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MACRO and MICRO models

PDE anD SPDE

as macroscopic descriptions coming from
microscopic models via, in particular,

— scaling limits
(e.g., for densities)

— scaling of fluctuations
(normal or abnormal, equilibrium or non-equilibrium)

— closure of (infinite linear) moments systems
(leading to non-linear but finite systems of PDEs)

— hierarchical chains (BBGKY etc.)

— heuristic arguments

(e.g., chemotaxis, porous media, mathematical finance, ....
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MACRO and MICRO models

Some qualitative predictions
based on the use of PDE and SPDE

may be considered as approximations (in a sense)
to possible behaviors of microscopic systems,

which are mathematical caricatures of real world models,
which are .....

"All models are caricatures of reality.”
Mark Kac

MICRO = MACRO ?

MACRO = MICRO ?
Inverse problems, calibration, data assimilation, etc.
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Complex Systems: BIO sciences systems in Contnuum

Continuous vs.
Discrete

Yu. Kondratiev

Introduction

S.Levin (Princeton)

" Complex Adaptive Systems: Exploring the Known, the Unknown
and the Unknowable”

Bull. AMS, 2002:

(1) diversity and individuality of components

(2) localized interactions among components

(3) the outcomes of interactions used for replication or
enhancement of components



Interacting Particle

Complex Systems: SOCIO sciences sysems in Cotiuu
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Introduction

Philip Ball " Critical Mass” (2004): PHYSICS OF SOCIETY

— Complexity theory seeks to understand how the order and
stability arise from the interactions of many agents

— We can make predictions about society even in the face of
individual free will, and perhaps even illuminate the limits of that
free will

— It is a science of humans collective behavior

Thomas Hobbes, " Leviaphan" (1651):
WE MUST ASK NOT JUST HOW THINGS HAPPEN IN SOCIETY,
BUT WHY.



Statistical Mechanics for CS

R.Gomory:

The central problem is to develop an appropriate

statistical mechanics that allows one to separate the

knowable unknown from the truly unknowable.

Such mechanics will have to deal with heterogeneous ensembles of
interacting agents and with the continual refreshment of that
ensemble by novel and unpredictable types.
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Statistical Mechanics for CS

The shift from Newtonian determinism to statistical science
is what makes a physics of society possible.

SOCIETY ITSELF IS FUNDAMENTALLY
A STATISTICAL PHENOMENON.
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Statistical Mechanics for Physics systems n Continuum
Discrete

Yu. Kondratiev

Introduction

Equilibrium StatPhys
Non-equilibrium StatPhys
Hamiltonian dynamics

Stochastic dynamics
(e.g., Glauber, Kawasaki, Metropolis, ...)

| (Math. StatPhys) C (ID Analysis) |




Interacting Particle Systems

IPS as models in

condensed matter physics

chemical kinetics

population biology, ecology (individual based models=IBM)

sociology, economics (agent based models=ABM)

Lattice (or) (and) (vs.) Continuous
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Individual Based Models

R. Law et al., Ecology, 84(2003):
IBM is a stochastic (Markov) process
with events comprising

birth,

death,

and movement.

Ecological models:

Bolker/Pacala, 1997, ...
Dickmann/Law, 2000, ...

Birch/Young, 2006
Kondratiev/Srorokhod, 2006

Meleard et al., 2007
Finkelshtein/Kondratiev/Kutovyi, 2007
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Introduction
We will consider
INDIVIDUAL BASED DYNAMICAL COMPETITION MODELS
rather than

COEXISTENCE REGULATION MECHANISMS,
C.F.,

K/MINLOS/ZHIZHINA, '07 (ECONOMICS)
K/KUNA/OHLERICH, '07 (GENETICS)
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Configuration spaces srams o Compm

Continuous vs.
Discrete

Yu. Kondratiev

Mathematical
Framework

X = locally compact Polish space
(e.g., X = R? below)

o(dx) intensity measure (= z dx)
I'=T(X)>~, v C X locally finite configuration

F : T — R observables



General facts and notations

The configuration space:

I':={yCR? |[ynA| < oo for all compact A C R?}.

| - | - cardinality of the set.

Vague topology O(T):
the weakest topology
s.t. all functions

FBVHZf(x)GR

xeEY

are continuous for all f € Co(R?).

Remark: I' is a Polish space.
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Mathematical

n-point configuration space: Framework

I = {y CR | [l =n}, neN,

The space of finite configurations:

Ty = |_| .

neNy



Classes of functions: L°(Ty): measurable functions on Ty,
LY(Tp): measurable with local support on Ty

G e L{)S(F()) & JAe Bb(Rd) G rFo\FA: 0,

Byps(T'o):  bounded with bounded support on Ty

G € Bys(Ty) < bounded & IN € N, 3 A € B (RY) :

G| 0.

Lo\ LA, T~

Cylinder functions on I":
FLO(T): G € L), s.t. for some A € By(R?).

F(y) = F().
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K -transform e

Continuous vs.
Discrete

Yu. Kondratiev

Mathematical
Framework

Combinatorial Fourier transform (Lenard; Kondratiev/ Kuna):

KG(y) =) G(9),

£EY

v e Fa G e L?S(FO);

K-'F(n) = 3 (~)M F(),

£Cn

n €Ty, FeFLT).
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Convolution (Kondratiev/Kuna): Mathematica

Framework

(G1* G2)(n) == > G1(&1 U &2)Ga2(& U &),

(€1,62,63)€P5(n)
with property
K(Gl *Gg) = KGl . KGQ,
Gl,G2 S L?S(FO)



Correlation measure

M} (T) = probability measures with finite local moments.

Mis(To) = locally finite measures on I'y.

One can define
K*: M} (T) — My(To) :

Vi e M} (1), G € Bys(To)

/F KG(uldy) = [ Gn) (5 ) (dn).

o

pu = K"p

is called the correlation measure.
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Theorem
Let € M} (T') be given. For any G € L' (T, p,) we define

KG(v):=Y_ G(n),

neExy

Mathematical
Framework

where the later series is j-a.s. absolutely convergent.
Furthermore, we have KG € L*(T', i),

G(n) pu(dn) = / (KG)(7) ul(d).

To
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Lebesgue-Poisson measure s i

Continuous vs.
Discrete

Yu. Kondratiev

Mathematical
Framework

o = Lebesgue measure on (R%, B(R%)).
For any n € N measure ¢®" can be considered on (R)".
o™ = projection on I'("™).

The Lebesgue-Poisson measure )., z > 0 on ['g:

A, = i %o—(").

n=0

The restriction of A, to I'y we also denote by ..
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Poisson measure e Ll

Continuous vs.
Discrete

Yu. Kondratiev

Mathematical
Framework

The Poisson measure 7, on (I, B(T')) is given as the projective
limit of the family of measures {W;\}Aegb(w), where 72 is the
measure on 'y defined by



. . InteracFing Pa_rticle
Correlation functions systems n Continuum
Discrete
Yu. Kondratiev
1 Mathematical
1 Framework
A measure p1 € Mg, (T) is called

locally absolutely continuous
w.rt. m, iff pp = uopX1
is absolutely continuous with respect to 7% = 7, opxl

for all A € By(R?).

In this case p, := K™ is absolutely continuous w.r.t A.

dp
k#(n) = dAM (77)7 77 € FO'
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Mathematical
Framework

kY (R — RT

kﬁ”)(ml, ey X)) =

ky({z1,...,zn})

correlation functions.
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Mathematical
Framework

Definition
A measure p € M;(T) is called positive definite if

/F (G*T)m)p(dn) = 0, VG € Byy(To),

where G is a complex conjugate of G. The measure p is called
normalized iff p({0}) = 1.
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Theorem (Kondratiev/Kuna)

Mathematical
Framework

Let p € M;¢(T'y) be given. Assume that p is positive definite,
normalized and that for each bounded open A C R?, for every
C > 0 there exists Dy ¢ > 0 s.t.
p(FX) < DA)CCm, n € Ny.
Then there exists a unique measure |, € M}cm(I‘) with p = K* .

Remark: A sufficient condition for the bound in the theorem:

p(TRY) < (nh) =2 (Ca)™
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BAD generatOI’S systems w'_n Continuum

Continuous vs.
Discrete

Yu. Kondratiev

Mathematical

Birth-and-death processes in continuum Framework

=Y d@y\2)[F(y\ ) = F(y)]+

TeEY

/X b, 7) [Fly U ) — F(7)) da

BIO (ecology) processes are specified by:

b(z,v) =2 ye, By(z,7)
b(z,0) =0
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Existence problem symeme n Conta

Continuous vs.
Discrete

Yu. Kondratiev

Mathematical
Framework

K/Lytvynov
K/Lytvynov/Réckner
K/Kutoviy/Zhizhina
K/Kutoviy/Minlos

Holley/Stroock
Ferrari/ Garcia
K /Skorokhod
Garcia/Kurtz

} Dirichlet forms

} Glauber dynamics

particular classes



Interacting Particle

Correlation equations i e A

Continuous vs.
Discrete

Yu. Kondratiev

Mathematical
Framework

(= moment equations = hierarchical equations)
Lo = initial distribution
X} €T' Markov process with initial distribution p

ui € MY(T) distribution at time ¢ > 0



Correlation functions

f(xq,...,z,) symmetric function on X,
v=A{x1,22,...} C X

/1“ Z f(n)(ajh Yo 7$in) dM(V)

Lenard
K/Kuna
Berezansky/K/Kuna/Lytvynov

FD ) K () do(yn)

Interacting Particle
systems in Continuum
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Yu. Kondratiev

Mathematical
Framework

do(yn)



. . . Interacting Particle
Correlation functions dynamics systems in Continuum
Discrete
Yu. Kondratiev
In components: Mathematical
Framework
k™
= (Lerky)™,n >0
ot ( CF t) =2

Ok,

L =Lerk

Ot CF vt

Ler: CF evolution generator

General theory of CF generators for BAD processes
and several particular models: [Finkelstein/K/Oliveira '07]

Compare: BBGKY-hierarchy etc.
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Spatial birth-and-death processes systems in Continuum

Continuous vs.
Discrete

Yu. Kondratiev

We consider a Markov pre-generator on I, the action of which is
given by
(LF)(/.Y) = (Lb,dF)(’Y) = Glauber dynamics for

Gibbs states
=Y\ oD FO) + [ W) DIF (),

xrey

Dy F(y)=F(y\z) - F(v),

DIF(y)=F(yuz)—F(v).
Our systems are defined via stochastic dynamics.
Symmetrizing measures?




Interacting Particle
systems in Continuum
Continuous vs.
Discrete

A Gibbs measure

Yu. Kondratiev

€GB, z)

is reversible w.r.t. the stationary Markov process
associated with the generator L in L?(T', u) Eel
(i.e. L is symmetric in L2(T, p)) iff: Gibbs states

bz, 7) = ze”?FEd(z, ),
(detailed balance condition)

where E(z, ) is the relative energy of interaction between a
particle located at = and the configuration ~:

B, ) =Y ¢z —y)

yey



Interacting Particle

Gibbs measures e Ll

Continuous vs.
Discrete

Yu. Kondratiev

A measure p € MY(T) is called a Gibbs measure iff

/ > F(y, 2)pldy) = S
r

ey

— [ ntan) [ zdzexpl-BE G MIF(y U, 2
r R
for any measurable function
F:T xR? = [0, +00).

G(z,8) = all (grand canonical) Gibbs measures.



Interacting Particle
systems in Continuum

Glauber dynamics in continuum e o

Discrete

Yu. Kondratiev

Bertini/Cancrini/Cesi '02 (finite volume systems)

b(.’I;, 7) = ze—ﬁE(x7’Y)7 d(fL', fY) = 1 Glauber dynamics for

Gibbs states
[Kondratiev/Lytvynov,'03]:
under general conditions on the potential ¢ and the parameters
0, z there exists a Markov process on I' with the stationary

measure p € G(z, ).
The corresponding Markov generator L has form:

(LE)(y) =) (F(y\ @) = F(7))

xTEY

Tz / exp(—BE(z, 7)) (F(y Uz) — F(7))dz
Rd



We will discuss properties of the operator

in L2(T", u) for

H=-L>0

w € G(zB)
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We will say that the potential ¢ satisfies the integrability condition

(1), if

Glauber dynamics for

v >0 C(B):= / [1-— e_ﬂ¢(x)|dx < 00. Gibbs states

Theorem (Kondratiev/Lytvynov)

Suppose that the potential ¢ > 0 and satisfies the integrability
condition. For any i € G(z,3) the operator H is essentially
self-adjoint in L*(T, ).



Interacting Particle

Poincaré inequality for Glauber generator sytems in Continuum

Continuous vs.
Discrete

Yu. Kondratiev

<HRann=/pww/’wMWDpwww

Rd
r

Glauber dynamics for
Gibbs states

Theorem (Poincaré Inequality)

Assume additionally

1
§:=20(8) < .

Then for the unique Gibbs measure u € G(z,3) holds

Wﬂﬂwwzﬂ—QAWWF<F%fWW%

for all F € D(H).



Remark: all known proofs
Bertini/Cancrini/Cesi 2002 (finite volume)
Wu 2003 (finite volume)
Kondratiev/Lytvynov 2003

Kondratiev/Minlos/Zhizhina 2004
(4 one-particle subspaces etc.)

use the condition ¢ > 0.
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Glauber dynamics for
Gibbs states
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Definition (IbP formula)
The function 7 : X x I' — R which fulfills

Jran T s@\a) = [ vian) [ uanrie s

TEY

Spectral gap
conditions

for all measurable functions f : X x I' — R is called Papangelou
intensity (Pl) of a measure p on (I', B(T)).



Glauber dynamics of continuous particle systems

Consider the Dirichlet form of the Glauber dynamics on L?(T', 1),
where

E(F,G) =
[ utan [ Aoz Pa)@z 60
Dy F(y) =F(y\z) = F(v)
DIF(y)=F(yuz)—F()
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Yu. Kondratiev

Spectral gap
conditions
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The bilinear form £ is closable on L%(T, 11)
and its closure is a Dirichlet form.

The generator (—L, D(L)) of the form (£, D(£))
is given by

Spectral gap
conditions

(LF)(7) =Y _(F(y\z) - F(v))

rey

+ [ (PG U = P
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Theorem

Under mild conditions on Papangelou intensity, there exists a Hunt
process

M = (Q,F, (Ft)t>0, (01)r>0, (X(t))10, (Py)yer)

Spectral gap
conditions

on I which is properly associated with (£, D(E)).
M is up to u-equivalence unique. In particular, M is p-symmetric
and has p as an invariant measure.
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“Carré du champ” and “Carré du champ itéré” s b Crtnan

Discrete

Yu. Kondratiev

Define the "carré du champ” corresponding to L as

1
O(F,G) = §(L(FG) — FLG — GLF). S

conditions

O(F.6) = 3 3 D; FmD; G0 + 5 [ r(@.7)D} FG)DY G()de,
zEY

Iterating the definition of "carré du champ” introduce “carré du
champ itéré" [y

90,(F, F) := LO(F, F) — 20(F, LF).
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Coercivity identity sy in Contimm

Continuous vs.
Discrete

Yu. Kondratiev

Through direct calculations we obtain

Spectral gap
conditions

E(F,F) = / O(F, F) (7 u(d).

/ (LF)*(7)uldn) = / O (F, F)(7)u(dy)
I

T



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Theorem
/ (LF)2(y)u(dy) = / O (F, F) (7)uld)
I
=/( p(dy) + /ZZDDF()M(CW)

r€Y yey\z

4 [ [ r@) [ DErt. 00D FO)DEFO)dydan(an)

Spectral gap
conditions
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Sufficient condition for spectral gap systems in Continuum

Continuous vs.
Discrete

Yu. Kondratiev

The Poincaré inequality

; / (f - / fdu>2 du < E(f, ).

conditions

The largest possible ¢ gives the spectral gap of the generator H.
Coercivity inequality: for a nonnegative (essentially self-adjoint)
operator H (generator of &)

/F (HF)2(y)u(dy) > cE(F,F), ¢ >0

If fulfilled, then (0, ¢) does not belong to the spectrum of H.
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Rewriting in terms of the "carré du champ” and O,

/F Ou(F )l 2 ¢ | D)l

r Spectral gap

conditions

The following inequality is sufficient:

(=0 [ [, @)D P (daan)

+ [ [, [ @Dt ) 0)D) PP F () dydantay) = 0
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Definition
A (generalized) function B : R? x R? — C is called a positive
definite kernel if for all 1 € C§°(R?) holds

conditions

L, [, Benu@iteds(= B.v o) = 0.

Theorem
If for p-a.a. v the kernel

r(@,7)(r(y,7) = (¥, 7 U D)) + (A — )/ r(@, )/ r(y, )5 — v)

is positive definite then the coercivity inequality holds for H with
constant c.
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Coercivity inequality for Gibbs measures systems in Continuum

Continuous vs.
Discrete

Yu. Kondratiev

Theorem

Let ;1 be a Gibbs measure for a pair potential ¢ and activity z. If
for each fixed ~y the kernel

Spectral gap

e*%E(Ea’Y)e*%E(y,‘Y)Z(l — e W) 4 (1 = o)d(z — y) Shnditions

is positive definite then the coercivity inequality holds for H with
constant c.
The condition above with ¢ = 1 holds if
[ [a=e e uwidudy = 0 )
Rd R4

for all 1 € Co(RY).
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Definition
A measurable function u : R — C is called positive definite if
for all 1 € Co(R?)

Spectral gap
conditions

u(z — y)P(x)Y(y)drdy > 0.
Rd Rd

Condition (1) means that z +— 1 — e~ ?(®) is a positive definite
function.



Interacting Particle
systems in Continuum

Examples i

Discrete

Yu. Kondratiev

o(x) f(x) ‘ Parameters
—In(1 - e te? cos(ax)), e—te? cos(ax), t>0,a€R Spectral g
conditions
—In(1 — e "l cos(az)), | e % cos(ax), t>0,aeR
cos(ax) 1
—1n (1_m) 5 mcos(am)7 U>O,(IGR
sin(ax)

In all examples above one can change cos(az) to ~—
We can also give d-dimensional examples.
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Continuous vs.
Discrete

Theorem

Yu. Kondratiev
Let f be a continuous positive definite function which is (R).
Define ¢ := —1In(1 — f).Then ¢ is (SS) and (R). For every
tempered Gibbs measure i with potential ¢ the generator H
fulfills the coercivity inequality for c = 1.

Now we consider which properties a potential necessarily has Spectral gap
. . e conditions
which fulfills condition (1).

Theorem
Let ¢ be a potential which fulfills condition (1) and is (S), (R),
and continuous. Then it is of the form ¢ :== —In(1 — f) and hence

also (SS). Furthermore, ¢ is integrable, itself positive definite in
the sense of generalized functions, and

lim $(z)

—— < 1.
z—0 —21In(x) —
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Lemma
Let f: R —[0,1], f € C?(R), even function, decreasing and Spectral gap

convex on R. Denote ¢(x) = —In(1 — f(z)). Then
fs =1—eP?@) s also positive definite for all 3 such that

0<p<1
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Yu. Kondratiev

In the d-dimensional case we can give following examples:

¢(z) = —In(1 — f(z)).

Spectral gap
conditions

f(x) Parameters
e=tlel? cos(a - x) z € R4t > 0,a € R?
2|2 sin(a;x;
eitl'l" M xeRd7t>0
o 4T

(o)™ 2 2 (rl))

1
2"/21"(%) :

: n+1
v (Jef2+:2) "3

r>0,n>2d—1

t>0,n>d—-1

where .J,, /5 is the Bessel function of the first kind.
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Dirichlet forms — equilibrium Markov processes

Possible initial states:
absolute continuous w.r.t. reversible measures

Non-equilibrium dynamics: general initial states

Problem: how far from equilibrium stochastic dynamics makes K el
sense?

Mathematical formulation: admissible classes of initial measures

References:
K/Kutoviy/Zhizhina, J.Math.Phys., 2006
K/Kutoviy/Minlos, J.Funct.Anal., 2008
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General scheme of construction of systems in Continuum

Continuous vs.
Discrete

non-equilibrium process Y. Kendrates

» Let p: T’y — R be arbitrary positive function. Denote

ME(F) = {pe M) | k, <const-p}.
» Let L be a Markov pre-generator defined on some set of Glauber dynamics Il
functions F(T') given on the configuration space I romequbrium ¢
Comments:
OF;

E - LFt, (KE)

F, =e'"Fy (Markov semigroup)

O
ot

pe = e o (state evolution)

= L*1y, (DKE = FPE)
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> Let

Yu. Kondratiev

L:=K'LK
be a formal K- transform or symbol of the operator L (our
starting object).

» We consider

L:D(LycL—L

in a Banach space Gt cimemies

non-equilibrium case
L= L'(To, pdi1) @Ll (r<” o >a<n>).

Suppose that domain of this operator is such that it is closed
and densely defined in L.

» Suppose that (L, D(L)) is a generator of a semigroup in L:

L — Ui, >0



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

» Introducing duality between Banach spaces £ and

Yu. Kondratiev

K(p) = {]{ :I'g—R ‘ k 'p71 S LOO(Fo,)\l)} :

<< G, k>>=
k
— | Gkan=] G- % pan, Ger,
To To P
we construct semigroup U7, ; > 0 on K(p). ronsailim cae

» Suppose that function p in the definition of K(p) satisfies
Ruelle-type bound. Let k € K(p) is a correlation function (i.e.
the corresponding correlation measure is normalized, positive
definite) and let

ke :=Ufk, t>0

denotes an evolution of function k.

» Assume that for any ¢t > 0, k: € K(p) is positive definite,
normalized function.



Interacting Particle
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Yu. Kondratiev

By the main CF theorem one can easily construct a semigroup on

./\/l[l,:

ko — n,
ky = Ut*k - ;:UH t >0,
1 Glauber dynamics Il
,Ltt — Ut*'LL e Mp non-equilibrium case

The existence of semigroup U/, >0 on M}, implies the existence
of process (X!");>0 associated with generator L for any initial
distribution p € M}.
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Spatial birth-and-death processes systems in Continuum

Continuous vs.
Discrete

Yu. Kondratiev

We consider a Markov pre-generator on I, the action of which is
given by
(LF)() = (LyaF)(7) =

= Z d(z,v\ z)D, F(vy) + / b(z,v)D;} F(v)dx, ronsailim cae
Rd

xrey

Dy F(y)=F(y\z) - F(v),

DfF(y)=F(yUz)— F(v).



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

It is known that a Gibbs measure Yu. Kondratiev

w €GB, 2)

is reversible w.r.t. the stationary Markov process
associated with the generator L in L?(T', u)
(i.e. L is symmetric in L?(T, p)) iff:

Glauber dynamics Il
non-equilibrium case

b(z, ) = ze PE@d(z, 5),

where E(x, ) is the relative energy of interaction between a
particle located at « and the configuration ~:

E(z,7):=) ¢z —y)

yeY



Interacting Particle

Gibbs measures s Contan
Discrete

Yu. Kondratiev

A measure p € MY(T) is called a Gibbs measure iff

/FZF(% 2)p(dy) =

Glauber dynamics Il
non-equilibrium case

— [ ntan) [ zdzexpl-BE G MIF(y U, 2
r R
for any measurable function
F:T xR? = [0, +00).

G(z,8) = all Gibbs measures.



Interacting Particle

Glauber dynamics (G+) s Eonn
Discrete

Yu. Kondratiev

Consider as above the case

Glauber dynamics Il

The corresponding generator: Lt := L. on-equilirium case

Glauber dynamics (G_):

b(x,y) =2, d(z,v)= ePE@ )

The corresponding generator: L.



Interacting Particle

The symbol of Glauber generator on the space of s Coninum

Continuous vs.
Discrete

finite configurations Yo Kendratie

Potential: ¢ :R? — RU {+occ} Borel, even function.
(1) Integrability: V5 >0

c(f) = 11— e P@|dz < oo,
Rd

Glauber dynamics Il
non-equilibrium case

(P) Positivity: ¢(x) > 0 for all x € R<.
The image of L under the K-transform has the following form:

(LG)(n) :== (K" LKG)(n) = —|n|G(n)+

+zZ/Rd G(EUx) H (e_ﬁ‘f’(”_y) — 1)6_BE(x’f)dm =

£Cn ISUANS

= (LoG)(n) + 2(L1G)(n), G € Bps(Io).



Interacting Particle

Non-equilibrium dynamics (G ). Construction of  ssmn corinun

Continuous vs.
Discrete

a semigroup. Y. Kendrates

A = Lebesgue-Poisson measure on I'g with z = 1.
For fixed C' > 0 and 3 > 0, we consider operator L in

EC,,@ = Ll(ro, Clnle_ﬁE(n)d)\(T})). Glauber dynamics 11

non-equilibrium case

Let k := z > 0 be the parameter of the considering model. Then
(LG)(n) = (L.G)(n) = (LoG)(n) + K(L1G)(n),
G e D(Ll) = D(Lo) =
={G € Lc,g| G(n) € Lc,p}-



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Theorem
For any C' > 0, and for all k, B > 0 which satisfy

K €xXp (C(ﬁ)C) < C, (2) Glauber dynamics 11

non-equilibrium case

the operator E,: is a generator of a holomorphic semigroup in
Lc g



Interacting Particle

Construction of non-equilibrium Markov process i o

Continuous vs.
Discrete

Yu. Kondratiev

Fix any triple C, x and 3: kexp (C(8)C) < C.
f]\t(C, Kk, 3) be holomorphic semigroup generated by E;

non-equilibrium case

Ko, g = {k 1T — Ry | k(-) O~ HePEC) ¢ 1oo(Ty, /\)} Glauber dynamics
the space for possible correlation functions.

Duality between quasi-observables G € L, g and functions
ke Kc, 8-

(G, k) == (G, k>L2(F0,)\) :



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Remark: 1. (G, k) 2, ) =

= G(n)CMe=PEM (O~ PEM g)\(n) < .
To

2. k(-) C~IePEC) € L°(Tg, A) implies

Glauber dynamics Il
non-equilibrium case

k(n) < const Cl"e=PE,

Duality determines semigroup on K¢, s:

Uy(C, kv, B) — U (C, K, B).



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Lemma

Let positive constants C, k and (3 which satisfy
kexp (C(B)C) < C

be arbitrary and fixed. The semigroup U} (C,k,3) on K¢, g e
preserves positive definiteness, i.e. e

<<G*G, U (C, n,ﬁ)k>> >0, VG e By(To)
if
(GG, k)) >0,
for any G € Bys(Ty).



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Let M, g - the set of all probability measures on I', locally
absolutely continuous with respect to Poisson measure, with
locally finite moments, whose correlation functions satisfy bound

k(n) < const CMe=AEM),

Theorem Glauber dynarmics I

non-equilibrium case

Suppose that conditions (1) and (P) are satisfied. For any triple of
positive constants C, k and 3 which satisfy

kexp (C(B)C) < C

and any j1 € Mc, g there exists Markov process X|' € I with
initial distribution 1 associated with generator L.



Interacting Particle

Glauber dynamics G _ e Eontm

Continuous vs.
Discrete

Yu. Kondratiev
bz, v) =2, dz,v)= PE@ ),

For arbitrary and fixed C' > 0 we consider L™ in

Le = Li(To, Cax(n)).

Glauber dynamics Il

For the potential ¢ assume: el G

(S) Stability: 3B > 0, s.t. Vn € Ty

E(m) = Y_ ¢x—y)>-Blnl,

{z,y}Cn

(S1) Strong Integrability:

Cs(0) := / |1 — 6'6¢(E)|d217 < 00
Rd



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Theorem
For any C > 0, and for all k, B > 0 which satisfy

Glauber dynamics Il

eCst(ﬁ) 4+ ke2BBo—1 <92 el G

the operator L= is a generator of a holomorphic semigroup in L¢.



Interacting Particle

StOChaStiC grOWth SRS i Qe

Continuous vs.
Discrete

Yu. Kondratiev

BIO: independent growth (plants)

Dispersion kernel:

at(x —y)dz
0 <at € L'(RY) even.

Free growth model

Generator:

(LicF)(7) = Xyey Jpa 0 (@ —y)[F(yUz) — F(y)]dz



Interacting Particle

Stochastic growth srams o Compm

Continuous vs.
Discrete

Yu. Kondratiev

SOCIO-ECO: free development=independent birth
(creation by an outer free will)

(LisF)(7) = 2 [ga(F(yUz) — F(y))da
Free growth model

GENETICS: generalized mutation models
Evans/Steinsalz/Wichtner, 2005



Interacting Particle

Density of population symeme n Conta

Continuous vs.
Discrete

Yu. Kondratiev

Independent Growth: k() ~ CeM, t — oo

Independent Birth:  ki(z) ~ Ct,t — oo

’ Free Evolution Models Free growth model

Problem: to analyze stochastic evolution models in the presence
of global regulations and local competitions



Interacting Particle

|G with mortality = Contact Model systems in Condinuum

Continuous vs.
Discrete

Yu. Kondratiev

Generator:
(LE)(7) = XpeymF(y\ ) = F(y)+
Yy Jraat (@ —y)[F(yUz) — F(y)] da

m =  global mortality intensity

Contact model in

Existence of Markov process: continuum

[K/Skorokhod, 06] finite range a™
[Finkelstein/K/Skorokhod, 07] general case a™



Interacting Particle

Correlation equations for CM st n Coninn
Discrete

Yu. Kondratiev

[K/Kutoviy/Pirogov, 07]
What can happen?

Take translation-invariant initial condition

ki(z) = pr.
Gt =—(m—(a")p

m> (at) = pt — 0 Contact model in

continuum

= pi=po
m = {(a™) critical value of mortality

Possible invariant state: for m = (a™)



Interacting Particle

CF time evolution e i Cortman

Continuous vs.
Discrete

Yu. Kondratiev

k™
ot

(‘rla"'axn) =

—nmkt(n) (1, xn)+

n
(n—1) . )
E [E at T; — &, ]kt (T1, ey Tiye ooy Tp)+ Contact mode in

J#i

Z da )kzgn)(xla'-~7xi71ayaxi+17"'7$n)dy

i=1

.



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Theorem
Let k(()n) < C"n!, n>0.
Then k™ (z1,...,2,) < AMC + t)nen(<a™>—mity)

Remark:

actually for a Poisson initial state and x1, ..., z,, inside a small ball

Contact model in
continuum

k:t(n)(xl,... ) ~ CPnl, > 0,n — oo,
that means

STRONG CLUSTERING!



; Interacting Particle
I systems in Continuum
nvariant measures o
Discrete

Yu. Kondratiev

Let d > 3.

Stationary equation:

Ok
ot

Theorem Contact model in

continuum

Assume a™: [oq]2[?at () do < oo.

Vp > 0 3! solution (k{™):*)>_ corresponding to a measure
p? € MYT) with KVor(z) = p.

We have k(™*(z) < C(p)*(n!)?, n > 1.



For d < 2 u” does not exist!

The point:

dp
/Mgl a(0)—a(p) =

necessary condition for the existence of k(2)*(z, ).

Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Contact model in
continuum



Interacting Particle

CM + Kawasaki dynamics (plankton model) sysems in Cotiuu

Discrete

Yu. Kondratiev

K/Kutoviy/Struckmeier '08

Equilibrium state for CM needs d > 3.
d=27

Consider a CM with a motion of individuals:
take into account different time scales
Generator in the bio-time scale:

=3 [ Ar—pIFO s U - FOld+ CanF)0)

ey dynamics

= ((Lx + Lem) F) ()

| L = Lk(>) + Lem(m.a®) |




Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Critical value m = (a™).

Assume long tail jumps:

/ L _ap<
=, ap o0
pl<1 1= 3(p)

For example:
;}(p) — e~ lpl? CM with Kawasaki

dynamics

1 < « < 2 (stable distributions)



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Theorem

Vp > 0 3! invariant measure p* for CM with Kawasaki dynamics.

INTERPRETATION: super-diffusive stochastic dynamics of
individuals in bio-time scale.

CM with Kawasaki
dynamics



Interacting Particle

Independent birth with mortality s i

Continuous vs.
Discrete

Yu. Kondratiev

Surgailis process:

(LE)(v) =m) e, (F(y\2) = F(7)+
z [pa(F(yUz) — F(y))dx

Unique invariant measure is the Poisson measure on I' with

intensity
z

Free development
m with mortality

ANY non-zero mortality stabilizes the system!



Interacting Particle

Bolker-Pacala model i o s

Continuous vs.
Discrete

Yu. Kondratiev

(= CM + density dependent mortality)

L=Lcy+ La™)

(LR => |m+ > a (-2 | [Fly\z) - F(y)]

€Y ' ev\z

s / [F(yUz) — F(y)dz

yey Ecological models
with competition

a™(x — y) — dispersion kernel
a” (x — y) — competition kernel
0 < a* € LY(RY)



Interacting Particle

CF evolution e e

Continuous vs.
Discrete

Yu. Kondratiev

[Finkelshtein/K/Kutoviy, 2007]
Generator on correlation functions:

(Lork)(n) = ~k(n) [mll + 5 E* ()] -

o /Rd Z a” (z —y)k(nUz)dx+

yen
+t Z k(n\ z) Z at(x —y)+
z€n yen\z

Ecological models

%+ /Rd Z a+ ((Ij _ y)k(n \ T U y)dy, with competition

zeN



. Interacting Particle
E I I bI systems in Continuum
cological problem Cortmionn
Discrete

Yu. Kondratiev

May the competition mechanism lead to
THE "REGULARLY DISTRIBUTED” IN SPACE POPULATION
with bounded in time density?

Necessary condition: big enough mortality m
(that follows from an accretivity assumption)

Ecological models
with competition



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Competition assumptions (CA):

3C>0: at(z) <Ca (x)

m > C{a™) + (a™)

that means strong enough competition and mortality

Ecological models
with competition



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Theorem
Let (CA) fulfilled. For any initial CF s.t.

kM <CcmneN

there exists the unique solution of the CF equation
k:t("),t > 0,n € N, satisfying the same bound

This gives a sub-Poissonian bound,

i.e., the strong enough competition

Ecological models
with competition

destroys the clustering in CM!



CM with establishment

[Finkelshtein /K. 2007]
at(z—y) — atle—yle D

e~ E% () = e(x,y) establishment rate

E¢(z,y) = X ¢z — ')
x/ €y
competition for survival

Bolker-Pacala establishment rate

e(x,v) !

T 1+ E?(x,v)

Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Ecological models
with establishment



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Generator
(LE)(v) =
S mlF(y\ @) - F())+
2/ e(z, MF(yUz) — F(y)lde

Ecological models
with establishment



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Stability condition: m >0, 33 > 0: a™ (z) < B¢(z)
L=L(m,a",¢)

Theorem

Under stability condition there exists a unique Markov process on
T for L(m,a™,¢) (for certain class of initial configurations).

Proof is based on a delicate use of

a [Garcia/Kurtz, 2006] existence result

Ecological models
with establishment



Interacting Particle

Correlation functions in CM with establishment  ssemsin Coninuum

Continuous vs.
Discrete

Yu. Kondratiev

Time evolution of CF

Theorem (K/Finkelstein '07)

Assume stability condition is true and initial CFs satisfy a
sub-Poisson bound k(()") <C".n>1.
Then there exists C1 > 0 s.t. for the time dependent CFs holds

KM <orn>1.

Remark:
The establishment mechanism is more effective
comparing with density dependent mortality:

Ecological models
with establishment

we do not need to have a big enough mortality
to organize control over time-space behavior
of the population



Interacting Particle

Density dependent fecundity syrems in Connim

Continuous vs.
Discrete

Yu. Kondratiev

b(w,7) =Y at(x—y)f(y,7\v)

yeY

_ e
Fly,v\y) =e W)

OPEN PROBLEM:
PRODUCES THE FECUNDITY AN EFFECTIVE REGULATION OF
THE POPULATION?

Ecological models
with establishment



Interacting Particle

Dieckmann-Law model i o s

Continuous vs.
Discrete

Yu. Kondratiev

[Finkelshtein/Kondratiev, '08] (in preparation)

(LR =>|m+ > a(@—2a)|[Fly\z) - F(y)]

€Y z'ev\z

+Z/da+(x—y) 1+ Z\ by =) | [F(yUa) — F(y)ldz

Dieckmann-Law
model



Interacting Particle

Dieckmann-Law model without competition systems in Continuum

Continuous vs.
Discrete

Yu. Kondratiev

i)DLM without local competition(a™ = 0).

Assume existence of corresponding MP X; € T

For A ¢ R? bounded put

nd =E(|X; NA|)

Then g :

nf%Jroo

t— tO_ (eXp|OSIOn). Dieckmann-Law
model



Interacting Particle

Dieckmann-Law model: non-explosion ST

Continuous vs.
Discrete

Yu. Kondratiev
ii) DLM: non-explosion via competition d > 2
Construction of a Lyapunov functional
(cf. [K/Skorokhod, '06]

=— 6>d
65(.’17) 14+ |SC‘57 >
|z —y[+1
Us(z,y) = eé(x)eg(y)ﬂﬂ{z;ﬁy}

Ls(v) = (es,7)

Es()= Y Ws(a,y)

{zy}Cy

Dieckmann-Law
model

Vs(v) =Ls + Es



Interacting Particle
systems in Continuum
Continuous vs.

ASSU me Discrete

Yu. Kondratiev

A

at(z) < 7(1 FRPIED

Introduce As = AC(6,d) >0

Theorem
Assume

a” (z) > 2As5b(x)
=3C >0:

LVs(vy) < CV5(7).
If, additionally, m > 2As{a™) =

Dieckmann-Law

LV5 (fy) S 0 model



Interacting Particle

Independent development with competition systems in Continuum

Continuous vs.
Discrete

Yu. Kondratiev

b(z,7y) = z > 0 (independent birth with constant intensity)

(i) d(z,v\ x) = e#P@\2) — generator L~
E(IE, Y \ {L') = ZyE'y\x ¢($ - y)

(ii) d(z,y\ @) =m+ 3., o\, a (. —y) = generator Ly,

(i) d(z, v\ @) = > e\, @ (x — y) = generator Lo

Competition in
economic models



Interacting Particle

(i) Glauber dynamics G~ s Contan
Discrete

Yu. Kondratiev

Symmetrizing measures for L~ are

grand canonical Gibbs measures G,.(3, ¢, z)

L=+ X, € T equilibrium Glauber dynamics
via the Dirichlet form method [K/Lytvynov, '05]

Non-equilibrium GD:
[K/Kutovyi/Minlos,"07]

via CF evolution (see Lecture 2).

Competition in
economic models



Interacting Particle

(i) Surgailis process with competition s o Gt

Continuous vs.
Discrete

Yu. Kondratiev

(L F) () =
Yeer M+ e 0 (=) (F(y\z) — F(y))+

2 [(F(yUz) — F(y))dx

Here we have a sub-Poissonian evolution of CFs.

Competition in
economic models



apgs . . - Interacting Particle
(iii) Stabilization via competition systems n Continuum
Discrete

Yu. Kondratiev

[Finkelstein/K, 2007]

Consider (ii) with

pure competition mechanism (i.e., without global regulation)

(LoF)(7) =
Doveny 2ayena @ (@ —y)(F(y\z) = F(v))+

z [(F(yUz) — F(y))dz

Hierarchical equations for CF
do not give any a priori information

about the density of the system.

Competition in
economic models



i Interacting Particle
M d b d systems in Continuum
ean density boun Cortmi
Discrete

Yu. Kondratiev

Let X; € I' will be MP corresponding to Ly and an initial measure
with bounded density.

Let A = B (0, R) be a ball with center at origin and radius R > 0.
Introduce the mean density

1

A (1)

= k dx.

= iy f B s

Our aim is to produce a time bound for this density
and any such volume A.

Competition in
economic models



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Theorem

Let a~ be a continuous function of positive type on R%.

Then the mean density

1
o= A /A k,gl) (z) dx

is uniformly bounded int > 0 and A.

Competition in
economic models



Interacting Particle

CO mments systems in Continuum

Continuous vs.
Discrete

Yu. Kondratiev

We use the explicit form of the generator instead of CF equation.
Denote yp =y NA.

Then o
Lobyal < = hal? + 21|
Al
That gives easily for p; = p
d
—py <z —Cpi.

dt
The proof follows from an analysis of this differential inequality.

Competition in
economic models



General competition models in economics

b(z,v) =X > 0.

Then
@FX)=

Y dl@y\@)[F(y\z) = F(7)]

xrey

—l—)\/]Rd [F(yUz) — F(y)]dz.

Interacting Particle
systems in Continuum:
Continuous vs.
Discrete

Yu. Kondratiev

Competition in
economic models



Interacting Particle

Exa m ples systems w'_n Continuum

Continuous vs.
Discrete

Yu. Kondratiev

1. Surgalis process
d(z,y\z)=m > 0.

Invariant measure: Poisson measure with intensity %

2. G~ -dynamics
d(z,y\z) =exp{ Y ¢z —y)}
yEY\z
Invariant measure: Gibbs measure, heuristically given by

d/J¢( = exp{— Z (;5 T — }d?TA . Competition in

economic models
{zy}Cy



Interacting Particle

Exa m pleS systems in Continuum

Continuous vs.
Discrete

Yu. Kondratiev

3. "Linear part of G™-dynamic”

d(z,y\z)=m+ Y cx—y), m>0,0<ce L' (R

yEY\@

eF=1+x+...

Competition in
economic models



Examples

4. "Pure local competition model”

d(xz,vy\z) = Z c(r—y), 0<ceLYRY).

yeY\z
Hence,
LsP) ) =Y Y ew—y)[F(\2) — F(3)]
€Y yey\z

+)\/Rd[F(7Ux)—F(7)]dx.

Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Competition in
economic models



Interacting Particle

Boundness of a density ystem i Contmun

Continuous vs.
Discrete

Yu. Kondratiev

Suppose that process X; exists. Define the first correlation
function via

B[ Y )] = [ el @da,

d
2€X¢ (") R

Theorem

Let c € L'(R?) is a continuous function of positive type on R<.

Then the function
1 (1)
XA k7 (x)dx

is uniformly bounded by t and A if its initial value is uniformly
bounded by A.

Competition in
economic models



Proof

Let A = B (0, R) be a ball with center at origin and radius R > 0.

Let h >0 and A" = {x :infyep |z —y| < h} . Then for h < R

[AMNA] AR (R+n)?

i TV R TV T
= <1+Z>d—1<2d—1
By [Lewis et al.] for any n:= {zx};_; C A
o ) — . [(c) =3 (W)
2 el =) =28 (1) 2 (R T3 5 (i o (A W
where

Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Competition in
economic models



Interacting Particle
systems in Continuum

Proof A
Discrete

Yu. Kondratiev

Hence,
N G RLI)k
2E.(n) > [A] [{e) + 6 (h) + (2¢ — 1) (c)]
2 [l — )
IA| [29(c) + 6 (h)]
Set [< > ( )]2
cy—46(h
C=C(h,d):= 24(c) + 6 () =0
if only

|z|>h Competition in
economic models



Proof

Note that for F'(v) =>_,c. »(2)

(LsF) (M) ==>_| D cl@—y) go(x)—i—)\/ o (x) dz.

d
€Y \yev\z R

Let ¢ (z) = 15 (%), A € B. (R?). Then

(LsF) () ==Y | D cl@—y) | +AA|

rzeyn \yev\z

<Y [ X ey +r

z€YA \yEva\z

C
= —2E. (ya) + MA] <= o] lyal® + XA

Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Competition in
economic models



Interacting Particle
P roof systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Set
nd =E (X, NA|.

Then

d
dtnt =E (Ls|X:NAJ)

<E <A|A| - |A0| |XmA|2>

<A = (B (X0 AD)

C
= A= 7 ()

Competition in
economic models



Interacting Particle

tems in Continuum
Proof e Continuous ve.
Discrete
Yu. Kondratiev
Since
A _ (1)
ny = / k; (z) dx
A
we have for

1
m_ﬁ7WMAQW@M

that the following inequality holds
d
—pr <A —Cpj.
dtpt S Pt
Therefore, if we consider Cauchy problem

{ Lo =2—Cg? (1)
9(0) =go

Competition in
economic models

and po < go then p; < g ().



Proof

One has

VCdg(t)  VCdg(t) .
VCg () + VA @g(t)—ﬁ_z\/ada

H —InD=2VeXt, D >0;
Cy (t
T S

\@g( t) + VA = Deth\FCg (t) — Deth\f)\;
DeQMt\/X—I—\& - Y ) 2
De2VCAt )

9= DO /C -y VC

Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Competition in
economic models



Proof
Then

go = 9(0) = 2(”1;2_1)

Let go be such that D =1+ ¢e. Thus, if for any A

A 2
A—po<i/Z (142
Po = Po = C’<+s

one has that

[ A 2
<t/ =11 .
Pr= C( " (1+5)62VC’V—1>

Note that for t > 0
(1+¢e)e2VM —1>¢>0.

As a result, for any A € B.(R)

A 2
ptAptS\/C(HE).

Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Competition in
economic models



Heterogeneous Contact Models:
random mortality

Lattice case: Joo/Lebowitz, Phys.Rev.E72, 2005

Mortality rate m — m(x,w) > 0
Density evolution

8kt(a:) o at
e L ki(z) — V(2)ke(x)

where

Lo () = / otz — y)[f(y) — f(2)]dy
V(z,w) = m(zw) — (a*)

Parabolic Anderson problem for pure jump generator
(CTRW in continuum)
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Interacting Particle

Random establishment ystem i Contmun

Continuous vs.
Discrete

Yu. Kondratiev

a(z—y) = a(z-ybw)

Generator

(LF)(7) =Y _m(@)[F(y\z) = F(y)]+

xrey

> /R ) a*(z —y)b(z,w)[F(yUz) — F(y)|dz

yeY

Spatially
heterogeneous IBM



Density evolution

8/{:,5(37)
ot

= L8 ky(z) — V(@)K ()

L f(x) = b, w) / a* (z — ) () — f(@))dy

V(z,w) =m(z,w) — b(z,w)(a™)
L§+ is symmetric in
L3R, b~ (z)dx)

(quenched random measure?).
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Random fecundity

Random fecundity rate

R? 3y - x(y,w)
Birth rate

b(x,v,w Za (x—y

yey

>0
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Yu. Kondratiev
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Spatially
heterogeneous IBM



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

Density evolution

8/{,&(3?)
ot

= L ky(z) — V(2)ky(2)
L% f(a) = / a* (z — )l ) F () — F()]dy

V(z,w) =m(z,w) — (a"(z = )x("w))

e

5 1S symmetric In

LA(RY, s¢(z, w)dz)
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Interacting Particle

CTRW in random environment e ol

Continuous vs.
Discrete

Yu. Kondratiev

Two types of quenched jump generators:

L (@) = b,w) / a* (& — ) () — f(@)]dy

L% f(a) = / ot (& — ) ) () — F()]dy

Spatially
heterogeneous IBM



Interacting Particle

Feynman—KaC formula systems in Continuum

Continuous vs.
Discrete

Yu. Kondratiev

Quenched CTRW:
a+ w w
Lb,%) — &
Density of population:

ke(2) = Eq[ko(€)e™ Jo V(€)ds)

Quenched vs. annealed

(cf., e.g., Donsker/Varadhan, Gaertner/Molchanov, Sznitman, ...)
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Interacting Particle
h .Il' | B M systems in Continuum
Other aspects o ot
Discrete

Yu. Kondratiev

— multi-type systems
(Finkelshtein/K; F/K/Skorokhod),

— mutation-selection models in genetics
(K/Minlos/Pirogov; K/Kuna/Ohlerich)

— scaling limits
(Finkelshtein/K/Kuna/Kutovyi; Finkelshtein/K/Lytvynov;
Finkelshtein/K /Kutovyi)

Spatially
heterogeneous IBM



Interacting Particle
systems in Continuum
Continuous vs.
Discrete

Yu. Kondratiev

— Kawasaki dynamics in continuum
(K/Lytvynov/Roeckner;K/Kuna/Oliveira/Streit)

— plankton dynamics
(K/Kutovyi/Struckmeier)

— stochastic evolutions in evolving random environments
(Boldrighini/K/Minlos/Pellegrinotti; Struckmeier)

— spectral analysis of Markov generators
(K/Lytvynov; K/Minlos; K/Zhizhina; K/Kuna/Ohlerich)

Spatially
heterogeneous IBM
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