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Question
Which random variables £ can be represented as

sz/olassdss”,

where B" is fractional Brownian motion, ¢ adapted?
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Question
Which random variables £ can be represented as

§=/01¢sd85”,

where B" is fractional Brownian motion, ¢ adapted?

For Wiener process W, the answer(s) is(are) known :

0 (= fol ¢s dWs with adapted ¢ € L?([0,1] x Q) iff & is W-measurable,
centered, and square integrable;
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Question
Which random variables £ can be represented as

£=/01¢>sd85’*,

where B" is fractional Brownian motion, ¢ adapted?

For Wiener process W, the answer(s) is(are) known :

0 (= fol ¢s dWs with adapted ¢ € L?([0,1] x Q) iff & is W-measurable,
centered, and square integrable;
o &= [ ¢s dW; with adapted ¢.(w) € L2([0,1]) a.s. iff € is
W-measurable (Dudley (1977)).
Idea: since fol(l —5)72ds = o0, it holds lim,_,;_ [;(1 —s)"*dW; = —c0
and limy_1_ fot(l —5) 1dW;, = +00. So, for example, to represent ¢ = 1
as stochastic integral, let vy = fot(l —5) dW,, 7 =inf{t:v; =1} and
put ¢y = (1 — t) 1<,
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Definition

The fractional Brownian motion (fBm) with Hurst index H € (0,1) is a
centered Gaussian process B = {Bl t > 0} with stationary increments
and the covariance function

1
E [BtHB;'"] = S(82 4 52 — |t —s2H).
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Definition

The fractional Brownian motion (fBm) with Hurst index H € (0,1) is a
centered Gaussian process B = {Bl t > 0} with stationary increments
and the covariance function

1
E [BtHB;L’] = S(82 4 52 — |t —s2H).

For H > 1/2 (the case we consider here) fBm has long memory.
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Definition

The fractional Brownian motion (fBm) with Hurst index H € (0,1) is a
centered Gaussian process B = {Bl t > 0} with stationary increments
and the covariance function

1
E [BtHB;L’] = S(82 4 52 — |t —s2H).

For H > 1/2 (the case we consider here) fBm has long memory.

B is almost surely Holder continuous with any exponent vy < H.
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Integration

For a € (0, 1) fractional derivatives

(D?J)(X):r(ll_a)<x_a o [T )1(3,,,)(@,
(Di‘“g)(x)z,‘fz(( - / B0~ ) 1)
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Integration

For a € (0, 1) fractional derivatives

(Ds‘+f)(x)=r(11_a)<( S XMC’”)“*’)(X)’

X — a) . (x—u)lte

efme X bg(x)—g(u
03"8)0) = Fy (2 gs + 0o [ 5 1m0

Assume that DS, f € Lp[a, b], D}"“gp— € Lg[a, b] for some p € (1,1/a),
q=p/(p—1), where gy_(x) = g(x) — g(b).
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Integration

For a € (0, 1) fractional derivatives

05009 = iy (G + |, e on

(x—a

efme X bg(x)—g(u
03"8)0) = Fy (2 gs + 0o [ 5 1m0

Assume that DS, f € Lp[a, b], D}"“gp— € Lg[a, b] for some p € (1,1/a),
q=p/(p—1), where gy_(x) = g(x) — g(b).
We can define

b . b
/ f(x)dg(x):e’m/ (ngrf)(x)(Dé:O‘gb_)(x)dx.
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Integration

For a € (0, 1) fractional derivatives

(Ds‘+f)(x)=r(11_a)<( S XMC’”>1“”’)(X)’

X — a) . (x—u)lte

efme X bg(x)—g(u
03"8)0) = Fy (2 gs + 0o [ 5 1m0

Assume that DS, f € Lp[a, b], D}"“gp— € Lg[a, b] for some p € (1,1/a),
q=p/(p—1), where gy_(x) = g(x) — g(b).
We can define

b . b
/ f(x)dg(x):e’m/ (ngrf)(x)(Dé:O‘gb_)(x)dx.

If f € C'[a, b], g € C”[a, b] with 1+ v > 1, then fab f(x)dg(x) is a limit
of integral sums.
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Forany a € (1 — H,1), DB} € L.[a, b], so we can define for f with
Dg‘+f € Ly[a, b]

b ) b
/ fidBH = e=m / (DS, ) (x)(DE=*BEL) (x)dx.

a a
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Forany a € (1 — H,1), DB} € L.[a, b], so we can define for f with
DY\ f € Ly[a, b]

b b
/ fdBH = e=im / (DS, ) (x)(DE=*BEL) (x)dx.
a a

Consider the following norm for o € (1 — H,1/2):

f
e = | (2 + [ 1O

For simplicity we will abbreviate ”Hat = [|"l1a.(0.1-
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Forany a € (1 — H,1), DB} € L.[a, b], so we can define for f with
DY\ f € Ly[a, b]

b b
/ fdBH = e=im / (DS, ) (x)(DE=*BEL) (x)dx.
a a

Consider the following norm for a € (1 — H,1/2):

|f(s)
e = | (2 + [ 1O

For simplicity we will abbreviate ||-||a,: = [|l/1,a,[0,4-

Theorem (Azmoodeh, Mishura, Valkeila (2011))

Let f R — R be a function of locally bounded variation,
= [y f(y)dy. Then forany o € (1= H,1/2) [[f(B")]|a1 < o0 a.s.
and

Fet) - [ F(BM)dBY.

v
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For F(x) = |x|:
t
|B| = / sign B dB!.
0
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For F(x) = |x|:
t
|B| = / sign B dB!.
0

Why the integral even defined?
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For F(x) = |x|:
t
|B| :/ sign BHdBH.
0

Why the integral even defined?
Fact: for 0<s<t<1 P(BIBI' <0) < C(t—s)t7H.

_ t [ |sign BY s |sign B — sign BY
|sign B|| .t } =E [/ (‘sas‘ —i—/o | (55_ Zyta ‘dz ds

H_ H
<C+// ‘S|gnB sign B, Hdzds

S_Z)1+a
HpH
_c+2// P((f_le_fao)d ds
<C+C// 2)H1=2s7Hdz ds < .
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Let (Q, F,P) be a complete probability space endowed with a P-complete
left-continuous filtration F = {F;, t € [0,1]}, and B be F-adapted
fractional Brownian motion.
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Let (2, F,P) be a complete probability space endowed with a P-complete
left-continuous filtration F = {F;, t € [0,1]}, and B be F-adapted
fractional Brownian motion.

Lemma

There exists an F-adapted process ¢ = {¢¢, t € [0, 1]} such that

@ Foranyt<landae€ (1—H,1/2) [¢|lat < oo a.s., so integral
Ve = fot <psdB_f’ exists as a generalized Lebesgue—Stieltjes integral.

@ lim;.1_ vy = a.s.

Key ingredient of the proof is small ball estimate for fBm:

P sup |Bf|<e] < e T fore< TH,
te[0,T]
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Proof

Fix arbitrary v € (1,1/H) and 8 € (0, WLH —1). Let A, =n""7/¢(7),
C(v) =2ps1 " Vitn =201 Ak, n >0, we have t, — 1—, n — oo.
Denote also f3(x) = (1 + 3)x” sign x, so that [ f3(z)dz = x|"7, x e R.

Let 7, = min {t > th_1: ‘Bf’ — Blf;’_l‘ > n_l/(1+6)} A t, and define

= fa(Bf — B[,y (0):

n=1
Estimate ||¢]/a,t < 00 is easy.

By the I1td formula, for t € [t,_1, tp)

148

th—1 ’

t n—1
Vi = / psdB]! = Z ‘ABk ‘ + ’an Bi!
0 k=1

where AB/ = B! — Bfl | k> 1. We have vy > v, for t > t,, so it is

enough to show that v;, — oo, equivalently, >"°° }ABI’;"HB =

Georgiy Shevchenko (Kiev University) Adapted representations 8 January 2014 14 /25



Observe that ‘AB,’,"|1+B > 1/n provided that 7, < t,. Therefore, defining

An = {SUPte[t,,,l,t,,] B — Bgﬁl‘ < n_l/(1+5)}, n>1, it is enough to
show that almost surely only finite number of the events A, happens.

Using the small ball estimate and stationarity of increments of BH, we
obtain

P(A,) = P( sup |BY!

< n VD) ) < exp {—C((’y)_ln_ﬂ'ﬁ} ,
te[0,An]

so anl P(Ap) < oo since m > . Thus, we get the desired
statement from the Borel-Cantelli lemma.
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Theorem

For any distribution function G there exists an adapted process  such
that ||C||a,1 < oo and the distribution function of fol ¢dB! is G.
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Theorem

For any distribution function G there exists an adapted process  such
that ||C|la,1 < oo and the distribution function of fol ¢dB! is G.

Proof. Take a monotone function g : R — R such that g(Bl"}z) has
distribution G. Let  be the process constructed in lemma,

vy = flt/2 ©sdB!. Define 7 = min {t >1/2: v = |g(BlH/2)|} Since
vi > o0 ast — 1— a.s., we have 7 < 1 a.s. Now put

Ce = prsign g(Bll-;z)l[l/?aT](t)‘
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Theorem
For any Fi-measurable variable & there exists an F-adapted process 1 such
that

@ Foranyt<landae€ (1—H,1/2) [[¢|ar < o0 a.s.

o lime sy [y ¥sdBH = ¢ as.
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Theorem
For any Fi-measurable variable £ there exists an F-adapted process i) such
that

@ Foranyt<landae€ (1—-H,1/2) ||¢|a: < oo a.s.

o limey1 [y ¢sdBH = ¢ as.

Proof. z; = tanE[arctan {|F| is F-adapted and z; — &, t — 1—.

Let {t,,n > 1} be arbitrary increasing sequence of points from [0, 1]
converging to 1.

By Lemma, there exists an F-adapted process " on [tp, tpy1] such that
v = [, pRdBH — 400, t = thi1—.

Now denote &, = z;, and 0, =&, — &p—1, n > 2, 01 = &;. Take

Tn = min{t > t, : v{ = |0,|} and define

Y = Z Wgﬂ[t,,,fn](t) sign &p,.

n>1
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Main theorem

Theorem

Let for a random variable £ there exist an F-adapted almost surely
a-Hélder continuous process {z:, t € [0,1]} such that zy = £. Then for any
a € (1—H,(1—H+ a)A1/2) there exists an F-adapted process 1) such
that |¢]la1 < oo and [y ¥sdBH = €.
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Main theorem

Theorem

Let for a random variable £ there exist an F-adapted almost surely
a-Hélder continuous process {z;, t € [0,1]} such that zy = £. Then for any
a € (1—H,(1—H+ a)A1/2) there exists an F-adapted process 1) such
that |[1b]|a1 < 0o and [ ¢sdBH = €.

(Blue) assumption is equivalent to: there exist a > 0, sequence
{tn,n > 1}, t, T 1, sequence of rv's {{,, n > 1} such that &, is
F,-measurable and |, — ¢ = O(|t, — 1|7), n — oo.

Georgiy Shevchenko (Kiev University) Adapted representations 8 January 2014 18 / 25



Main theorem

Theorem

Let for a random variable £ there exist an F-adapted almost surely

a-Hélder continuous process {z;, t € [0,1]} such that zy = £. Then for any
a € (1—H,(1—H+ a)A1/2) there exists an F-adapted process 1) such

that |[1b]|a1 < 0o and [ ¢sdBH = €.

(Blue) assumption is equivalent to: there exist a > 0, sequence
{tn,n > 1}, t, T 1, sequence of rv's {{,, n > 1} such that &, is
F,-measurable and |, — ¢ = O(|t, — 1|7), n — oo.

Theorem

Let & be an Fi-measurable random variable and let there exist an
F-adapted continuous process v such that for some o > 1— H
|t]la,1 < o0 a.s. and fol sdBL = €. Then the assumption of main
theorem s satisfied.
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Example

¢=F(B, ... Bl), where F: R" — R is locally Hélder continuous with
respect to each variable. (Set zz = F(BE,,,..., B, ,).)
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Example

¢=F(BY,...,Bl), where F : R" — R is locally Hélder continuous with
respect to each variable. (Set zz = F(BE,,,..., B, ,).)
Example

&= G({BH, s e[0,1]}), where G: C[0,1] — R is locally Holder
continuous with respect to the supremum norm on C[0, 1]. In the case one
can set z; = G({Bl],,s € [0,1]}).
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Example

¢=F(BY,...,Bl), where F : R" — R is locally Hélder continuous with
respect to each variable. (Set zz = F(BE,,,..., B, ,).)
Example

&= G({BH, s e[0,1]}), where G: C[0,1] — R is locally Holder
continuous with respect to the supremum norm on C[0, 1]. In the case one
can set z; = G({Bl],,s € [0,1]}).

Example
& =14, A€ F = any simple F-measurable rv satisfies the assumption.

v
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Example

¢=F(BY,...,Bl), where F : R" — R is locally Hélder continuous with
respect to each variable. (Set zz = F(BE,,,..., B, ,).)
Example

&= G({BH, s e[0,1]}), where G: C[0,1] — R is locally Holder
continuous with respect to the supremum norm on C[0, 1]. In the case one
can set z; = G({Bl],,s € [0,1]}).

v

Example
& =14, A€ F = any simple F-measurable rv satisfies the assumption.

v

Example

Assume that F = {F; = o(Bl,s € [0,t]),t € [0,1]}. It is well known that
there exists a Wiener process W such that its natural filtration coincides
with F. Define & = f11/2 g(t)dW;, where g(t) = (1 — t)~1/2 |log(1 — t)| .
Then & does not satisfy the main theorem assumption.

v
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Sketch of the proof

Choose special 7, k, let Ay, =n"7/C(7), tn = > 51 Dk
Denote &, = zt,, 0n = [€n — En—1]-
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Sketch of the proof

Choose special 7, k, let Ay, =n"7/C(7), tn = > 51 Dk
Denote &, = zt,, 0n = [€n — En—1]-
1. Set ¢ = 0 for t € [to, t1].
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Sketch of the proof

Choose special 7, k, let Ay, =n"7/C(7), tn = > 51 Dk
Denote &, = zt,, 0n = [€n — En—1]-
1. Set ¢ = 0 for t € [to, t1].

2. Denote v; = fot 1sdBH and assume 1 is constructed on [to, t,_1] for
some n > 2. Goal: to achieve vy, = &p_1.

3. Construction on (t,_1, tp].
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Sketch of the proof

Choose special 7, k, let Ay, =n"7/C(7), tn = > 51 Dk
Denote &, = zt,, 0n = [€n — En—1]-
1. Set ¢ = 0 for t € [to, t1].

2. Denote v; = fot 1sdBH and assume 1 is constructed on [to, t,_1] for
some n > 2. Goal: to achieve vy, = &p_1.

3. Construction on (t,_1, tp].
Case A vy, , =&p—2.
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Sketch of the proof

Choose special 7, k, let Ay, =n"7/C(7), tn = > 51 Dk
Denote &, = zt,, 0n = [€n — En—1]-
1. Set ¢ = 0 for t € [to, t1].

2. Denote v; = fot 1sdBH and assume 1 is constructed on [to, t,_1] for
some n > 2. Goal: to achieve vy, = &p_1.

3. Construction on (t,_1, tp].
Case A vy, , =&p—2.

Define

BH — B

th—1

Tn = Min {t > tp_1: 0"

- 5n—1} A tn
and set

e = n"sign(Bf — Bl )sign(&n—1 — &n2)Ti<,
for t € [tp—1,tn). By the It6 formula,

Ve, = Vi, + n”‘B:n’ — Bt’ll‘ sign(&n—1 — Vt,_,)s

so we have vy = &, 1 provided 7, < t,.
Georgiy Shevchenko (Kiev University) Adapted representations
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Sketch of the proof (cont'd)

Case B vy, ; # &no.
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Sketch of the proof (cont'd)

Case B vy, , #&p—2.

Let 7 be an adapted process on [t,_1, ty] such that
v = [" @ldBH — 0o, t — t,—, define

Th = min {t > tho1: V: = |£n—l - thfl}}

and set
Py = 90? Sign(fn—l - th,l)]ltgr,,
for t € [tn—1,tn). Then v, = &p1.
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Sketch of the proof (cont'd)

Case B vy, , #&p—2.
Let 7 be an adapted process on [t,_1, ty] such that
v{ = ttn"_l eldBH — oo, t — t,—, define

Tp = min {t >tpo1i vy = ‘fn—1 - th,l}}

and set
Ve = i sign(€n-1 — vt, ) Li<r,
for t € [tn—1,tn). Then v, = &p1.
Next we argue using the Borel-Cantelli lemma and the small ball estimate
that almost surely there is N(w) such that v;, = £,-1 for n > N(w).
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Sketch of the proof (cont'd)

Case B vy, , #&p—2.

Let 7 be an adapted process on [t,_1, ty] such that
v = [" @ldBH — 0o, t — t,—, define

Tp = min {t >tpo1i vy = ’fn—l - th,l‘}

and set
Py = 90? Sign(fn—l - th,l)]ltgr,,
for t € [tn—1,tn). Then v, = &p1.

Next we argue using the Borel-Cantelli lemma and the small ball estimate
that almost surely there is N(w) such that v;, = £,-1 for n > N(w).

Finally we show that ||¢)||4,1 < 0o, which together with the previous gives
Jy wsdBH =¢.
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Consider a fractional (B, S)-market:

t
B: = exp {/ rsds}
0

S: = Spexp {,ut—FGBtH}.

Interest rate r can be random. Let [ be the filtration generated by B and

S.
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Consider a fractional (B, S)-market:

t
B: = exp {/ rsds}
0
S; = Sp exp {,ut—i— O'B:I} .

Interest rate r can be random. Let [ be the filtration generated by B and

S.
Definition

Portfolio is F-adapted process M = (M) 0,1 = (7['?,71'%)1-6[0’1].
Value of portfolio I at time t is

Vt = Tt Bt + 7Tt5t
Portfolio is self-financing (SF) if

dV" = 7%dB, + nldS,.
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Discounted value of a self-financing portfolio
=Vt

It is easy to check that
dcl" = nlax.,

where X; = S,_bBt_1 is the discounted risky asset price process.
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Discounted value of a self-financing portfolio
= VvIB 1

It is easy to check that
dcl" = nlax.,

where X; = StBt_l is the discounted risky asset price process.
Definition

A SF portfolio I is arbitrage if VO'_I =0, Vl'-I >0 a.s., and
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Discounted value of a self-financing portfolio
cl'=VviB 1
It is easy to check that
dcl" = nlax.,
where X; = StBt_l is the discounted risky asset price process.
Definition
A SF portfolio I is arbitrage if VO'_I =0, VlrI >0 a.s., and
P(V{' >0) > 0. It is strong arbitrage if there is ¢ > 0 s.t. V{' > c a.s.

v

Definition

Contingent claim is Fi-measurable r.v. £ > 0.

¢ is hedgeable, if there is SF portfolio N (a hedge or replicating portfolio
for ) st. V{1 =¢ as.

& is weakly hedgeable if there is SF portfolio I1 (a weak hedge), s.t.
lime_y1— th =¢£ as.

Initial portfolio value V! is hedging cost (weak hedging cost).

v
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Theorem
The fractional (B, S)-market model admits strong arbitrage.

Theorem

For any distribution function F there is SF portfolio 1 with VOﬂ = 0 such
that its discounted terminal capital C{' has distribution F.

Theorem

Any contingent claim & in the fractional (B, S)-market is weakly
hedgeable. Moreover, its weak hedging cost can be any real number.

Theorem

Assume that for a contingent claim & there exists an F-adapted almost
surely Holder continuous process {z;,t € [0,1]} with zy =&. Then & is
hedgeable and its hedging cost can be any real number.
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