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White Noise Analysis Scaling and localized scaling
Wick formula

White Noise J
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White Noise Analysis Scaling and localized scaling
Wick formula

White Noise spaces

Hida and regular test and generalized functions:
(S)cgclP(wcsg c(s)

The dual pairing between (S)’ and (S) is denoted by (-, -)).
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White Noise Analysis Scaling and localized scaling
Wick formula

White Noise spaces

Hida and regular test and generalized functions:
(S)cgclP(wcsg c(s)

The dual pairing between (S)’ and (S) is denoted by (-, -)).
Wiener-Ito-chaos decomposition of @ € (S)’:

@ZZI(Q)(n)):Z<: @n . @)y @(n)e(m)w
n=0 n=0

—— ®n

For @ € G’ one has that @™ € (L2(R))
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White Noise Analysis Scaling and localized scaling
Wick formula

White Noise spaces

Hida and regular test and generalized functions:
(S)cgclP(wcsg c(s)

The dual pairing between (S)’ and (S) is denoted by (-, -)).
Wiener-Ito-chaos decomposition of @ € (S)’:

@ZZI(Q)(n)):Z<: @n . @)y @(n)e(m)w
n=0 n=0

— ®n
For @ € G’ one has that @™ € (L2(R))
S- and T-transform of ® € (S)’:

S®(g) = (@,:exp({-.g)):)) TP®(g) =D, exp(i(-,g)))) g€ S(R)
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White Noise Analysis Scaling and localized scaling
Wick formula

White Noise spaces

Hida and regular test and generalized functions:
(S)cgclP(wcsg c(s)

The dual pairing between (S)’ and (S) is denoted by (-, -)).
Wiener-Ito-chaos decomposition of @ € (S)’:

— ®n
For @ € G’ one has that @™ € (L2(R))
S- and T-transform of ® € (S)’:

S®(g) = (@,:exp({-.g)):)) TP®(g) =D, exp(i(-,g)))) g€ S(R)

Remember the characterizations of (S)’ and G’ and the corresponding sequence and
integral theorems, see [PS91], [KLP*96] and [GKS97]
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White Noise Analysis Scaling and localized scaling
Wick formula

Important examples

m Brownian motion and Brownian bridge

t
Bi() := (- 1pg.0)) :J w(s)ds, 0<fy<t<oo,
f

s S
BY () i= (- 1p.0)) — ?<-,1[,0,,)>, O<th<s<t<oo.
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Scaling and localized scaling
Wick formula

White Noise Analysis

Important examples

m Brownian motion and Brownian bridge
t
Bi() := (- 1pg.0)) :J w(s)ds, 0<fy<t<oo,
f

s S
BY () i= (- 1p.0)) — ?<-,1“0,,)>, O<th<s<t<oo.

m Donskers Delta: 5((-,h) —a) € (S)', he [3(R), a€ R, z.B.fir h =1y s,
0<t<oounda=x— x gilt:

1
3(5(('x1[t0,t)> —a))(g) = m exp <*m
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White Noise Analysis Scaling and localized scaling
Wick formula

Important examples

m Brownian motion and Brownian bridge
t

Bi() := (- 1pg.0)) :J w(s)ds, 0<fy<t<oo,
f

s S
BY () i= (- 1p.0)) — ?<-,1[,0,,)>, O<th<s<t<oo.

m Donskers Delta: 5((-,h) —a) € (S)', he [3(R), a€ R, z.B.fir h =1y s,
0<t<oounda=x— x gilt:

1
S(‘S(('r1[t0,t)> —a))(g) = m exp <*m((9-1[q),t]) - (X*Xo)]2>

m Normalized exponential:

@ = Nexp (;(1 +i)J

fo

4]
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White Noise Analysis Scaling and localized scaling

Wick formula

Scaling and localized scaling J
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White Noise Analysis Scaling and localized scaling
Wick formula

Skalierungsoperator:

For ¢ € (S) the scaling in v/i of ¢ by

(o/;0)(w o (Viw), w € S (R).

ad 0 & (n+2k) [i—1\K
oLiP=) <: W VI % <?> k(12K ) (1)
n=0
where tr¥* (112K s defined by

K M2k = (Tr®k, <o‘"+2“) s € SR, Tr(£®m) = (£,1) 1205, &1 € S(R)

L2(R)
Properties:
m Wecall A ; C (S)' its domain, i.e. the set of @ € (S)’ for which (1) converge in
(S)
m For @, V¥ € A\/i with OV ¢ A\ﬂ, one has that c\ﬂ(d)‘i/) =0 ;00 ;Y.
]

Nexp (%J w(T)sz> O = G%G\ﬂd) € (9).
R
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White Noise Analysis Scaling and localized scaling
Wick formula

Lokalized scaling

%) k
(n+ 2k)! 1 v imiok
OViggt® = Z <: Z Kinl (T) tr K72 )>- ()
n=0
0 <ty < t, where trf, * (") is defined by

oo € S'(R)®"

uf M2 = (Tr‘fg’f;, <P("+2k))

L2(R)
Ty (E®M) = (5,1[t0,t)n)L2(R)- &mn € SR)
Properties:
m Analogously to the scaling we define its domain A\ﬂ,tg,t c (9)

=@ €Ay,  wihkernels @M, ne N fulfills 1%0"” @M = @ then
U\ﬂ.tg,tq) =00 . Eg © =38(w, 1) + X — X)
=

I+1 t 2 T
Nexp (2 L w(T) dT) O = G\ﬂ,to,to\ﬂvfoqu) e(8), de Aﬁw.
o
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White Noise Analysis Scaling and localized scaling
Wick formula

(5
Wick Formula
How to realize products of regular distributions with Donsker’s
Delta?
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White Noise Analysis Scaling and localized scaling
Wick formula

The Wick formula:

orthogonal projection
Ph:G— G, @ — @(-— (. hh), hel?R), |h]z=1
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White Noise Analysis Scaling and localized scaling
Wick formula

The Wick formula:

orthogonal projection
Ph:G— G, @ — @(-— (. hh), hel?R), |h]z=1

translation

T:9—=G @—e(-+n), neli(R)
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White Noise Analysis Scaling and localized scaling

Wick formula
The Wick formula:
orthogonal projection
Pr:G— G, @ — @(-—(.hh), hel’(R), ||hl|z=1
translation

n:G—G @—@(-+n), nelLE(R)

Theorem

The product of ® € G’ with & ({-, hy — a), h € L?(R), ||h||,2 = 1, and a € C, exists in
G’ if and only if the orthogonal projection P,® & 9’ Furthermore

((-hy—a)® =5 ((,h) —a) &TanPr®,

where the Wick product is an independent pointwise product.
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White Noise Analysis Scaling and localized scaling

Wick formula
The Wick formula:
orthogonal projection
Pr:G— G, @ — @(-—(.hh), hel’(R), ||hl|z=1
translation

n:G—G @—@(-+n), nelLE(R)

Theorem

The product of ® € G’ with & ({-, hy — a), h € L?(R), ||h||,2 = 1, and a € C, exists in
G’ if and only if the orthogonal projection P,® & 9’ Furthermore

5((hy—a)® =5 ({ h)y—a) & TanPr®,
where the Wick product is an independent pointwise product.

Example: @ = xo + (-, 145,5))s h = 1(3,,1), @ = X — Xo, then:

1 1 _
5 ((',1[r0,r)) - (X*XO)) D = m5 (< \/%> - H) (Xo + <'r1[t0,s)>)
=95 ((w1[x0,t)> - (X*Xo)) & (Xo - f:ttg (x —Xo) + <'-1[t0,s) - f%ttshto,n>)
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White Noise Analysis Scaling and localized scaling
Wick formula

Idea of the proof:

[ 1 Lemma (Westerkamp 1995)

Let@ € G, he L3(R), ||h||,2 =1, and a € C, then:

1

Eef%#((p (-+ (a— (- h))A)

(3 ((-.h) —a), o)) =
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White Noise Analysis Scaling and localized scaling
Wick formula

Idea of the proof:

[ 1 Lemma (Westerkamp 1995)

Let@ € G, he L3(R), ||h||,2 =1, and a € C, then:

(5 () —a), o)) = \/%e*%azaw (-+(a— (- h)h)

m Using this Lemma one can show that the Wick formula in G holds:
S((hy—a)@=5((h—a &e(+(@(.hnh
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White Noise Analysis Scaling and localized scaling
Wick formula

Idea of the proof:

[ 1 Lemma (Westerkamp 1995)

Let@ € G, he L3(R), ||h||,2 =1, and a € C, then:

(5 () —a), o)) = \/%e*%*a(p (-+(a— (- h)h)

m Using this Lemma one can show that the Wick formula in G holds:
S((hy—a)@=5((h—a &e(+(@(.hnh

m the translation T, is a continuous mapping from G into itself.
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White Noise Analysis Scaling and localized scaling
Wick formula

Idea of the proof:

[ 1 Lemma (Westerkamp 1995)

Let@ € G, he L3(R), ||h||,2 =1, and a € C, then:

(5 () —a), o)) = \/%e*%*a(p (-+(a— (- h)h)

m Using this Lemma one can show that the Wick formula in G holds:
S((hy—a)@=5((h—a &e(+(@(.hnh

m the translation T, is a continuous mapping from G into itself.

m Let ® € G’ with kernels ® ("), n € N. Then P,® € G’ if and only if

M
lim P, ’ = L.®n. @ .
Jm Prou €S’ oum r;)( )ES

In this case Py ® = limy_ . Phom-
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White Noise Analysis Scaling and localized scaling
Wick formula

Idea of the proof:

[ 1 Lemma (Westerkamp 1995)

Let@ € G, he L3(R), ||h||,2 =1, and a € C, then:

(5 () —a), o)) = \/%e*%*a(p (-+(a— (- h)h)

m Using this Lemma one can show that the Wick formula in G holds:
S((hy—a)@=5((h—a &e(+(@(.hnh

m the translation T, is a continuous mapping from G into itself.

m Let ® € G’ with kernels ® ("), n € N. Then P,® € G’ if and only if

M
lim P, ’ = L.®n. @ .
Jm Prou €S’ oum r;)( )ES

In this case P, ® = limy— o Prom.
= With Step 2 and 3:

@5 (- h)—a) = M'ﬂ"w eud ({-,h)y—a) = A)iinooTath(PM &8 ((h)—a)

—tan i Prou) © 5 (1)~ @) = TaPh® O 5 () —a) € &
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The classical approach and perturbation series
The complex scaling approach
Combination of both approaches

Applications to Feynman path integrals

(5
Applications to Feynman path integrals J

m R. P. Feynman. Space-time approach to non-relativistic quantum mechanics.
Rev. Modern Physics, 20:367-387, 1948.

m T. Hida and L. Streit. Generalized brownian functionals and the feynman
integral. Stoch. Proc. Appl., 16:55-69, 1983.
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The classical approach and perturbation series
The complex scaling approach
Combination of both approaches

Applications to Feynman path integrals

(5
The classical approach and the Khandekar-Streit class J

m D.C. Khandekar and L. Streit. Constructing the Feynman integrand. Ann.
Physik, 1:46-55, 1992.

m A. Lascheck, P. Leukert, L. Streit, and W. Westerkamp. Quantum mechanical
propagators in terms of Hida distributions. Rep. Math. Phys., 33:221-232,
1993.
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The classical approach and perturbation series
The complex scaling approach

Applications to Feynman path integrals Combination of both approaches

General White Noise Ansatz for Feynman integrands

Feynman Integrand in White Noise

i t

Iy = Nexp (2 J: x(T)%dt + %J: x(T)? dT) exp (—if V(x(T)) dT) 5(x(t)—x)
0 0

0o

t
Iy = lyexp <:J V(x(r)) dr) = Z(—i)"J

fo o R

| TIvisesixtn) - x) dya,
n j—1

where Ap ={(n, ..., m)ltg=rn<n<...<rm<t} Fora special class of
potentials /,, is constructed as a Hida distribution in [KS92] and [LLSW93].
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The classical approach and perturbation series

- . The complex scaling approach
Applications to Feynman path integrals Combination of both approaches

The Khandekar-Streit class

The interactions:

Va(x) = LR 5(x — y) dmly), 3)

where dm(y) := va(y)dy is a finite Borel measure of compact support, K. For
simplicity we assume that v, : R — R to be a continuous function with compact
support.

The Feynman integrand :

ly = IO+Z(*")HJR J (Ioné () —x ) vo(x;) dridx; € (S)
n=1

To g to < t< T and X, Xo € R.
T-transform of /y:

T() (@) =+ Y (=" j (/0H5 () &)(Q)Vz(xj)dfjdxjv
forallg € S(R).
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The classical approach and perturbation series
The complex scaling approach
Combination of both approaches

Applications to Feynman path integrals

(5
The complex scaling approach J

m R. H. Cameron. A family of integrals serving to connect the Wiener and
Feynman integrals. J. Math. and Phys., 39:126—140, 1960/1961.

m H. Doss. Sur une resolution stochastique de I’equation de schrédinger a
coefficients analytiques. Communications in Mathematical Physics,
73:247-264, Oktober 1980.

m M. Grothaus, L. Streit, and A. Vogel. The Complex Scaled Feynman-Kac
Formula for Singular Initial Distributions. 2010. Accepted for publication in
Proceedings of the "International Conference on Stochastic Analysis and
Applications”, Hammamet, Tunisia, October 12-17 2009 , Stochastics, An
International Journal of Probability and Stochastic Processes.
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The classical approach and perturbation series
The complex scaling approach

Applications to Feynman path integrals Combination of both approaches

Informal ansatz

T L L [t
Iy = Nexp §L x(T)°dTt+ §J x(T)°dt | exp 7IJ' V(x(t))dTt | d(x(t)—x)
0

fo

fo

t
_ T - g ) _
= Vit <c‘ﬂ <T =M. P‘/*erO"“o-tl ( /J{O Vix{=)) dT)) Coyid(x(h) X)>

For which kind of potentials this formula is useful?

t
=0l 1OV (exp (—iJ V(x(T)) d’t) 5(x(t) —x))
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The classical approach and perturbation series
The complex scaling approach

Applications to Feynman path integrals Combination of both approaches

The Doss class

The Domain
For O C R open, where R \ O is a set of Lebesgue measure zero, we consider the set

D={z=x+ViyeClxe 9,y eR}cCC.
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The classical approach and perturbation series
The complex scaling approach

Applications to Feynman path integrals Combination of both approaches

The Doss class

The Domain
For O C R open, where R \ O is a set of Lebesgue measure zero, we consider the set

D={z=x+ViyeClxe 9,y eR}cCC.

The potentials
We consider V : D — C analytic fulfilling suitable integrability conditions
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The classical approach and perturbation series
The complex scaling approach

Applications to Feynman path integrals Combination of both approaches

The Doss class

The Domain
For O C R open, where R \ O is a set of Lebesgue measure zero, we consider the set

D={z=x+ViyeClxe 9,y eR}cCC.

The potentials

We consider V : D — C analytic fulfilling suitable integrability conditions
Examples

V:C—-C

X — x5

(or more general a potential of degree 4n+ 2, n € N)
For O =R\ {b},beR

Vi:D —C Vo:D —C
a a

X —

X *—or

wherene Nyae Candbe R



The classical approach and perturbation series
The complex scaling approach
Combination of both approaches

Applications to Feynman path integrals

Let V be a potential as above, 0 < ty <t < T and x, xog € O such that

Xo + % (x —xg) € O for all ty < r < t. Then the corresponding Feynman integrand
exists as a Hida distribution and is given by

t
_ i S—1y -
ly = G\ﬂ,to,t<d‘ﬂeXp< IL Vi(xg + % (x —Xxg)

0

Ss—10

+ 1) — m(nhto,t))) dr><> o 8(x(t) — x)),

where the Wick product inside is an independent product.
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The classical approach and perturbation series
The complex scaling approach
Combination of both approaches

Applications to Feynman path integrals

Let V be a potential from the Doss class, 0 < fp < t < T < oo, X, Xg € R such that

X0 + %(x—xo) € O forallty<r <t Thenforallg € S(R) we get that

: , , 1
Ky (%, 10, 10) = exp <,,Xg(,) + %g(to) + Ewgm%) Tiy(9)
t
= E<owexp <— th V(Bgf{;;) 4 g(r)Bg{;;X dr)
0
x E (08¢ 1) + %0 — X))

where A = [y, t] and g is the restriction of g to the complement of A. Moreover
K‘(,g ) (x, t; xo, t) solves the Schrédinger equation

.0 1 ; ,
(I&_EA_ Vg(f,X)> K\(/g] (X, t; X0, ) = i8x, ¢, (4)

Here Vg(t,x) = V(x)+g(t)x, forall0 <t < T and all x € R.
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The classical approach and perturbation series
The complex scaling approach
Combination of both approaches

Applications to Feynman path integrals

Let V be defined as above, ly < t; < ... < tp11 =t and x; € O such that there exists
aconvex set A C O withx; € A forall0 < j < n+ 1. Then

T(/vl‘[é(x(tn xn) (9) = exp ( — glanels-+igt) - x—gle) - x0)
=1

n+1 (¢
< TTKS (6 %1, 5-1),
j=1

forallg € S(R).
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The classical approach and perturbation series
The complex scaling approach
Combination of both approaches

Applications to Feynman path integrals

Combination of both approaches J
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The classical approach and perturbation series
The complex scaling approach
Combination of both approaches

Applications to Feynman path integrals

Theorem

LetV = Vi + Vo, where V4 : C — C is in the Doss class and Vs is defined as in (3).
Then the corresponding Feynman integrand is given as a Hida distribution by

o0

=3 (=i

n=0 R7

n

[ i TTs0xtn) = x)val) o s, (5)
n j=1
forallx,xp e Randall0 < th) <t < T < .

Idea of the proof Use the characterization theorem for sequences and integrals and the
previous knowledge... and the following Lemma
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The classical approach and perturbation series
The complex scaling approach
Combination of both approaches

Applications to Feynman path integrals

Let V : C — C be a potential from the Doss class,
O0Kh=n<n<..<m<rhy=tandx €R,j=1,...,nforneN. Then there
exists some constants 0 < C < oo such that

'n+1 4 r—r
S| exp 7IZJ 174 X/,1+ﬁ(X/*X]71)
j=1 70— Y-

+ Vi) = Ve, [,],1,,,.)>> dr)) (zg)'

= =i

1
< sup B(y)Cexp (§|z|2|g|§> (6)
y€Kn

forallz € C and allg € S(R). Here B: R — R locally bounded and K, denotes the
convex hull of {xy, ..., Xp+1)-

Follows directly by the integrability conditions on V
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The classical approach and perturbation series
The complex scaling approach
Combination of both approaches

Applications to Feynman path integrals

LetV = Vi + Vo, where Vy : C — C is in the Doss class and V> is defined as in (3),
0<fhp<t<T<oandx,xg €R. Then forallg € S(R) we get that

5 , , 1
K\(/g)(X, £ X0, fo) := exp (—/xg(t) + ixog(ty) + Elgm\g) Tly(g)
solves the Schrédinger equation for all x, X € R,0 < fo <t < T, ie.
.0 1 (@) ) ,
/a—éA— Vg (£,.x) ) K77 (Xt X0, To) = i0x, 8¢y (7)

Here Vi (t, x) = V4(x) + Va(x) +g(t)x, forall0 <t < T and all x € R.
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The classical approach and perturbation series
The complex scaling approach

Applications to Feynman path integrals Combination of both approaches

Idea of the proof |

|
. s} n+1 . n
K xtixo,to) = 3 (<007 | TTKE 051,600 [T velog) oy iy,
n=0 RT A 54 j=1
|

K (xtio,to) = KiE (0, 0) = 1| [ K2 [ ty, DKL (1., o) vely) dy o,
®)

m Setly, =i% + %% + V4 (x) — g(t)x and denoted its adjoint by ZT,1.
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The classical approach and perturbation series
The complex scaling approach

Applications to Feynman path integrals Combination of both approaches

Idea of the proof I

m Using (8) and Fubini’'s Theorem we get for ¢ € D(Q) that
(1)
= (K2 o) [ [ K9 00,53, PGP (i ) vy o )
= <K\(/‘:]] (X, t; Xo, to), ZTA (p>

_ i”K{,?” (V. F: X0, 1o) “ K9 (x, tiy, Ly, @ (x, 1) dx it v (y) dy .
m Since K‘(,f” is the Green'’s function of Zv1 it follows that

i 00,0 + | [ KOy, rixo,6) @y, r)va(y) dy o = (18,5, 0) + (2K, ).
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The classical approach and perturbation series
The complex scaling approach
Combination of both approaches

Applications to Feynman path integrals

Thanks for your attention!
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The classical approach and perturbation series
The complex scaling approach
Combination of both approaches

Applications to Feynman path integrals
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The classical approach and perturbation series
The complex scaling approach
Combination of both approaches

Applications to Feynman path integrals

Assumption

Let0 < T < co. We assume that the potential V : D — C is analytic and that there
exist a constant 0 < A < oo, a locally bounded functions B : O — R and some ¢ < sir
such that for all xo € © and y € R one has that

lexp (—iV(x))| < Aexp (sx2> and )exp <fl'V(Xo 4 \/7}/))’ < B(xp) exp (eyz) .

Assumption

Let0 < T < o and V : D — C such that Assumption 9 is fulfilled. Then we require
that there exist a locally bounded function C: O x O — R and some 0 < ¢ < 817 such
that for all xo, x1 € O and y € R one has that

1% (xo 4 \/7y> exp (—iv (x1 4 \/7y>) < Cl(xg, X1) €Xp (eyz)

and

% 1% (xo 4 Wy) exp (—iv (x1 4+ \ﬂy))

< C(xp, X1) exp (syz) :

Here % denotes the derivative of z — V(z).
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