) w.r.t. the Hilbertian
n=0
norm

|7 Wg= DRI ™R, F= (f) e, € © HE".
n=0 -



Example 2.1 N can be chosen as the real Schwartz test function space S(R)
of rapidly decreasing smooth functions together with H = L?(R,R), the space
of real valued square integrable functions w.r.t. the Lebesque measure. This
particular choice is the usual one in white noise analysis, see e.qg. [HKPS93].

In order to introduce a probability measure on the vector space N/ we
consider the o-algebra C,(N') generated by cylinder sets. The canonical
Gaussian measure £ on (N',C,(N")) is given by its characteristic function

| explie.€) dute) = exp(-41¢P). €€,

via Minlos’ theorem, see e.g. [BK95], [Hid80] and [HKPS93].

The integral [, f(x) du(z) of a measurable function f defined on N is
called the expectation of f if f is integrable, i.e., the integral [, |f(z)|du(x)
is finite. The space of functions integrable w.r.t. u is denoted by L'(u) =
LYN',Cy(N'), 1) and the expectation of a function f w.r.t. u is denoted
by B, (f)-

The central space in our setup is the space of complex valued functions
which are square integrable w.r.t. this measure L?(u) = L*(N",Co(N7), 1).
An element of this space is the Wick exponential

cexp((x, &) : = Eueélj{(;é’fg)), reN' EEN, (5)
= %( & 0.

The map N 3 2z —=: 22" : € N'®", n € N, is called the n-th Wick power of
z e N ((:a®0 ;&%) := ¢®0 := 1), see e.g. [BK95] or [HKPS93]. For any
o™ ¢ NE™ neN, ©® € C, we define the smooth Wick monomial of order
n corresponding to the kernel o™ as follows:

I (z) = (a®" 5 0™), zeN' neN,.

Smooth Wick monomials of different order are orthogonal w.r.t. the standard
inner product in L?(y). Furthermore, we can construct Wick monomials
I(f™) with kernels f™ € HE" in the sense of measurable functions by

using an approximation. More precisely, for any sequence (g@gn))jeN C Ng’"



which converges to f( in ’H%n we have the convergence of I(¢™) to I(f™)
in any LP(u),p > 1, see e.g. [BK95]. We use I(f™) = (: 2% : f(M) as a
formal notation for the monomial introduced above. For Wick monomials
associated to the kernels f(® € HE™ and ™ € HZ™ n,m € Ny, we have
the following orthogonality property:

(110 | = [ TN ) dua)

L2 ()

— 5n’m n! (f(n), h(”))

(0p,m is the Kronecker delta).

Example 2.2 (i) Let us consider the white noise triple
S(R) c L*(R,R) c S'(R),

see Example 2.1. Within this formalism a version of Wiener’s Brownian
motion is given by

B(t) = (-, 1ps), t>0, B(0)=0,

where 1y is the indicator function of the interval [0,1).
(ii) Next we look at d-parameter white noise, d € N. To do this we need the
nuclear triple

S(R?) ¢ L*(R?,R) c S"(R?).
In this setting a version of the d-parameter Brownian sheet is realized by

B(Ila R xd) — <'7 1[1’1/\0,0VCE1] I 1[1'dA0,0V:Ed]>7
z=(21,...,24) € R

(1) It is also possible to consider vector valued white noise, see e.q. [SW93].
The starting point is the real separable Hilbert space L3(R) := L*(R,R%),d €
N, of vector valued square-integrable functions. In this space we choose the
densely embedded nuclear space Sq(R) of vector valued Schwartz test func-

tions. The topology on Sq(R) may be represented by a system of Hilbertian
norms

d
FE=DCIA2 f=(fi,-- fa) € Sa(R), fi € S(R),1 <i<dpeN,.
=1
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For notational simplicity we identify | - |o with the norm on LA(R). Together
with the dual space S4(R) of vector valued tempered distributions we obtain
the basic nuclear triple

Sa(R) € Lg(R) C Sy(R).

On S)(R) the canonical Gaussian measure g is determined by the charac-
teristic function

d
1 2

ctn=ew (=3 [ 0 &), e Su®).

Then we can introduce a d dimensional Brownian motion by

B)(w) = (@, 1o)== (Wi Tow)) ., @ = (@i, wq) € Sy(R),

1<i<d

2.2 Generalized functions

For our considerations the space L?(u) is too small. A convenient way to
solve this problem is to introduce spaces of test functions in L?(z) and to use
their larger dual spaces. In Gaussian analysis there exist various triples of
test and generalized functions with L?(u) as a central space, here we choose
the spaces

M'cg'cL*u)cgtc V),

see [KLS96] and [GKS97]. In order to construct the spaces of test functions
(NM)! and G' we define, for any given p,q € Z, the following Hilbertian
norm for the smooth Wick polynomials ¢(z) = 327 (- 2% ;o™ 2 € N7,
o™ e N N e Ny:

o= D)1

n=0

2
go(")

| o

p

Then, for p,q € Ny, we define the Hilbert spaces (#,); and G} as the com-

pletion of P(N') w.r.t. || - ||,.41 and || - [|o,4.1, respectively. Or, equivalently,

) = {Fe LPW[f@) = 36 1 /) 1 i< o0},

Gy = {fe @ =3 (a" ™), | 1

n=0

2
0,q,1 < oo}
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Finally, the space of test functions (A)! and G' are defined as the projective
limit of the spaces (H,), and Gy, respectively,

W)= () H)y G =[Gy (6)

2,q>0 q>0

Let (H_p)~, and G~ be the dual w.r.t. L?(u) of (H,)} and G, respectively,
and let (/\/’)’1 and Q ! be the dual of (M)! and G', respectively. We know
from general duality theory that

M= H, =16 (7)

P,4>0 q>0

The bilinear dual pairing (-, -)) between (N)! and (N)~! is connected to the
sesquilinear inner product on L?(u) by

(f,0) = (F )iz, feL(n), pe (N (8)

Since the constant function 1 is in (A)' we may extend the concept of ex-

pectation from integrable functions to distributions ® € (N)™":

B, (®) := (@, 1))

The chaos decomposmon introduces the following natural decomposition
of ® € (M)~L. Let ™ € A"S" be given. Then there exists a distribution
I(®™) acting on test funct1ons v e (N as

<<[(q)(n)), (p>> — <qp(n), (p(n>>.

We use I(®™) = (: 2% ;&™) as a formal notation for the distribution
introduced above. Any ® € (M) ! then has the unique decomposition

where the sum converges in (A))~" and we have

11



(@,0) = 0l (@M, o), e (W),

see [KLS96].

From the definition we know that every distribution is of finite order, i.e.,
for every ® € G ! there exists ¢ € Ny such that ® € G:é. Furthermore, it is
not hard to see that G:}I is a Hilbert space which can be described as follows

Gy ={oe W) o™ eHZ || @ I3, < . ()

This description of G, (and therefore also of G ') shows that its elements
have the property that the Wick monomials in their generalized chaos decom-
position are square-integrable functions. This is the characteristic feature of
so called regular generalized function which enables to endow spaces of them
with a probabilistic structure, see [GKS97].

In G! and G~! we can define the operator I'(A) and the second quantiza-
tion d['(A) of a bounded operator A defined on H. Let A®™ n € Ny, be the
n-th tensor power of the operator A, see e.g. [RS75]. It is well-known that this
operator can be extended to a bounded operator on ”H%” with norm || A [|7,
where || A ||, is the norm of the operator A. Then for ® € GF', ¢ € Z, we
define

['(A)® := i( 2" AT, (10)

n=0

The image T'(A)® is in G, 1 € Z, if we choose q; < g — 2Iny(|| A [|gp).
This follows from the estimate

o0

b= D (nl)E2na || A |2

n=0

2
| T(A)® M < P[5 g0 -

Now under use of the representation of G' and G~! in (6) and (7), respectively,
we can easily conclude that T'(A) is an well-defined operator in G' and in G~!.
The second quantization dI'(A) of the operator A we define to be the operator
which acts on the kernel of the n-th chaos by the operator

ARId® .. Id+IdRARId® .. ®Id+ ... +1d®.. ®Id® A

12



(Id denotes the identity operator on H). In a similar way as for the operator
I'(A) we can show that the second quantized operator dI'(A) is well-defined
in G! and in G1. N :=dI'(Id) for example is the number operator.

A useful tool in order to characterize (N)~! and G! is the S-transform.
The S-transform of elements from (N) ! is defined as the dual paring with
the Wick exponential, see (5). Since the Wick exponential is not an element
of (M)! the S-transform of an element ® from (A)~! is defined only locally,
ie.,

S®(n) := (@, : exp((-,m) :), ne€OCNg,

where O is an open neighborhood of zero depending on ® € (N) ! In
the characterization theorem it is proved that the S-transform maps (N)~!
isomorphically in to certain space of holomorphic functions, see [KL.S96]. Of
course, the S-transform is also defined locally for elements from G=! and it
gives an isomorphism between G ! and an infinite dimensional version of th
Hardy space, see [GKS97].

Example 2.3 (i) Again we consider the white noise triple. Since the Dirac
delta function at time t > 0 is a tempered distribution, i.e., 6, € S'(R), the
generalized function

w(t) == (w,d), t>0,
exists as an element of (S(R))~". The generalized process (w(t))i>o is the
derivative of Brownian motion, see Example 2.2(i), in the weak sense, it is
the Gaussian white noise process.

(i1) Within the formalism of d+1-parameter white noise we have a time-space
white noise which can be realized as the derivative of the Brownian sheet, see
Ezxample 2.2(ii),

3d+1B(t, L1y ,.I‘d)
W(t,Il,...,LEd) = ataxl al'd )

taxla"'azdzoa

in the weak sense. It has the chaos decomposition given by

w(t, 1, .-, Ta) = (W, Oty 2y),

where 84,2, € S'"(R™1Y) is the Dirac delta function at (t,x1,...,xq). Thus,
it is an element of (S(RT1)) L.

13



2.3 Wick calculus

Here we summarize some facts on Wick calculus in Gaussian analysis which
originally has been derived in the space (N)7!, see [KLS96]. In [GKU98]
it has been shown that the Wick calculus can also be constructed as an
invariant calculus in G~!'. Since here we mainly work in the space G~! we
formulate all definitions and results in this space.

Definition 2.4 Let ®, U € G~'. Then the Wick product is defined by
oV =95 1(SP-SV) eG .

This multiplication is clearly associative and for deterministic functions it
coincides with the point-wise product.

Remark 2.5 In terms of the chaos decomposition the Wick product may be
described as follows: Let ®, ¥ € G~! correspond to the sequences of ker-
nels (™) ,en, and (¥™),cn,, respectively. Then the Wick product ® o U
corresponds to (2™),en, where

By induction, we can define Wick powers
@ = 51((59)")

in G~! and by taking finite linear combinations of them also Wick polynomials
of finite order 25:1 a,®°" can be defined in G~
In white noise analysis the Wick product is local in the following sense.

Proposition 2.6 Let ®; € I'(14,)G ', 1 <i<n,n €N, then
Py o... 0P, € M(1un 4,)G 7,

where A;, 1 < i < n, are Borel measurable subsets of R and 1, denotes the
projection operator in L*(R) given by the product with the indicator function
of the subset A C R. The operator I'(14) we defined in (10).

14



Proof: For n = 1 this is trivial. Let us assume that the statement of this
proposition holds for n — 1. We define ¥ =&, ¢...0d, ; € F(1Un__11Ai)g—1
and obtain under use of Remark 2.5 for the m-th chaos B
(@10...00,) "™ =(Tod,)™ = Y ¥vH&d), meN.  (11)
k+l=m

By assumption,
UM € (11, L(R)SF, 00 € (14, L°(R), k1€ N,. (12)
From (11) together with (12) we can conclude that
(@1 0...08,)™ € (1 4, L*R)®™, me N,

Thus, the statement of Proposition 2.6 is true for n and Proposition 2.6 is

proved by induction. [ |
Not only Wick polynomials can be defined in G !, it is even possible to

define Wick analytic functions in G~! under very general assumptions.

Theorem 2.7 Let F' be analytic in a neighborhood of the point zy = E, (P)
inC, ® € G'. Then F°(®) defined as F°(®) := ST (F(S®)) exists in G~".

Remark 2.8 Let F be analytic at zo = E,(®), ® € G ', i.e., F' has the
power series representation F'(z) = Y an(2 — 2)", z,a, € C. Then the
Wick series ., an(® — 20)°™ converges in G and
Fo(@) =) an(® — 2)°"
n=1

In addition, we need the following two lemmas.

Lemma 2.9 The Wick product is continuous on G=', in particular the fol-

lowing estimate holds for ® € G:;l, VS G:;z, q = max(qy,qo) + 1:

[ @ 0w flo, g, 1< C [ @ [lo, g1, 1| ¥ [lo,~go,—1 -

Lemma 2.10 Let ® € G* such that E,(®) = ®© £0. Then & e G
Moreover, if ® € G:}n and

q>q +3+log,(1Ve), c= |(I>(0)|_1 | & — o0

0,—q1,—1>
then the following estimate holds
12 7, < 202 2 (13)
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The next lemma is essential for proving the main result of this paper
stated in Theorem 4.3.

Lemma 2.11 The Wick inverse ®°CD & € G, is continuous at the point
by =1€ G~'. Moreover, if d € G_ql, ( ) # —1, and

¢>q +1+log,(1ve), c¢=]09 41/t - o0 1,

then the following estimate holds

O+ 1Y — 1 lo_gy < [®© 4171 0O 14
b q’
+ V2(0® 4172 || & — 0©

—1 -

Proof: It is sufficient to prove (14) because this estimate implies continuity
of the Wick inverse at the point 1 € G~'. We have

(@+1)°CY -1 = —14 @0+ 1)) (1)@ + 1) (@ — &)

n=0

= (@@ 41! <q><°> + (@ — D)o (® + 1)<><—1>>

by using Remark 2.8 and Lemma 2.9. Now from Lemma 2.9 and 2.10 we can
conclude

(@ + 1) =1 lo, g1
< 3O 41| 1<|<1> [+ 1] @ — & [l gy 1| (@ + 1) ||o,q2,1>

< @@ 4171 @@) + v2[0® + 1172 || @ — 2O

-1,

where ¢ = ¢ — 1. [

2.4 1t6/Skorohod integration

One of the most striking features of the Wick product is its relation to
[t6/Skorohod integration. Let w(s), s € [0,¢], be the Gaussian white noise
process, see Example 2.3(i), and B(s), s € [0,t], the Wiener process, then
for any Skorohod integrable process ®(s), s € [0,¢], in L?(u) can be shown
that

[ oeroueas= [ 0)om0) (15)
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The integral on the left hand side of (15) is a Pettis integral in (S(R))™".
In the case where the integrand is a Bochner integrable function with values
in a Hilbert space (H_,)_y, p,q € Ny, its Pettis integral as a (N)~!-valued
function coincides with its Bochner integral as a (’H_p):é—valued function.

The integral on the right hand side of (15) is the Skorohod integral (which
coincides with the It6 integral if @, is adapted). See [LOU92|, [HKPS93], and
[Ben93] for a discussion of this relation. We can say that the functional inte-
gration in (S(R))™" involving Wick product with w(s), s € [0, ], generalizes
the Skorohod/It6 integration.

3 The viscous Burgers equation with a stoch-
astic source

In this section we recall the existence and uniqueness theorem for the Wick
type viscous Burgers equation with a stochastic source derived in [HLOT95].
For a general introduction to the theory of Wick type stochastic partial
differential equations we refer to the monograph [HOUZ96]. The equations
are formulated in the space (A)~! and the differentiation is defined in the
weak sense. Let us discuss this in more details.

Let O be an open set in R?,d € N. Consider the mapping

P(): 0= (N)

We say that ® is weakly differentiable at zy € O in direction ey, k =1,...,d,
if

lim O (g + hey) — P(zo)

h—0 h

exists as a weak limit in (M) ~!. Here we have set (e;)i<x<q as the canonical
orthonormal basis of RY and we denote
0P . D(zo + hey) — P(xp)

oz, (F0) = fim h

If & has weak partial derivatives for any z € O and in all directions e, k =
1,...,d, such that for all k = 1,...,d, © — 0®/0x(z) is weakly continuous
from O into (N)™!, we say that @ is weakly continuously differentiable in O.
We can repeat the preceding considerations for higher derivatives.
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Using the Cole-Hopf transform the Burgers equation with ordinary prod-
uct is transformed into the heat equation. The same concept also works for
the Wick type equation. Hence, let us consider the Wick type stochastic heat
equation with a stochastic potential

O () =AY (L) + Y (1,2) o V(La), 1> 0,2 € R,
Y (0,2) = exp® <— G;?), z € R (16)

Here v > 0, d € N, and the equation (16) is formulated in (N)~!.
Let us suppose that V and G are weakly continuous (N')~'-valued func-
tions. Under this assumption it has been proved in [HLO*95] that

Vitw) /S&(R) - (G(@(B(t)(@) w0 -

2v
o exp® (/OtV(t—s, @(B(s)(df)er))ds) djia(&).

is the unique (N')~'-solution of the stochastic heat equation (16).

Remark 3.1 (i) Formula (17) is a consequence of the Feynman-Kac for-
mula. The integrand

exp® (G(@(B(” @+ 1’))) o exp’ ( / Vit — 5, VI(B(s)(@) + 1)) ds),

2v

where & € S4(R), is a function from S4(R) to (N)™' and the integral exists
as a Pettis integral in (N)~".

(i) A priori the initial condition Y (0) and the stochastic potential V' can
be chosen as arbitrary weakly continuous functions having values in (N)~L.
In order to choose the initial condition Y (0) independent of the stochastic
potential V' a natural choice for the underlying nuclear space is a product
space N' x M given by the product of two nuclear spaces N and M.

Now we are prepared to state the existence and uniqueness theorem
proved in [HLO195], Theorem 5.1.
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Theorem 3.2 Let Y be the (N') ™ -process given by (17) solving the stochas-
tic heat equation (16), where V and G are (N')~'-valued functions, weakly
continuously differentiable in x, V weakly continuous w.r.t. t. Then the gen-
eralized stochastic processes

2v 0log”(Y)
_TW( 7I)7

belong to (N)~t fort > 0,z € R?, and U = (Uy, . ..,Uy) solves the stochastic
Burgers equation

Uk(t, x) = 1<k <d, (18)

oU d oU
k k
W(t, ZE) + A ]El U](t,.Z') < a—%(t,x') = Z/AUk(t,LE) + Fk(t,iﬁ), t> 0,
U0,2) = 29 0), weRL1<k<d
8$k
where
2v OV
A — 2 ).
k(tax) A\ 8xk (ta$)

Here \,v > 0 and d € N.

Example 3.3 Theorem 3.2 admits forces given by very singular noises. For
instance the potential

)\ xr
Vita) =5 [ (duhdy € (SE) 1, b € S(E),
0
fulfills the requirements of Theorem 3.2. The corresponding force
F(t,x) = (-, 010) € (S(R))™'

is the time-space white noise discussed in Example 2.3(ii).

4 Scaling limits

Now we are prepared to calculate scaling limits for the solution of Wick type
Burgers equation. Let us consider the Burgers equation with random initial
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data:

U, Zd Uy

W(t,x)—l—)\]l Uj(t,I)Oa—x](t,I):VAUk(t,I), t>0,

Uk(O,x):—aG (z), zeRL1<Ek<d. (19)
3xk

From Theorem 3.2 we know that its solution is given by

Up(t,x) = Ip(t,z) o J(t,2)°"Y, t>0, 2z € RY, (20)
where
G
J(t,x) = Y(t,z) = K(t,x —y) exp® (— _(y)) dy, (21)
Rd 21/
2v 0Y
I (t = ——(t 22
k(ax) )\axk(ax) ( )
Tk — Yk (y)
K — - ==
/Rd g Kt —y)exp ( 5 ) dy,
and where
2
K(t,x) = (4mvt)~ % exp ( — %), reR >0,
v

is the Gaussian heat kernel.
In order to formulate the conditions for the initial velocity potential G
we need the following definition.

Definition 4.1 A function L is said to be slowly varying at infinity if it is
positive and measurable on [a,0), for some a > 0, and if for each p > 0

L
lim (ps)

=1.
$§—00 L(s)

Properties of slow varying functions are discussed in e.g. [Sen76].

Condition (A) The initial velocity potential G is a zero-mean, measur-
able, mean-square differentiable, homogeneous and isotropic complex Gaus-
sian random field on R*x S’'(R?). In addition, its variance E, (G(z)G(z)) = 1,
and its covariance is of the form
— L
C(|z]) =E,(G(0)G(z)) = (] reR0<a<d,

e
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where the function L is slowly varying at infinity, bounded, and there exist
b,c > 0 such that L(t) > ¢ for all t > b.

Condition (B) The initial velocity potential G has a spectral density f(p) =
f(lph) >0, p e RY, ie.,

G(z,w) = (w,exp(i-z)fY%()), zeRY weS(RY
= [ exvlion) ) dBlp.c),

where B is the d-parameter Brownian sheet, see Example 2.2(ii). The expres-
sion pz, p,x € RY, symbolizes the scalar product in R?. As a consequence
of condition A together with the Tauberian theorem, see [LO91], the spec-
tral density f has a singularity at zero. We assume that this singularity is
integrable, the value of the integral of f is one, f is a bounded continuous
function on R*\{p € R¢||p| < €} for all € > 0, and there exist py > 0 such
that f is a decreasing function for |p| > po.

Before we can state the main theorem we have to introduce the vector
valued Gaussian random field

o 1/2
X(t,a,w) :i<m> (w, t* exp(iVt - a)g(VE)), ae R (23)

t >0, we S'(R?), where

Xp(( |p| ) pe Rd, (24)

9(p) e T

= (2 (2 (55)

er(d) = 27%%/T(n/2),

the latter constant is the area of the unit sphere in R? (T is the well-known
gamma function).

Remark 4.2 Calculating the covariance of the Gaussian random vectors
X(t,a1) and X (t,as), ar,as € RY, one easily finds that it is independent of
t > 0. Hence, finite dimensional distributions of the random field X (t,a), a €
R?, coincide with finite dimensional distributions of the random field X (a) :=
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X(1,a), a € RY, for all t > 0. In particular, the random field
1/2
X(a,w) = i| ————— w,exp(i-a)g(-)), ae€ R,
@) = i o) epli ()

_ (m) - / exp(ipa)g(p) dB(p,),

w € S'(RY), is a homogeneous Gaussian random field with mean zero.

4.1 Main result

Theorem 4.3 Let U(t,x),t > 0,z € R, d > 1, be the solution of the
initial value problem (19) with random initial data satisfying condition (A)
and (B). Then for « as in condition (A) each component of the vector valued
generalized random field

1/2+a/4
Y (t,a) = ;TWU(t’ Via) — X(t, a)

converges uniformly in a € R? to 0 € G~ as t — oo w.r.t. inductive limit
topology. IL.e., there exists a Hilbert space norm || - |lo.—q,—1, ¢ € N, such that

lim || Yi(t,a) oy 1= 0
uniformly in a € R? for all 1 < k < d.

Remark 4.4 (i) As we already mentioned in the introduction there are sev-
eral papers in which scaling limits for the solution of Burgers equation with
ordinary product have been calculated. Under the use of condition (A) only

in e.g. [LOR94] weak convergence of finite dimensional distributions of the
field

t1/2+a/4 \/_ p
mU(t, ta), a € R s (25)

as t — oo to a centered Gaussian random field has been proved (here the
solution of Burgers equation with ordinary product is also denoted by U ).

(ii) Using condition (A) and (B) in [LPW96], Theorem 2.2, it has been
proved that finite dimensional distributions of the field (25) converge weakly
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as t — oo to finite dimensional distributions of the Gaussian random field
X(a),a € RY, see Remark 4.2. A more detailed comparison of the scaling
limit for the solution of the Wick type equation with that for the equation
with ordinary product we give in Section 4.3.

(iii) Note that the solutions of the Wick type Burgers equation and the Burg-
ers equation with ordinary product for finite timest > 0 are completely differ-
ent random processes. Since the solution of the Wick type Burgers equation
are generalized functions in the variable giving the randomness, they are in
general not measurable functions and so we at first have to work out another
kind of convergence. In Section 4.3 we derive consequences of the type of
convergence we prove in this theorem, i.e., we interpret this convergence in
terms of types of convergence which are well-known in probability theory.
(iv) Consider the initial value problem (19). The parameter X is giving the
nonlinearity of the Burgers equation. Notice that the limiting Gaussian ran-
dom field X still depends on the parameter X, see (23) and (24).

Proof of Theorem 4.3:
Step 1: Let us define

D(t,a) := J(t, Vita)

= (47mvit) —d/2 exp® (
Rd

Vita—yl>  Gly)

d

vt 2v ) Y

P S G S (N
Rd 4v 2v

_ /Rdexp ( M) dyo(y), t>0,7€RE, (26)

2v

where 7, is the centered Gaussian measure on R? with variance 2v. Our
aim is to show that D(t,a) converges to 1 in L?(u) as t — oo. Since the
initial velocity potential G is a centered Gaussian random variable we have
exp®(G) = :exp(G):. By the assumptions on the initial potential G' the
Wick exponential :exp(G(z)): as a function of z € R? is bounded in L?(1).
Therefore, we can interpret the integral (26) as a Bochner integral in L?(u).
Then under use of the chaos decomposition of the Wick exponential we obtain

|| D(ta (I) -1 ||iz(u)

> g / C(Vily — 2I)" dya (y) drau(2)
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o0

< S0 [0l = DIl ()
< e (115 ) [ IOy Dl o) o)

since the modulus of the covariance C' is bounded by 1. Condition (A)
implies that lim,_,, C(t) = 0 and therefore lim;_, o, |C'(v/t|y — 2|)| = 0 almost
everywhere w.r.t. the measure 7,5, X 79,. Thus, under use of Lebesgue’s
dominated convergence theorem we obtain

lim D(t,a) =1
t—o00

in L?(u). Obviously, this convergence is uniform in a € R?.
Step 2: Next we examine the limit behavior of

£1/24a/4 .
Ni(t,a) = mfk(t, Vita), t>0,z€R 1<k <d,

— Llfji{l\/i)/lkdy—;expo<— W) dy2u (Y)-

Here our goal is to prove that Ny(t,a) — X;(¢,a) converges to zero in L*(p)
as t tends to infinity. The square-norm of this difference splits into a sum of
three parts:

I Ni(t, a) — Xi(t,a) 172,

B /2 Yk 2 Y 2
_ m( [ ;dmy)) Ul Nt ) = Xelta) By (27)

o0

/2 2
e Lt(ﬁ) / BEECWVly = 21)" dyay) dan (),

n=2

where

N _ te/4 Yk
Nelt) =~ [ B6Wita =) drato)

The first part of the sum in (27) is identically to zero for all ¢ > 0 because
the integral is equal to zero. For the third part of the sum in (27) we have
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the following estimate

=1 to/2 kZk n
;; L) /de yAQ C(Vtly = 2)" dyau (y) dyau(2)
1 L(Vt(lz = yl) | lyeanl
< 2 /R LV -yl
C \fly—ZI)ldeu( ) dyew(2)
1\ L(Vt(|ul)) | 1(ur)? — (ve)?|
S oxp <4u2> A2 /de L(V1) ‘ 8|ul™
|C(Vt|u])] drys, (u) drs, (v), (28)

by substituting the variables y and z by v = (y — 2z) and v = (y + 2),
respectively. Since L is slowly varying at infinity and lim;_,,, C(¢) = 0 the
integrand in (28) converges to zero almost everywhere w.r.t. the measure
Ysu X Y8, Condition (A) implies that

LD i
D o

is bounded if we choose t large enough and since o < d

|(uk)® — (ve)?]
8|ul®

is integrable w.r.t. the measure 7g, X 7s,. Therefore, again by Lebesgue’s
dominated convergence theorem

) L, 1072 Yk 2k
1 —(2v)" C(Vtly — z|)" dya, (y) dya, = 0.
= n=2 ( V) L(\/%) /de A2 (\/_|y )" dyan (y) dyzu(2)

Now let us consider the second part of the sum in (27). We have

- e/ Yk . 1/2
Ni(t, avw):—m/Rdx@aexp(i'\/i(a—y))f () dyau(y)  (29)
to/4

o (o [ B ol Vi i) i) ) (0
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w € S'(R?), as elements in L?(u) because the integral in (29) is a Bochner
integral with values in L?*(p). The kernel of the Gaussian random variable
in (30) we can transform to
Yk :
T ep(iVip(a — y) dya(y)
Rd
i 0

— )\_\/% exp(i\/ipa)a—pk /Rd exp(—iﬂpy) d,yZl/(y)
- )\L\/Z exp(i\/ipa)a%c exp(—vt|p[*)

= —i2vVtexp(ivipa) exp(—l/t|p|2)%
and therefore we obtain
| Ne(t, a) — Xe(t, a) [172,
przeelt [o(d a)eld)

- c1(d, a)ea(d) /Rd L(V/1)1/2 a

exp(iv/ipa) exp(—vilpP) [ (p) 5 — 14 exp(iv/ipa)g(Vip)
B a P ﬂ(d_a)cl(d,a)cg(d) 1/2_
- cl(d,a>cz<d>/ﬂgdh(”"<f (ﬁ)‘\/% oL(V) ) !

where

2
dp

2

dp

(31)

2
p .
hip) = )\2|pk|da exp(i2pa — 2v|p|*) € L'(R?).

Condition (A) implies via the Tauberian theorem, see [LO91], the following
asymptotics of the spectral density:

- « 1
fp)=f(p ~—L<—> el 0 <a<d, peRN\{0},
() = Flbl) ~ e 7 ) o p € RA\(0)
as |p| — 0, so that the integrand in (31) converges to zero as t — oo for all
p € R?. From the properties of the functions f and L we can conclude that
there exists C' > 0 such that

f(u) |u|d—a 1 (d’ a)CQ(d)

<C, YueRYt>h.
oL(VT) ‘— ¢ -
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Thus there exists K > 0 so that

()

Hence, by Lebesgue’s dominated convergence theorem we have

2
<K, VpeR! t>b.

tli)rg) || Nk(t, a) — Xk(t, a) ||L2(u): 0
and therefore also

Tim || Nt a) = Xi(t, @) [| 2= 0.

It is easy to see that this convergence is uniform in a € R?.

Step 3: From step 1 and step 2 together with the fact that the square-norm
of Xi(t,a) is independent of ¢ > 0 and a € R we can conclude under use of
the continuity of the Wick product, see Lemma 2.9, and the Wick inverse,
see Lemma 2.11, that there exist ¢ € N and ¢, > 0 such that

Yi(t,a) € G:;
for all t > ty and
lim || Yi(t,a) o 1= 0
uniformly in a € R? for all 1 < k < d. |

Remark 4.5 The proof of Theorem 4.3 can easily be generalized to the case
of Poisson analysis. More precisely, if we use a Poisson measure, see e.q.
[IK88], instead of a Gaussian measure, substitute the orthogonal system given
by Hermite polynomial by Charlier polynomials, and use the Wick calculus
in Poisson analysis, see [KSS97], then we can prove an analogous result.
The initial velocity potential then is a compensated Poisson field, just as the
limiting random field.

4.2 Corollaries

Often the slightly different scaling U(3%t, 3a) is considered, see e.g. [AMS94]
and [SW94]. This scaling preserves the time variable and therefore the au-
thors found a limiting random process. Also in the case of Wick type Burgers
equation we can examine this scaling.
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Corollary 4.6 Let U(t,z),t > 0,z € R d > 1, be the solution of the
initial value problem (19) with random initial data satisfying condition (A)
and (B). Then for « as in condition (A) each component of the generalized

random field
/61+a/2
~LR(p)

converge uniformly in a € R to 0 € G~' as B — oo w.r.t. inductive limit
topology. IL.e., there exists a Hilbert space norm || - |lo.—q,—1, ¢ € N, such that

lim || Zk(ﬂ,t, a) ||0’,q,,1: 0
B—00

Z(B,t,a) U(B%, Ba) — 2T/ X (5%, a/VE), t>0,

uniformly in a € R for allt > 0,1 <k <d.

Remark 4.7 For fizedt > 0 finite dimensional distributions of the Gaussian
random field t=(0/2T/M X (8%, a/\/1),a € RY, coincide with finite dimensional
distributions of the random field

Z(t,a,w) = t 2PN X(a/VHw), weS(RY,

N 1/2
() el a i)

for all 8 > 0, see Remark 4.2.

Proof of Corollary 4.6: Let us define # = 3°t and @ = a/+/t. Then we can
rewrite Z([3,t,a) as

—(1/24+a/4) LI/Z(‘/ZA) gH/erelt n ta) — &
t <L1/2(\/?/\/E) LI/Q(\/E)U(t,\/i) X(t, )).

Taking the limit £ — oo is equivalent to taking the limit 3 — oo. Thus the
corollary is an immediate consequence of Theorem 4.3 and the properties of
the slow varying function L. |

Let us add a deterministic part to the initial data. Then we have to
consider the following equation:

oUy, ‘ U,
W(t,x)‘i‘)\jil Uj(t,I)Oa—%(t,I) —VAUk(t,I), t>0,
oG . OH ,
= — — <k <d.
Uk (0, x) e, (z) + o (z), zeR,1<k<d (32)
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In the next corollary we show that if the initial shape given by H is compactly
supported then the scaling limit is independent of it.

Condition (C) The deterministic function H(z),z € R?, is continuously
differentiable with compact support.

Corollary 4.8 Let U(t,x),t > 0, x € R, d > 1, be the solution of the ini-
tial value problem (32). We assume that the random part of the initial data
satisfies condition (A) and (B) and that the deterministic part fulfills condi-

tion (C). Then for a as in condition (A) each component of the generalized
random field

t1/2+a/4

VRN

converge uniformly in a € R to 0 € G as t — oo w.r.t. inductive limit
topology. IL.e., there exists a Hilbert space norm || - |lo.—q,—1, ¢ € N, such that

W(t,a) U(t,Vta) — X (t,a)

Timn || Wi(t, ) o1 = 0
uniformly in a € R? for all 1 < k < d.
Proof: The solution of (32) can be written as
Up(t,z) = I(t,z) o J(t,2)°Y, t>0, 2 €RY,

where in this case

J(t,2) = RdK(tal’—y)eXﬁ(—W)dy,
Ii(t,z) = /Rdxk)\_tykK(t,a:—y)epr<—W>dy,

see Theorem 3.2. Since H is a deterministic function we have

Furthermore, exp(—H (y)/(2v)) is a bounded function and therefore the proof
of this corollary mainly is an easy generalization of the proof of Theorem 4.3.
There is only one part which we should discuss in more detail. Consider

29



the first part of the sum in (27) translated in the situation with additional
deterministic initial data. It is given by

Lt(% ( a 5 exp ( - W) d%y(y)>2.

For H = 0 it is obviously zero for all ¢ > 0. Let » > 0 be so large that the
support of H is contained in the ball of radius r in R?. Then we have

/Rd Yk €Xp ( - M) dv2u(y)

2v
H(tla—y
= / Yk €Xp < - %) dy2u (y)
{yeR?| la—y|<r/Vt} v
H(Vt(a —
+ / Yk €Xp < - M) dy2u (y)
{yeR?| la—g|<r/Vt} v
< / Cidy = Cot™ 2, Wt > 1, (33)
{yeR?| la—y|<r/Vt}
for suitable positive constants C; and Cy and where § = (Y1, .., =Ygy - -+, Yd)-

Estimate (33) gives us

4.3 Probabilistic interpretation and related result

Again, we consider the solution U(t,x), t > 0, x € R?, d > 1, of the initial
value problem (19) as in Theorem 4.3. In step 3 of the proof of Theorem 4.3
we have proved that there exist ¢ € N and ¢, > 0 such that Yy (¢,a) € G:;
and hence also Uy (t, Vta) € G:; foralla € R?, t > ty, 1 < k < d. Therefore,
the Wick monomial of n-th order U™ in its generalized chaos decomposition,
see (15), is a square-integrable function.

Theorem 4.9 Let U(t,x),t >0,z € R, d > 1, be as in Theorem 4.3.
(i) Fach component of the scaled chaos of order n

t1/2+a/4

DAY Vi)
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converges in mean square to zero, uniformly in a € R, as t tends to infinity
for alln € Ny, n # 1.
(i1) Finite dimensional distributions of the vector valued Gaussian random

field
11/2+a/4

L2V

converge weakly to finite dimensional distribution of the random field X (a),
a € R, ast tends to infinity.
(iii) Each component of the renormalized random process

UM (t,Vta), acR?,

t1/2+a/4

— mR(N)U(t, Vita) — X(t,a), t>tg,

R(N)Y (1, )

where
R(n) _ (n!)—l/Z 2(n—1)l1/2’ n e N, R(O) _ 2—(1/27

and N = dU'(Id) is the number operator, see Section 2.2, is a process in
L*(u). Moreover, it converges in mean square to zero, uniformly in a € RY,
as t tends to infinity.

Proof: (i): Since every chaos converges separately, this is an immediate
consequence of Theorem 4.3.
(ii): Utilizing the rules for the Wick calculus, see Section 2.3, we find

1/2+a/4
L'2(Vt)
see (30). One easily checks that for all ¢ > 0 finite dimensional distributions

of the Gaussian random field N(t,a), a € R?, 1 < k < d, coincide with finite
dimensional distributions of the random field

la—d)/4

L'2(Vt)

U (t,vta) = Ni(t,a), t>0,a€cR,

~

N(t,a,w) =1 (w,K(t,a,-)), weSRY,

where

K(t,a,p) = explipa) exp(—vtp) [ *(p/ D)5, p € R

31



Now in the same way as we proved mean square convergence of (N(t,a) —
Xy(t,a)) to zero we can prove mean square convergence of N (¢, a) to Xj(a) as
t tends to infinity. Finally, applying the Cramér Wold device we can conclude
statement (ii).

(iii): This follows by Theorem 4.3 together with the equality

I R(N)Y (t,a) [|peuy= 2" | Y (t, @) llo,—g,-1 -
|

Remark 4.10 Theorem 4.9 shows that the scaling limit for the solution of
Wick type Burgers equation is almost the same, including the type of conver-
gence, as that of the Burgers equation with ordinary product. In [LPW96] it
has been shown that finite dimensional distributions of the scaled solution of
Burgers equation with ordinary product weakly converge to the random field
X(a), a € R, when t tends to infinity, see Remark 4.4(ii). In Theorem
4.9 (ii) we proved that finite dimensional distributions of the first chaos of
the scaled solution of the Wick type Burgers equation weakly converge to the
same random field. Since the solution of the Wick type Burgers equation is a
generalized random field and therefore in general not measurable in the usual
sense we can not prove convergence in distribution for the entire solution.
Nevertheless, the limiting behavior of the scaled solution of Wick type Burg-
ers equation is very close to that of the scaled solution of Burgers equation
with ordinary product, because all other chaos, see Theorem 4.9 (i), in mean
square converge to zero.
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